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Abstract

A minimum Steiner tree for a given set X of points
is a network interconnecting the points of X having
minimum possible total length. The Steiner ratio for
a metric space is the largest lower bound for the ra-
tio of lengths between a minimum Steiner tree and a
minimum spanning tree on the same set of points in
the metric space. In this note, we show that for any
Minkowski plane, the Steiner ratio is at least 2/3. This
settles a conjecture of D. Cieslik, and also Du et al..

1 Introduction

Given a compact, convex, centrally symmetric domain
D in the Euclidean plane EZ, one can define a norm
[l -llp : E2 — R by setting ||Z||p = X where £ = )
and @ € 8D, the boundary of D. We can then define
a metric dp on E? by taking
dp(z,9) = 12 — #llp.

Thus, 6D = {z|||Z]lp = 1}. The resulting met-
ric space M = M(D) = (E?,dp) is often called a
Minkowski or normed plane with unit disc D. We
will usually suppress the explicit dependence of vari-
ous quantities on D. For a finite subset X C £2, a
minimum spanning tree S = S(X) consists of a col-
lection of segments AB with A, B € X, which spans
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all the points of X, and such that the sum of all the
lengths ||AB||p is a minimum. We denote this mim-
mum sum by Lps(X). Further, we define

Ls(X) = Ylgf)‘( LM(Y)

where Y ranges over all finite subsets of E? containing
X. It is not hard to show that there always exists X' 2
X with |X'| < 2|X| - 2 having Lg(X) = Ly (X').
When equality holds we say that the Steiner tree T'(X)
(= S(X")) is a full Steiner tree for X. The minimum
spanning tree S(Y') will be called a minimum Steiner
tree T(X) for X. The points of Y\ X are usually called
Steiner points of T'(X); the points of X are known as
regular points of T(X).

Minimum Steiner trees have been the subject of
extensive investigations during the past 25 years or
so (see[4, 11, 16, 9]). Most of this research has dealt
with the Euclidean metric, with much of the remain-
ing work dealt with the L, metric, or more generally,
the usual L, metric or norm (see [6, 3]). 1t has been
shown, for example, that the determination of Lg(X)
in general is an NP-complete problem, both for the
Euclidean as well as the L; case (cf. [10], |9]).

In this note, we study the Stener ratio p(D) for
M(D), defined by

e Ls(X)
p(D) := 151(f Lo (%)

Thus, p(D) is a measure of how much the total length
of a minimum spanning tree can be decreased by allow-
ing additional (Steiner) points. It is known that for ;
metric (so that D is the square with vertices (£1,0),
(0,%£1)), p(D) = 2/3 [13] and for the Euclidean (or
Ls) metric, p(D) = v/3/2 [7]. More recently, Cieslik
[3] and Du, Gao, Graham, Liu and Wan [6] indepen-
dently conjectured that for any normed plane,

2/3 < p(D) < V3/2.



Cieslik [3] showed that for any normed plane,
0.612 < p(D) < 0.9036
while Du et al. [6] proved that for any normed plane,
0.623 < p(D) < 0.8686
We will prove here that for any normed plane,
p(D) 2 2/3.

Since the Ly metric has p = 2/3 then this inequality

is therefore best possible.

For prior results on minimum Steiner trees in
normed planes, the reader should consult [2], [8], [1],
[17] and {19]. This note is organized in the following
way. In Section 2, fundamental properties of mini-
mum Steiner trees are presented. In Section 3, the

main result is proved.

2 Preliminaries

A minimum Steiner tree is full if every regular point
is a leaf (i.e., has degree one). The following lemma
states an important property of full minimum Steiner
trees, which can be found in [6]

Lemma 1 Suppose that 0D 1is differentiable and
strictly conver. Then every full Steiner minimum tree
consists of three sets of parallel segments.

A tree is called a 3-regular tree if every vertex
which is not a leaf has degree three. A consequence of
Lemma 1 is that for strictly convex and differentiable
norms, every minimum Steiner tree is a 3-regular tree.

Another consequence of Lemma 1 is the following

result. A proof can be found in [5].

Lemma 2 For strictly conver and differentiable
norms, every full minimum Steiner tree on more than
three points must have at least one of the local struc-

tures shown in Figure 1.

Consider a full minimum Steiner tree T in a plane

with a strictly convex and differentiable norm. Two
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Figure 1: Local structures in full minimum Steiner
trees

regular points are called adjacent if one can be reached
from the other by always moving in a clockuise direc-
tion or always moving in a counterclockwise direction.
Clearly, each regular point has two other adjacent reg-
ular points.

We can form a polygon G, called the characterisiic
polygon of T', by joining each pair of adjacent regular
points with a straight line segment. Any spanning
tree lying inside G is called an inner spanning tree. A
minimum inner spanning tree is one having the least
possible total length. A point set P is called eritical
if there is a minimum Steiner tree T" for P such that
the union of the minimum inner spanning trees (with
respect to T') for P divides the characteristic polygon
G = G(T) into equilateral triangles. The vertices of
these equilateral triangles (which we will call lattice
points) lie on a triangular lattice in the normed plane.

Since similar sets have the same ratios of minimum
Steiner tree and minimum spanning tree lengths, we
need only consider critical sets having equilateral tri-
angles with unit edge length. Clearly, for any critical
set, a minimum inner spanning tree is in fact a min-
imum spanning tree; its length is just n — 1 where n
is the number of its (regular) vertices. Note that any
two adjacent regular points have mutual distance 1.

Define

pr(D) = min T B)

If pr—1 > pn, then n is called a jump value. In [7], Du
and Hwang prove the following.

Lemma 3 In a plane with a sirictly conver and dif-
ferentiable norm, if n is a jump value then p, s
achieved by some critical sel.

Remark: The proof of Du and Hwang for Gilbert-
Pollak conjecture used a contradition argument. In



their argument, n is assumed to be the smallest nat-
ural numder such that a counterexample of n points
exists for the Gilbert-Pollak conjecture. For this n,
they proved that p is achieved by some critical set
and then showed that the Gilbert-Pollak conjecture
holds for every critical set. Actually, if assume that n
is a jump value, then the argument of Du and Hwang
still holds. Thus, we have the above lemma.

3 The Main Result

Theorem 1 For any convez and centrally symmetric
D,

p(D) >
Moreover, if pr(D) = 2/3 for some k, then k = 4 and
8D 1is a parallelogram.

Wil

Proof. To begin with, we first assume that the bound-
ary 0D of unit disc D is strictly convex and differen-
tiable. Thus, we can apply the results of the preceding
section.

Assume that the theorem is false. Let n denote the
least value so that p,(D) < 2/3. Thus, n is a jump
value. By Lemma 3 there exists a critical set P of size

n such that
Ls(P)

Ly (P)

<2
3
that is,

(1)

Let T be a minimum Steiner tree on P which witnesses

Ls(P) < —z-LM(P) = %(n - 1).

the criticality of P. We first establish some properties
of T

Lemma 4 T is a full Steiner tree and every edge of
T has length less than 2/3.

Proof. If T is not a full Steiner tree, then we can
decompose it into two edge-disjoint subtrees T; and
T, which are Steiner trees on point sets P; and P,
respectively, where P; U P, = P and each P; has size

less than n. Thus, by the minilality of n,

Ls(P) = Ls(P)+Ls(P2) 2 Lu(P) + 5 Lu(P

v

2
- P
3LM( )a

)
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contradicting (1).

If T has some edge e of length at least 2/3, then
by removing e, we are left with two vertex-disjoint
subtrees T} and Ty. Clearly, T; and 7% are Steiner
trees on disjoint subsets Py and P, respectively, where
P, U P, = P. 1t follows that

Ls(P) > Ls(P1)+ Ls(Pz)+ {e)
> 2(Lwr(P) + Lua(P2) + 1)
> ZLu(P)

again contradicting (1), where in general we will let
£(T) denote the total length (under D) of any graph

T (such as an edge, path or tree). O

Lemma 5 Suppose Ty is a 3-regular subiree of T
which has [ leaves. Then

(1) < (5 - 1)

Proof. Assume that

€T > 37~ 1)

for some subtree 77 and suppose that T) has r leaves
which are regular points. Then the removal of 73 re-
sults in f —r subtrees. Suppose that they interconnect
sets of ny, ng, -+, ny_, regular points, respectively.

Then ny +na+---+ny_, =n—rand

Ls(P)

I =D+ 32— 1)+ + 3(ns—r = 1)+ ((T1)
2n-N+3F-1

2(n-— 1),

which contradicts (1).

HivIv

3

0

Let us call a path AS152--- S, B joining two adja-
cent regular points A and B in T monotone if it is
either a clockwise or counterclockwise path from A to
B. We will say that S; can be legally moved to A if
i > 3 and the subpath S; 5253 can be removed from T
(disconnecting it into three subtrees) and replaced by
a parallel translate 575553 with S7 located at point
A so that S S5S} intersects Ss - - - S;B. Thus, the two
subtrees containing A and B, respectively, are recon-
nected by 5155S53.



Lemma 6 Let AS1S2-:-5:B be a monotone path in
T connecting two regular points A and B. Suppose
that S; cannot be legally moved to A. Draw a line
through B, parallel to AS), and intersecting the sub-
path 515283 at B’. Then

f(ASl 5253) + Z(SZSs) - f(BB’Sz) > 1. (2)

Proof. Since S; cannot be legally moved to A, we have
{(BB') < £(ASy). If B’ is on the segment 515, (see
Figure 2(a)), then

(8(AS;) — £(BB')) + £(S) B') > £(AB) = 1,

that is,
Y(AS,18;) —4(BB’'S;) > 1.

Thus, (2) holds.

®)

Figure 2:

On the other hand, if B’ is on the segment S2S53
(see Figure 2(b)), then

((AS)) — & BB')) + £(515:B’) > {(AB) = 1,
that is,
(AS1S2B') + £(S2B') — ¢(BB'S;) > 1.

Thus, (2) also holds in this case, and the lemma is

proved. O

It is easy to see that (2) still holds if £(AS)) =
4BB').

Lemma 7 Suppose Sy is a Steiner point in T adja-
cent to two regular points A and B. Then S; can be
legally moved to exactly one of A or B.

Proof. Let Sy be the Steiner point adjacent to Sy and
let S3 and S4 be the two vertices adjacent to Ss.

186

Suppose that S; can be legally moved to both A and
B. Then from these two movements, we can obtain a
tree of total length at most £(T) + £(51S2), which can
be decomposed at A and B (see Figure 3). Thus,

Figure 3:

2
LT+ €(5152) > g(n - 2)+ ¢(AS B).
By Lemma 5,

#(AS,B) + £(5,52) < 13‘-

Therefore,
€Ty > %(n —2) + 4(AS1B) — £(5:52)
> 2(n—1)+20(4S:B)
> -1,

contradicting (1).

Suppose now that S cannot be legally moved to
either A or B. Let C be the regular point adjacent to
A, other than B, and D the regular point adjacent to
B, other than A. By Lemma 6,

E(A.S'ngSs) + 3(5253) - g(CC/SQ) >1, (3)
#(BS,S553) + £(S2Sa) = &(DD'Ss) > 1, (4)

where C’ and D’ are two points defined in the lemma.
Let 7" be the 3-regular subtree interconnecting A, B,
Ss and S4. Adding (3) and (4), we obtain

2(T") - £(AS1 B) — £(CC'S, D' D) > 2,
that is,
UTY>1+ %(Z(ASl B) +¢(CC'S;D' D)) > 2,

contradicting Lemma 5. O



We now complete the proof of the first part in the
theorem. By Lemma 2, there are two possible local
structures we need to consider. We first consider the
local structure shown in Figure 1(b). Then there exists
a Steiner point S3 adjacent to two Steiner points S;
and Sy each of which is adjacent to two regular points,
say 4 and B are adjacent to S, and C and D are ad-
jacent to Sp. Let Sy be a vertex adjacent to S3. (See
Figure 4.) We first observe that if £(BS1) = £(CS2)

Figure 4:

then, whether or not S; can be legally moved to A, we
obtain a contradiction by using the argument given in
the proof of Lemma 7. Thus, without loss of general-
ity, we can assume that £(BS;) > €(CSs), i.e., Si can-
not be legally moved to B. Then by Lemma 6, S; can
be legally moved to A (see Figure 4). This movement
results in a tree of length at most £(T)+£(S3S4), which
can be decomposed at A into the subtree AS;B and
a subtree interconnecting n — 1 regular points other
than B. Thus,

YT)+£(S354) > %(n —2)+4(AS,B) > g(n -1)+ %
Since £(T) < 2(n — 1), we have
£(S3S4) > (5)

Moreover, by Lemma 4, £(BS;) < % and £(DS,) < %
It follows that

1
3

YCS,) = (CSyD) — 4DS;) >

L =

Note that by Lemma 6,
£(BS1S35s) — (CSa) 2 1.
Thus,

0(51555) > 1+ £(CSs) — £(BSy) > % ©6)
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Let T’ be the 3-regular subtree interconnecting A, B,
S4 and S;. By (5) and (6),

£(T") = £(AS; B) + £(515553) + £(SaSa) > 2,

contradicting Lemma 5.

Next, we consider the local structure shown in Fig-
ure 1(a), i.e., there exists a Steiner point Sy adjacent
to a Steiner point $; and a regular point C such that
S, is adjacent to two regular points A and B. Let S3

Figure 5:

be the vertex adjacent to Ss, other than C and S;.
We claim that

£(82S3) < {(BS1). (7)

In fact, if £(S2Ss) > ¢(BS1), then considering the 3-
regular subtree 7", interconnecting A, B, C and S3,
we would have

UT") > #(BS15:C) + £(AS:B) > 2,

contradicting Lemma 5. Now, let E be the adjacent
regular point of A other than B and let AS; .- Sy E
be the monotone path connecting A and E. From
the definition of a critical set, it is easy to see that
{(AE) = 1. Let B, Ey, Eq, ---, Es be all the lattice
points with distance exactly one to A (see Figure 5).
Then E € {E;,--+,Es}. Since £(AC) < {AB) +
£(BC) = 2, C is identical to either E; or a lattice
point which forms an equilateral triangle with B and
E (see Figure 5).

Suppose that E’ is a point on the path 515253 such
that EE' is parallel to AS;. If E is at E), then E'
must be on S3S55 and #(S2E’) = £(BS,). It follows
that

£(5253) > £(S2E') = {(BS1),

contradicting (7). The similar argument can be ap-
plied to the case that E is at E5.



If E is at E3, then it is easy to see k > 4. Let
E" be a point on S353.54 such that EE” is parallel to
515;. Extend BS; to F so that EF is parallel to AS;.
Since ¢(BE) = 2¢{(BA), we have {(EF) = 2((AS))
and £(S1F) = £(BS;). Let F’ be a.point on the path
S25354 so that F'F' is parallel to $153. If F' is on the
segment S3S3, then

£(S2S3) 2 £(S1F) = 4(BS),
contradicting (7). If F’ is on the segment S35y, then
£(S3S4) > ((EF)=20(AS))
> 24AB) - ((45)))> 201~ 3) = 2,

contradicting Lemma 4.

Figure 6:

If E is at F4 or Es, then the extension of S; A must
intersect the monotone path AS;-.-S;E. This im-
plies that any line between AS) and S35, and parallel
to them must intersect the path AS;..-S¢E. Draw
the parallelograms S; 5553 H and AS; HG and extend
HG until it intersects the path AS) ---S; E, say at F.
(AG cannot intersect the path AS; --- Sy E since oth-
erwise, removing 5253 and adding AG would result in
a tree of length at most 4(T) which does not satisfy
the condition in Lemma 1 at the intersection of AG
and the path AS)---SkF). Then FHS3S, is also a

parallelogram. It is easy to see that
f(GF) < f(5354) - f(ASl).

Let T’ be the 3-regular subtree interconnect-
ing A, B, C and &Ss. Consider the tree
(T\T")UAGF which interconnects n—2 regular points.
Then,

T) - T") + ((AGF) > %(n - 3).
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Figure 7:
Moreover,
UT') - L(AGF)

> LT') - (£(S2S3) + £(S3S4) — £(AS)))

> YAS1B) + £(AS15:C) — £(S354)

> 2-2-1

373

Therefore,

«T) > g(n —3)+4T') - L(AGF) > g(n ~1),

contradicting (1). This completes the proof of the first
part of the theorem for strictly convex and differen-
tiable 4D.

When 8D is not strictly convex or not differen-
tiable, we can use a sequence of strictly convex and
differentiable ones to approach it from its interior. For
each norm in the sequence and for any point set P, we
know that 9

Ls(P) > =Lu(P). 8)

Since Ls(P) and L (P) are continuous functions with
respect to the norm for fixed P, then letting the se-
quence go to its limit, we see that (8) holds for the
(arbitrary) limiting norm. This completes the proof
of the first part of the theorem.

Next, we show the second part of the theorem. Be-
fore doing so, we establish three lemmas.

Lemma 8 Let A1 Ay--- A, be a path and let OB;;
be the unit vector starting from the origin O along
directions A;A;. If (A1As- -+ Ay) = £(A14L), then
the straight-line segment B13 By, _1 5, is part of OD.

Proof. We prove that all B;;, i < j, are on the same
straight line. The lemma is a consequence of this fact.
First, consider n = 3. Draw the parallelo-

gram A; Az AzB. Without loss of generality, assume



£(A1Ay) > L(A1B) = £(A2A3). Let C be a point
on A;A; such that £(A,C) = £(A1B). Let E be the
intersection point of BC and Ay Az. Draw line As H
parallel to BC and intersecting A; A3 at H (see Figure
8). Then

L(ALE) = £(H A3)

e LA H) = £(AE) - ‘if(fi’é’)).
Thus,
LA1As) = £(ALH) + £(HAs)
= e(AlE)(1+if(’:1411’éf)))
= emw)(uﬁ&jﬁib.
Since
£(Ay As)

E(AlAg) = Z(AlAzAs) = Z(‘A2A3)(1 + f(A2A3))’

we have
Z(AlE) = K(AQA;;) = Z(AlB) = Z(AlC)

This means that quadrilateral A;CEB is similar to
quadrilateral OB19B13B23. Therefore, Bis, Bys and
Bi3 are collinear. In addition, Bj3 lies between Bis

and 323.
E@ ’
Ay € A,
Figure 8:
Next, consider the case n = 4. Note that

(A1 Az AsAs) = £(A; As) implies that £(A; ApAs) =
£(A1 As) because

Z(A1A2A3A4) > Z(A1A2) -+ f(A2A4) > Z(A1A4)

From the case n = 3, By4 is in the segment [Bi2, Bag].
Similarly, Bi4 is in the segment [Bia, Bas], Bis is in
the segment [Bj3, Bys], and Ba4 is in the segment
[Bas, Baa] (see Figure 9). Note that all B;;’s are on
8D, a boundary of a convex region. Moreover, for any
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Figure 9:

i, j and k, B;;, Bjx, and Bjj, are either all distinct or
all identical. It follows that all B;; for 1 < i< j <4
are collinear.

Now consider n > 4. Note that £(A1 A2 A,) =
£(A1A,,) implies that for 4 < j < n, £(A1A2A34;)
£(A14;) and for 3 < j < k < n, £(A1A24;A)
£(Ay Ar). Therefore, for 4 < j < n,

11

By, Bys, By3, Byj, Byj and Ba; are collinear
and for 3 <j<k<n,
By, Bij, Baj, Bk, Bor and Bjj are collinear.

It follows that all B;; for 1 < < j < n are collinear.
0

Lemma 9 p4(D) = 2/3 iff 8D is a parallelogram.
Proof. Note that for any D,
p3(D) > 3/4.

Suppose pa(D) = 2/3. Thus, 4 is a jump value. Con-
sider F = {(4,B,C,E) | Lmu(A, B,C, E) = 1}. Since
Ly (A, B,C,E) is continuous with respect to A, B,
C and E, then F is a compact set in 8-dimensional
space. Clearly,

inf

D)=
P4( ) (A,B,C,E)eF

Ls(A,B,C,E).

Since Ls(A4, B, C, E) is also continuous with respect to
A, B, C, and E, there exists a point set {A, B,C, E}
such that

2/3 = pa(D) = Ls(A, B,C, E)/Lu(A, B,C, E). (9)

Note that the minimum Steiner tree T for this point
set must be full because 4 is a jump value. Suppose
that A, B, C and F are arranged in the order as shown
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LXe)

Figure 10:

in Figure 10. Let pxy denote the path from X to Y
in T. We claim that the

£(pas) = £(AB), (10)
£(pcB) = {(CB), (11)
YpcE) = {CE), (12)
£pag) = {AE). (13)

In fact, if one of them does not hold, then

£(AB) + £(CB) + {(CE) + {(AE)
< Upap)+Lpce) + lpce) + Upar) = 24(T).
So,

4Ly (A, B,C, E)
< 3(L(AB)+ €(CB) + {(CE) + {(AE))
< 64T)=6Ls(A,B,C,E),

contradicting (9). By Lemma 8 and (10)-(13), 6D

must be a parallelogram. O

Lemma 10 Let d(0D,8D’) denote the mazimum Eu-
clidean distance between the two intersections of a ray
from the origin with 8D and 8D'. Then for any 6§ > 0
and k, there exists € > 0 such that d(8D,8D') < ¢
implies |px (D) — pr(D')] < 6.

Proof. Consider any set of k points as a point in
2k-dimensional space. Let Q be the point set in 2k-
dimensional space consisting of ”points” each of which
is a set of k points in the plane with a Euclidean mini-
mum spanning tree of length one. Then {2 is a compact
set. In addition, it is easy to see that for any D,

_ L Ls(P)
pr(D) = jnf 755

Thus, px(D) is continuous with respect to D. a
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Now, suppose to the contrary that D is not a par-
allelogram and py(D) = 2/3 for some fixed value of
k. By Lemma 9, ps(D) > 2/3. Thus, there ex-
ists k', 4 < k' < k, such that pg.—1(D) > 2/3 and
pri(D) = 2/3. Let P be a set of k' points such that
Ls(P)/Ly(P) = 2/3. Then every minimum Steiner
tree for P is full.
sequence of norms [ with strictly convex and dif-
ferentiable boundary such that pg:—1(D') < pi:(D").
So, the minimum Steiner tree T(D’) for P under each
norm D’ is still full. By Lemma 1, every T(D’) is
3-regular and satisfies the condition that all edges of
T(D') lie in three directions.
3-regular trees with &’ leaves is finite, there is a subse-

By Lemma 10, we can choose a

Since the number of

quence of {T'(D')} which converges to a 3-regular tree
and satisfies the same condition. It is easy to see that
this tree must be a minimum Steiner tree for P under
the norm || - ||p. By the argument used in the proof
of Du and Hwang (7], it follows that P is a critical
set. Now, by using the argument in the proof of the
first part of the theorem, taking special care of the
cases in which equality holds in various inequalities,
we eventually obtain a contradiction. This completes
the proof of the second part of the claim and the proof

is complete. O

4 Discussion

We conjecture that for any norm || - {|p, there exists &
such that px(D) = p(D). A consequence of this con-
jecture is that p(D) = 2/3 iff 9D is a parallelogram.
The proof techniques used in this paper are different
from those in Hwang [13] for proving 2/3 as the Steiner
ratio of the rectilinear plane. Graham and Hwang [12)
conjectured that m-dimensional rectilinear space has
the Steiner ratio m/(2m — 1). Although the methods
in [13] do not seem to be applicable to proving this
conjecture, perhaps the ideas we use here will be of
some help. We hope to consider this in the near future.
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