
Math 160A - Fall 2021 - Class Work - In Lecture, September 22 
(Hand in for the instructor to upload to Gradescope)

Name:

PID:

1. Which of the following are true statements? (Mark ”T” or ”F”.)

(a) Cats have wings only if dogs have wings.

(b) Parrots have wings only if dogs have wings.

(c) Parrots have wings if dogs have wings.

(d) If dogs have wings then parrots have wings.

(e) If cats have wings and dogs have wings, then cats have wings or dogs have wings.

(f) If cats have wings or dogs have wings, then cats have wings and dogs have wings.

2. Rewrite items (a)-(c) above as “if · · · then · · ·” statements.

3. Let Z denote the set of integers. Describe, as simply as possible, the following sets in
English:

(a) {2k : k ∈ Z}

(b) {4n : n ∈ Z} ∪ {4n+ 2 : n ∈ Z}

(c) {n : n = 2k for some k ∈ Z}

(d) {n : n = 2k for all k ∈ Z}

(e) {4k : k ∈ Z} \ {2k : k ∈ Z}

Your comments/concerns/questions/feedback to the instructor:

sbuss
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1. Which of the following are correctly parenthesized according to the formal definintion
of formulas? (Answer “Yes” or “No”.)

(a) p3

(b) (p3)

(c) ¬p3
(d) (¬p3)
(e) ¬p3 → p4

(f) (¬p3 → p4)

(g) (¬p3) → p4

(h) ((¬p3) → p4)

2. Add parentheses to make these correct formulas (using the class’s conventions on prece-
dence of operations).

(a) ¬p1 ∨ p2 ↔ p1 ∧ ¬p2
(b) ¬p2 ∨ p1 → ¬p1 ∧ ¬p2 → p6 ∧ ¬p7

3. Give truth assignments ϕ which show that:

(a) (p1 ∨ p2) ∧ (¬p1 ∨ p3) is satisfiable.

(b) (p1 ∨ p2) ∧ (¬p1 ∨ p3) is not a tautology.

4. Give truth tables which show that the following
two formulas are tautologies.

(a) (p1 → p2) ↔ (¬p2 → ¬p1).
(b) p1 → p2 → p1.

Comments/concerns/questions/feedback to the instructor:
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(Hand in for the instructor to upload to Gradescope)
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1. Indicate whether true or false. For those that are false, give truth assignments that
show they are false. (Write T or F on the lines.)

(a) p→ q � q → p.

(b) p→ q � ¬p→ ¬q.

(c) p↔ q � p ∨ q.

(d) ¬(p↔ q) � p ∨ q.

2. Each formula in the left column is equivalent to a formula in the right column. Indicate
which one by writing one of “1” through “4” on the lines.

a. (p→ q)→ r. 1. p ∧ q → r.

b. p→ (q → r). 2. ¬p ∨ q → r.

c. p→ q ∨ r. 3. p→ q ∧ r.

d. p→ (¬r → ¬q). 4. p ∧ ¬q → r.

3. Let Γ be the set of formulas {pi → pi+1 : i ≥ 1}. I.e., Γ = {p1 → p2, p2 → p3, p3 →
p4, . . .}. First, describe what truth assignments ϕ satisfy Γ.

Then, for each of the following indicate whether true or false.

(a) Γ is satisfiable.

(b) Γ � p2 → p3.

(c) Γ � p3 → p2.

(d) Γ � ¬p1 ∨ p2.

(e) Γ � ¬p2 ∨ p1.

(f) Γ � p3 → p1 ∨ p2.

(g) Γ � p1 ∨ p2 → p3.

(h) Γ � p1 → p2 → p1.

Comments/concerns/questions/feedback to the instructor:
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1. Express the following formulas in CNF form and in DNF form:

(a) p ↔ q

(b) p → (q → p). [Hint: It is a tautology.]

(c) p ∧ q → r. [Hint: Only one truth assignment to p, q, r falsifies this formula.]

2. The NOR connective is dual to NAND, similarly to the way that ∨ is dual to ∧.
The symbol ↓ is used to denote NOR, and ϕ(p ↓ q) is defined to equal ϕ(¬(p ∨ q)).

� Show how to express ¬p and p ∨ q using only the NOR connective ↓.

� Conclude that {↓} is adequate (truth-functionally complete).

Comments/concerns/questions/feedback to the instructor:

- this formula is also both a CNF formula and  a DNF formula.

-The straightforward construction of a DMF formula for (c)
would give a DNF formula with 7 disjuncts, each a conjunction
of 3 literals.
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1. Show that {Maj 3} is not adequate.

2. Show that {¬,Maj 3} is not adequate.

3. Give a DNF formula tautologically equivalent to Maj 3(p, q, r).

For further discussion: Give a CNF formula tautologically equivalent to Maj 3(p, q, r).

Comments/concerns/questions/feedback to the instructor:
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1. Show ` (A → B) → (A → A) by giving an explicit PL-proof.
[Hint: The PL-proof has three lines, i.e. three formulas.]

2. Prove that A → B, C ` A → (C → B). Did you need both the hypotheses? [Use the
Deduction Theorem.]

3. Prove that A → B → C ` B → (A → C).

4. Prove that A → B ` (¬A → A) → B.

Comments/concerns/questions/feedback to the instructor:
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PL axioms:
PL1: A→ B → A
PL2: (A→ B → C)→ (A→ B)→ (A→ C)
PL3: ¬A→ A→ B
PL4: (¬A→ A)→ A
• A ∨B and A ∧B stand for ¬A→ B and ¬(A→ ¬B).

1. Prove that {¬(A→ ¬¬A)} is inconsistent. (This is the same as {A ∧ ¬A}.)

2. Prove that {¬(A→ B),¬A} is inconsistent.

Comments/concerns/questions/feedback to the instructor:

THIS IS THE CORRECTED VERSION. SEE THE NEXT PAGE FOR THE IN-CLASS  VERSION.
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(Hand in for the instructor to upload to Gradescope)

Name:

PID:

PL axioms:
PL1: A→ B → A
PL2: (A→ B → C)→ (A→ B)→ (A→ C)
PL3: ¬A→ A→ B
PL4: (¬A→ A)→ A
• A ∨B and A ∧B stand for ¬A→ B and ¬(A→ ¬B).

1. Prove that {¬(A→ ¬A)} is inconsistent. (This is the same as {A ∧ ¬A}.)

2. Prove that {¬(A→ B),¬A} is inconsistent.

Comments/concerns/questions/feedback to the instructor:
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PL axioms:
PL1: A→ B → A
PL2: (A→ B → C)→ (A→ B)→ (A→ C)
PL3: ¬A→ A→ B
PL4: (¬A→ A)→ A
• A ∨B and A ∧B stand for ¬A→ B and ¬(A→ ¬B).

1. Suppose Γ ∪ {A} and Γ ∪ {¬A} are both inconsistent. Prove that Γ is inconsistent.

2. Suppose Γi, i ≥ 1, are sets of formulas and that, for all i, Γi ⊆ Γi+1. Let Γ =
⋃

i Γi.
Also suppose Γ is unsatisfiable. Prove that, for some i, Γi is unsatisfiable.

Comments/concerns/questions/feedback to the instructor:
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(Hand in for the instructor to upload to Gradescope)
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1. Use unary predicates Dog(x), Cat(x), Person(x), the binary predicate Likes(x, y), the
constant symbols John and Mary, the unary function Mother(x) and the equality sign =
to express the following English sentences in first-order logic.

(a) John is neither a cat nor a dog.

(b) All cats dislike all dogs.

(c) John likes every person.

(d) John likes anyone who likes all cats

(e) Everyone is liked by their mother.

(f) Everyone is liked by their mother’s mother.

(g) John likes everyone who has the same mother (as John).

(h) Mary likes each person that John likes.

(i) John likes someone only if they like themselves.

(j) John likes precisely those who dislike themselves.

Comments/concerns/questions/feedback to the instructor:
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1. Let LPA be the language {0, S,+, ·} (zero, successor, addition, multiplication). Give
first-order formulas that express the following properties over the non-negative integers.

1. Express x ≤ y as an LPA-formula.

2. Express x|y, “x is a divisor of y (y is a multiple of x),” as an LPA-formula.

3. Express x = lcm(y, z), “x is the least common multiple of y and z”, as an LPA ∪ {≤, |}-
formula.

4. Express Prime(x), “x is a prime number”, as an LPA ∪ {≤, |}-formula.

5. Express “x is a prime number and y is a power of x”, as an LPA∪{≤, |,Prime}-formula.

(The property “y is a power of x” can also be expressed by an LPA-formula (without the
condition that x is prime, but it is much more difficult to do.

Comments/concerns/questions/feedback to the instructor:
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We define two structures A and B. They both use the language L = {E} where E is a
binary predicate symbol. We think of this as being the language for directed graphs where
E(x, y) means there is a directed edge from x to y.

I. The structure A has |A| = {0, 1}, and EA = {〈0, 1〉, 〈0, 0〉}.
• Draw a picture of A.

• Is the sentence ∀x ∃y E(x, y) true in (satisfied by) A? I.e., Does A � ∀x ∃y E(x, y)
hold?

• Does A � ∀x ∃y E(y, x) hold?

II. The structure B has |B| = {0, 1, 2}, and EA = {〈0, 0〉, 〈0, 1〉, 〈1, 0〉, 〈1, 2〉, 〈2, 0}.
Draw a picture of B.
Suppose σ(x1) = 0, σ(x2) = 1, σ(x3) = 2 and σ(x4) = 0.
Which of the following are correct statements?

• B � x1 = x4[σ].

• B � ∀x2E(x1, x1)[σ].

• B � ∀x1E(x1, x1)[σ].

• B � ∀x1 (E(x2, x1)→ E(x1, x1))[σ].

III. Give examples of sentences that are satisfied by A but not by B.

Comments/concerns/questions/feedback to the instructor:
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We define two structures A and B. They both use the language L = {E} where E is a
binary predicate symbol. We think of this as being the language for directed graphs where
E(x, y) means there is a directed edge from x to y.

I. Work with the language L = {0,+, ·}. Consider the following four L-structures.

• The reals R = (R, 0,+, ·).
I.e., |R| = R, and 0R = 0 and +R = {〈a, b, c〉 : a, b, c ∈ R and a + b = c}, and
·R = {〈a, b, c〉 : a, b, c ∈ R and a · b = c}.

• The rationals Q = (Q, 0,+, ·).
• The integers Z = (Z, 0,+, ·).
• The non-negative integers N = (N, 0,+, ·).

Give sentences that distinguish these four structures. Namely, for each structure find a
sentence which is satisfied by just that structure and not by any of the other three.

Comments/concerns/questions/feedback to the instructor:
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Math 160A - Fall 2021 - Class Work - In Lecture, November 9
(Hand in for the instructor to upload to Gradescope)
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Adobe Acrobat crashed at the end of class, and hand-
written annotations could not be saved. See the pod-
cast for the annotations and discussion. The version
below includes corrections to the typos discused in the
lecture.

1. Let A be the formula ∃x∃y∃z∃u(x · x + y · y + z · z + u · u = v). This says v can be
written as the sum of four squares. (A theorem of Lagrange states that every nonnegative
integer can be written as the sum of four squares.)

(a) Give examples of terms that are and are not substitutable in A for v.
(b) Give a formula that expresses that x+ y is the sum of four squares.

2. Give an example of a formula B such that B(y/x)(x/y) is not equal to B. Can you do
this even if in both cases substitutability holds? Can you do it even if there are no “extra”
occurrences of y?

3. (Parallel substitution versus sequential substitution.) Let C be x1 = x2. What is
C(x2, x3/x1, x2)? What is C(x2/x1)(x3/x2)? Are they the same?

Comments/concerns/questions/feedback to the instructor:



Math 160A - Fall 2021 - Class Work - In Lecture, November 16
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A prenex formula is a formula with all of
its quantifiers at the beginning of the for-
mula, namely Qxi1Qxi2 � � �QxikB where B
contains no quantifiers.

The tautological equivalences to the right
allow expressing any first-order formula
as a logically equivalent prenex formula.
(Any use of Ø needs to be reexpressed in
terms of ^ and Ñ.)

@xA ()  Dx A
DxA ()  @x A
 @xA () Dx A
 DxA () @x A

C ^ DxA () Dx pC ^ Aq
C ^ @xA () @x pC ^ Aq
C _ @xA () @x pC _ Aq
C _ DxA () Dx pC _ Aq
C Ñ @xA () @x pC Ñ Aq
C Ñ DxA () Dx pC Ñ Aq
p@xAq Ñ C () Dx pAÑ Cq
pDxAq Ñ C () @x pAÑ Cq

1. Convert the following formulas to logically equivalent prenex formulas.

(a) (“Every dog knows a cat that likes John”)

@x pDogpxq Ñ DypCatpyq ^Knowspx, yq ^ Likespy, Johnqqq.

(b) (“Anyone who knows a cat that likes John is a dog”)

@x pDypCatpyq ^Knowspx, yq ^ Likespy, Johnqq Ñ Dogpxqq.

(c) (“x is prime”) x � Sp0q ^ @ypDzpy � z � xq Ñ y � Sp0q _ y � xq.

(d) Qpx, yq Ñ Dz @y Qpy, zq

Comments/concerns/questions/feedback to the instructor:
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1. Show that P pxq $ Qpzq Ñ P pxq.

2. Show @xP pxq $ @y P pyq.

3. Show that $ x “ y Ñ y “ z Ñ z “ x.

4. Let A “ Apxq. Show that $ Aptq Ñ DxApxq.

Comments/concerns/questions/feedback to the instructor:
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(Hand in for the instructor to upload to Gradescope)
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1. For each the following: Either (a) prove it has an FO proof (not using the Completeness
Theorem), or (b) Prove it does not have FO-proof by giving a structure which falsifies it
(that is, by using the Soundness Theorem).

� @x pP pxq Ñ Qpxqq Ñ @xP pxq Ñ @xQpxq.

� Dx pP pxq Ñ Qpxqq Ñ DxP pxq Ñ DxQpxq.

� @x pP pxq Ñ Qpxqq Ñ DxP pxq Ñ DxQpxq.

� Dx pP pxq Ñ Qpxqq Ñ @xP pxq Ñ @xQpxq.

Comments/concerns/questions/feedback to the instructor:
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FO axioms and inferences:

PL1: AÑ B Ñ A
PL2: pAÑ B Ñ Cq Ñ pAÑ Bq Ñ pAÑ Cq
PL3:  AÑ AÑ B
PL4: p AÑ Aq Ñ A
EQ1: x � x
EQ2: x � y Ñ y � x
EQ3: x � y Ñ y � z Ñ x � z
EQf : y1 � z1 Ñ � � � Ñ yk � zk Ñ fpy1, . . . , ykq � fpz1, . . . , zkq
EQP : y1 � z1 Ñ � � � Ñ yk � zk Ñ P py1, . . . , ykq Ñ P pz1, . . . , zkq
UI: @xApxq Ñ Aptq.
MP: AÑ B, A { B.
Gen: C Ñ A { C Ñ @xA (x not free in C)

 A_B, A^B, and DxA stand for  AÑ B,  pAÑ  Bq and  @x A.
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