Math 260AB - Mathematical Logic
Scribe Notes — Tanya Hall - 04.18.2012

PRIMITIVE RECURSIVE FUNCTIONS

0-ary, nullary z(...)

Successor s(n)

Identity [T} (xq, o xn) = x;

Composition flxq, v xn) = g(hi(xq, oo, X)), oo, A (X4, <0, X))
1. Addition

2. Multiplication

0-n=0 glO,n)=0
m+1)n=m-n+n gm+1,n)=g(mmn)+n = f(g(m,n),n)

e Want this form: h(m, g(m,n),n) = f(];[%(m,g(m. n),*rj), [13(m, g(m.n),n))
~ . ~ J

g(im,n) n

* Define: h(a.b.c) = f([13(a.b.c),[13(a, b, c))
3. Exponentiation

k(x,y) =xY x0=1

m+1 _ xM.x = g(xm'x)

4. Iterated Exponentiation

xN0=1

fy= }y
Xry=x x M (m+1) =x*Tm

BOOTSTRAPPING

Definition: Where R is a relation on k-tuples: if R € N¥ the characteristic function of R is:

-, _ (1 1ifx eR
*r(X) = {0 otherwise

R is primitive recursive iff its characteristic function is.



5. The relation x > 0 is primitive recursive

f0)=0
fin+1)=1=5(0) =5s(z(...))

6. The predecessor function is primitive recursive

p(0) =0
p(n+1) =n= N3(n P(n))

7. The restricted subtraction function is primitive recursive
x—y ifx—y>0

xTY= { 0 otherwise
x=-0=x

x=(m+1) =plx=-m)

Theorem: If R is primitive recursive, and fand g are primitive recursive, then:

f(x) ifR(x)

g(x) otherwise

h(a?)={
Proof: h(x)=f(x)-xp(x)+g(x)-(1 = xr(x))

8. If R is primitive recursive, so is the negation/complement of R

Xr(X) =1+ xp(X)

9. If R and Q are both primitive recursive, then so are RNQ and RUQ

10. R(xy) def. “x=y” is primitive recursive

Xx=y = ((x=y) +(y;x) > 0)



“Now WE HAVE SOME FUN STUFF”

11. Limited Product

z—1
) =] [96.5)
i=0

Theorem: If g is primitive recursive, so is f.

Proof: f,y)=1
fm+1y)=gmy) f(my)

12. Limited Sum

) z—-1 o f(0,37)=0
f(z,y)=Zog(w> Fm+1,5) = f(m,5) + g(m,5)

13. If R(x, y)is a primitive recursive relation then so are the relations obtained from R by bounded
quantification

Q(z,y) = (Vx < 2)R(x,y)
S(z,y) = (3x < 2)R(x,y)
Proof:

XQ(Z::)_;) = HXR(X'J_})
i=0

14. The divides relation, R(x, y)= x divides y, is primitive recursive

R(x,y) © x|y
Rx,y) o @z<y)x-z=y)

15. The prime relation Prime(x) is primitive recursive

Prime(x)e (Vz<x)(z>1 - =(z|x))
o WVz<x)(=(z>1) VvV =(z]x))



16. Bounded Minimization

Let R(x, y) be primitive recursive.
Define: f(z,¥)= (ux < z)R(x,¥); u = least x bounded by value z s.t. R(x,y) holds

_ {leastx <z s.t. R(x,y)
z + 1 if no such x exists

f(z,y) is primitive recursive:

0 ifR(0,y)
1 otherwise

_ (fm3) iffmy) <m
fm+1,y)=im+1 iffm,y)=m+1 AR(m+1,y)
m+ 2 otherwise

fO.5 = {

17. The next prime function is primitive recursive

Next Prime(x) = (uy < 2x + 2)(y > x and y is prime)

18. The ith prime function is primitive recursive

ith Prime(0) = 2
ith Prime(n + 1) = Next Prime(ith Prime(n))

NEXT: SEQUENCE CODING



