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P R I M I T I V E  R E C U R S I V E  F U N C T I O N S  
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1. Addition 
 
2. Multiplication 
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3. Exponentiation  
 
k(x, y) = ��  �� = 1 

 ����  =  �� � �  =  g(��� �) 

 
 
4. Iterated Exponentiation 
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#
         

 

x   0 = 1 

x   (m+1) = ��!	 	��	 
  
 
 
B O O T S T R A P P I N G  
 
Definition: Where R is a relation on k-tuples: if R	$ %& the characteristic function of R is: 
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R is primitive recursive iff its characteristic function is. 
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5. The relation � 7 �  is primitive recursive 
 
f(0) = 0  

f(n + 1) = 1 = s(0) = s(z(…))  

 
 
6. The predecessor function is primitive recursive 
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7. The restricted subtraction function is primitive recursive 
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Theorem: If R is primitive recursive, and f and g are primitive recursive, then: 
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Proof:   ��	�(	� 
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8. If R is primitive recursive, so is the negation/complement of R 
 B'C�	�(	� 
 � = B'�	�(	�  
 
 
9. If R and Q are both primitive recursive, then so are DEF and DGF 
 B'EH 
 B' � BH   

DGF 
 DCEFC  
 
 
10. R(x,y) def. “x=y” is primitive recursive 
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“ N O W  W E  HA V E  S O M E  F U N  S T U F F ”  
 
11. Limited Product 
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Theorem: If g is primitive recursive, so is f. 
 
Proof:  ���� >(	� 
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12. Limited Sum 
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13. If R(x� >()is a primitive recursive relation then so are the relations obtained from R by bounded  
      quantification 
 Q�K� >(� R �S� T K�D��� >(�  
U�K� >(� R �V� T K�D��� >(�  
Proof:    
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14. The divides relation, -��� >�= x divides y, is primitive recursive 
 -��� >� W �X>  
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15. The prime relation Prime(�� is primitive recursive 
 Y2@Z1��� W �SK [ ���K 7 �	 \ J�KX��	�  
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16. Bounded Minimization 
 
Let -��� >(� be primitive recursive.   
Define:     ��K� >(� 
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 ��K� >(� is primitive recursive: 
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17. The next prime function is primitive recursive 
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18. The ith prime function is primitive recursive 
 								M/0	Y2@Z1��� 
 p  

M/0	Y2@Z1�� � �� 
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N E X T :  S E Q U E N C E  C O D I N G  


