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1. INTRODUCTION
The problem we consider in this paper may be described abstractly

defined on L, and a finite set {R; : 1 < j <{ s} of functions R; : L — [0, 1].
We wish to find an ordered partition P = (By, B, ,..., B> of L into non-
empty sets such that:

(i) Foralliandj, I <i<<m | <j<s, Yaep Ri(x) < 1.
() x,yel,x<yandxeB,,yecB, thenj < k.
(iii) For any partition P’ satisfying (i) and (ii), | P | << | P’ I.

This problem is a special case of the general multiprocessor scheduling
problem with resource constraints [4, 5]. We may think of the xe L
as unit-time tasks to be executed, the partial order as a precedence con-
straint, and the functions R; as giving resource usages for the tasks
(normalized so that all resource bounds equal 1). The desired partition
then furnishes us with a minimum time schedule, with the tasks of B, all
being concurrently executed during the 7th time slice (the assumption being
ihat there are sufficiently many processors available to accommodate any
number of tasks we might wish to execute simultancously).

If < is empty, i.e., there are no precedence constraints, the problem
may also be thought of as a form of “multidimensional” bin packing.
in the one-dimensional bin packing problem [10, 11, 13], we are given a
list L of real numbers between 0 and 1 which we wish to assign to unit
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capacity “bins,” so that no bin receives numbers totaling more than 1,
and a minimum number of bins is used. Here, the items packed can be
thought of as vectors (Ry(x), Ry(x),..., Ry(x)> and we wish to assign them
to bins so that the vector sum of the items received by any bin is dominated
by <1, 1,..., 1D.

For convenience, we shall borrow some of the more useful terminology
from each of these two interpretations. L will be called a ser of rasks
and will interchangeably be thought of as a list L = {xy, Xp,..., X5
with the order of the list determined by the indexing of the set. The
functions R; will be called resources and for each task x e L, R;(x) will
be the Rj-resource usage of x. The requirement that },.p Ri(x) < 1
will be called a resource constraint. Similarly, the partial order < and
condition (ii) give the precedence constraints. In an ordered partition
P = (B, B,,..., B,> obeying (i) and (ii), the sets B, will be called bins
and P itself will be called a packing of L. An optimal packing will be one
which in addition satisfies (iii). Finally, we define L* to be the value of
| P |, the number of sets of P, for an optimal packing P of L.

Now even in the one-dimensional case, the problem of finding an optimal
packing P can involve the solution of the NP-complete PARTITION
problem (see [1], [13]) and hence is likely to be computationally intractable
for even relatively short lists L."Thus the approach that has been taken in
the literature for this and related problems (e.g., [2, 3, 6, 7, 9, 11-13, 16])
has been to relax condition (iii), and use efficient algorithms which, while
not guaranteeing an optimal packing, do generate packings which are
never too far from optimal. One of the principal algorithms of this type
which has been studied is FIRST FIT (FF) (see [11, 13]). In the one-
dimensional case this simple heuristic proceeds as follows. Assign the x;
to bins in order, first assigning x; to bin B, , and, thereafter, assuming x;
has been assigned, assigning x;,; to the bin B; of minimal index to whose
contents x;, can be added without violating the bin capacity constraint.

The worst-case behavior of FF has been extensively analyzed in the
one-dimensional, no precedence constraint case. Let FF(L) be the value
of | P | when P is the packing of L generated by FF. In [13] it is shown that
FF(L) < (17/10) L* -+ 2, for any list L (assuming § = 1, < = @),
and that arbitrarily long lists L exist with FF(L) > (17/10) L* — 2.
The algorithm behaves even better when the list is in nonincreasing order,
ie, Ri(x) = Ry(xy) =+ = Ry(x,). In this case we have FF(L) <
(11/9) L* + 4, with arbitrarily long lists existing for which FF(L) =
(11/9) L=

In this paper we generalize the algorithm FIRST FIT so that it may
apply to the more complicated multidimensional case with precedence
constraints, and prove corresponding bounds on FF(L) in the more general
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situation, The generalized algorithm proceeds by constructing the bins
B, B, ,..., each in turn, proceeding inductively as follows.

Suppose all bins preceding B; have been constructed and there are still
some tasks remaining to be packed. Let L, be the list obtained from L
by deleting all tasks already packed, while retaining the relative order of
the remaining tasks in the list. (Initially, L, = L.) We now further modify
L, by deleting all tasks x which have predecessors in L, , i.e., those x € L,
for which there is a y € L; with y < x. Since <{ is a partial order and so
contains no cycles, some tasks must still remain in L;, which we can
write as {Jq , Vo srr V- Assign y; to B; . In general, if y; can be added to
B, without violating any resource constraints, do so. Otherwise delete
it from the list and go on to y;,; . Once every y; has either been assigned
or deleted, the packing of B; is complete. If any tasks now still remain
unpacked, we then proceed to pack B;., . This process is continued until
all tasks are packed.

The reader may verify that, when restricted to the case of 5 = 1 and
< = @&, this generalized algorithm will indeed yield the same packing
(although generated in a different way) as the original FF algorithm.

We also consider two variants of the generalized FF algorithm, both
of which operate by applying FF to the list after the list has been specially
preordered. FIRST FIT DECREASING (FFD) is a generalization of the
corresponding algorithm in the one-dimensional case. For each xe L,
define

Bmax{(x) = max{R;(x): 1 <j < s}. H

FFD reorders L into the form {1, Yo, ¥ny, wWhere Rmax(yq) =
Rmax(y) 2+ 2 Rmax(y,) and, if Rmax(y:) = Rmax(¥;w), then y;
precedes y,,4 in the original ordering of L.}

The LEVEL algorithm (FFL) reorders L according to precedence level.
A chain of tasks of L is a sequence {z,, z,,..., Zp> of tasks where
7y < 2y < -+ < z3, . The head of the chain is z;, and the length of the
chain is k. The level of a task x € L is the length of the longest chain which
has x as head. FFL reorders L into the form {y,, y,...., y,> where
level () = level () = -+ 2 level (»,) and, if level (3} = level (yiie)s
then y; comes before y, ., in the original ordering (if <{ is empty, FFL
will teave the original ordering of L. unchanged since all tasks x e L

One might remark at this point that the LEVEL algorithm yields optimal
packings (see [8]) if s == 0 (no resource counstraints) and < is a forest,

* A slightly different form of “decreasing™ order is discussed in [16]. The present
definition yields worst-case behavior which is at least as good and is easier to deal
with.
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i.e., each task x e L has at most one immediate predecessor? y, i.e., y < x
and, if z < x then z = y or z < y. However, our primary interest is
in the case s = 1. This paper will be devoted to determining the worst-case
behavior of the algorithms under consideration as a function of the number
s of resources. To this end, define

FE(K) = max{FF(L): L* — &}, @

. - .. Py /\ /\ . -
with similar definitions for FFD and FFL. We consider cases both with
and without precedence constraints, and our results can be summarized
as follows.

A Ifs>=1 a}gd - is empty then
() limy_ (FE(k)/k) = s + 7/10,
@ 5o+ (5 — DfsCs - D) < lim, o (FFDEOK) < s+ 13
(with somewhat stronger lower bounds for s < 3).

(B) Ifs = 1 and < is any partial order, then
(1) limy. . (FEGRK) = (52 & + (5/2) + 1,
Q) (1.69)s+1< limkﬁw(@(k)/k) < (17/10) s + 1,
(3) limkaw(ﬁ(k)/k) = (17/10) s + 1.

We point out that A(1) is a straightforward generalization of the corre-
sponding result for the one-dimensional case, and many of the other
bounds are also seen to be related. In fact, many of the ideas occurring
in our proofs have roots which come from the one-dimensional case, and
we begin in Section 2 by presenting improved versions of these earlier
results (cf. [13]). In Sections 3 and 4, these are then used to prove the
results in (A) and (B). The concluding Section 5 discusses results for
certain more restricted cases, such as requiring Rmax(x) < 1/k for all
x € L, and when the additional constraint is added that for any bin B;,
the number | B; | of tasks in B; cannot exceed some fixed upper bound.

2. Toer WEIGHTING FUNCTION

In many of the upper bound proofs which follow, we shall make use
of a specially designed weighting function W: [0, 1] — [0, 8/5]. This
function is derived from that used in [13], but has been modified so as to

2 This is also true if each x € L has at most one immediate successor.,
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yield somewhat stronger results. It is defined as follows (Fig. 1 provides
a pictorial description).
W(a) = (6/5) « for 0 <o <1/6,
= {9/5ya — 1/10  for 1/6 <« << 1/3,
=(6/5)a+ 1/10  for 1/3 <« < 1/2,
= (6/5) a4+ 4/10  for 12 <o <1

wat)
.
/5t
1 /
1
!
710} :
fr2h
5k
R 1 a
O e s 2 ;

Figure 1

Suppose L is a list of tasks and we are given a map R: L — [0, 1] which
is not identically 0. Extend R to sets of tasks § by sefting R(S) = ¥ s R(x).
We then have the following useful (though perhaps at this point, obscure)
lemmas about W.

Levma 1. IfBC L and R(B) << 1 then
(@) Len W(R(D)) < 17/16,
(b)Y If {R(b): be By [0, 1/2] then 3.5 W(R(D)) < 3/2.

Lemma 2. If BC L and R(B) > 1 then

(a) Zen W(R(B)) > 6/5,
(b)y I max{R(b):be By > 1/2 then ¥ ,.5 W(R(b)) > 8/5.

Livma 3.0 If O<Sw<<if2 and B - {b, ,b,...0.0, m =2 has

R(by) = R(by) > cand R(B) = 1 — o, then Syes WR(D)) > 1.

Livma 4. If O <<o<1/2 and B =4{by,by,... 0.}, m =1, has
R(by) = R(by) = == R(by) > « and Tyep W(R()) = 1 — B for some
B == 0, then cither
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(&) m=1and R(b,) < 1/2, or
(b) R(B) <1—a—(5/6)8.

LemmMa 5. Suppose YC L and # = {B,, B, ,..., B,} is a partition of Y
into disjoint nonempty sets such that for all integers i and j with 1 < i <
j < t,y < B;implies R(y) > 1 — R(B;). Then

> W(R(») >t——1+imax

yey g

0, [ Y W(R®E) — 1] %

beB;

These five lemmas are all based on similar claims made in the proof of
{13, Theorem 2.2], and are proved in much the same way, although the
weighting function W is slightly different, and in some cases the claims
made here are a bit stronger. The interested reader is referred to the
Appendix for the proofs. That the current lemmas are indeed more power-
ful than those in [13] can be seen from the fact that we can use them to
improve Theorem 2.2 of that paper. That result stated that for all lists L
with one resource and an empty partial order, FF(L) < (17/10) L* 4 2.
We have the following: '

Taeorem 1. If L is a list of tasks in a system with s = 1 and < is
empty then

FF(L) < (17/10) L* + 1.

Proof. We can think of an optimal packing of L as a partition of L
into L* sets, each set B of which has Ry(B) < 1. By Lemma 1, we have

Y. W(R(x)) < (17/10) L*. ©)

xeL

On the other hand, we can think of the FF packing of L as a partition of
L into FF(L) sets, say {By, B ,..., Bery}, With the FF rule assuring that
for all i and j, 1 < i <j < FF(L), b e B; implies R(b) > 1 — Ry(B,).
Thus, by Lemma 5,

>, W(R(x)) > FF(L) — 1. 4)

weL

The theorem follows from (3) and (4). 1

Note that if L* is a multiple of 10 then in fact FF(L) < (17/10) L*.
More generally, the conclusion of Theorem 1 can be written as
FF(L) < [(17/10) L*].
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3. ToE CASE oF < EMPTY

In this section we examiune the situation in which there are no precedence
constraints on the tasks of L.

TueorREM 2. If L is any list in a system with s = 1 resources and < is
empty, then

FF(L) < (s + 7/10) L* -+ 5/2. (5

Proof. The theorem will be proved by induction on s. Theorem 1
shows that it is true for s = I. Suppose (5) holds for the values
1,2,...,s — 1, but not for 5. In that case we have the following.

CrLAamM 1. Thereis a list L with
(s 4 7/10)) L* - 5/2 < FF(L) < (s + 7/10) L* -+ 7/2. (6)

To verify this claim, let & = {L: FE(L) > (s -+ 7/10) L* -+ 5/2}, and
let I* == min{L*::L € ¥}. Now choose an Le{¥: L* = [*} for which
FF(L) is minimal. This L will be our desired list. For suppose
FE(L) > (s + 7/10) L* + 7/2. Consider the list I, obtained from L by
deleting those tasks contained in the first bin of the FF packing of L.
Clearly, FF(L) = FF(L) — 1, and L* < L*. Thus Le.% and hence
L* = I* contradicting the assumption that L was a list of this type with
minimal FF(L). Thus, we must have FF(L} < (s ++ (7/10) L* + 7/2
and L is our desired list. J

Let L be a lst as specified by the preceding claim. We shall now focus
on the FF packing of L, and, partitioning the nonempty bins B into sets,
we shall prove a number of preliminary results about the partition
(Claims 2 through 7). Using these, it will then be possible to proceed with
a weighting function proof analogous to that of Theorem 1. The partition
is defined as follows:

A = {B: RAB)Y > 1/2 for at least two distinct values of j, 1 << j < s},
Si(1y = {B: | B | == 1, R{B) => {/2and Ry(B) <l 1[2forj #1i}, 1 << i <5,
SZ(Z) = {B: | B] 2= 2, R{B) > 2/3 and R{(B) << I/2forj =#i}, 1 <{i s,

={B:|B| =2,1/2 < R(B) < 2/3 and R{(B) < 1/ forj £ i},
1 <Ci<s,

KXo = {B R(By <L 12 foralli, 1 << i <ys}.
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That these 3s + 2 sets of bins do indeed form a partition of the FF
packing is clear. Define

S;=S8SHUSR), 1<i<s, and X=X

=0

We relabel the resources if necessary so that | S; | = [Se| = = = [ S|
Figure 2 gives a schematic of the partition, with the bins arranged in a

;000 ... 0O

<00 ... 00O
L* @ ——»
K Q%s,'(rr—gxls';@ 0oapn ... o0
<0000 ... (oo, o
\tSp (1)~ S5(2) /
-2y
s, (0|0 o E‘
B
(0|0 ves D[r !
B~
ss 1010 ... 0 1: |
COLUMNS: C; Cz cx C¥ C|S|‘
FrGure 1

pattern which will be quite useful in what follows. The bins of 4 and X
are set apart with the bins in the S; more carefully arranged. Each of the
sets S; is laid out in a row, with all the bins of S;(1) preceding all the bins
of Si(2). The rows are left justified so that | S; | columns of bins are created,
the jth column C;, 1 <j < | S} |, consisting of the jth bin in each S;
for which | S;| > . Let J = max{;:|S; | > L*}. We define «; and f3;,
1 <i <3, as follows.

Ifi < Jthen oy = | 8; | — L*, B; = 0;
Ifi>]then(xi:0“8i:L*___lSi].

We now proceed to verify a number of claims about our partition of the
FF packing, many of which will make use of the diagram in Fig. 2.

Ciamv 2. | X, | <1 for O <i <y, and hence, | X | <5+ 1.

Proof. 1f | Xy| > 1 then X, would have to contain at least two bins,
ong of higher index than the other. But then the first task placed in the
higher indexed bin would have fit into the lower indexed bin, since it would
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have size no more than 1/2 in any resource. The fact that the task did
not go there violates the FF rule. If | X; | > 1 for some i, 1 <Ci <5,
then let B, and B, be two bins in X; with j < k and let ¢ and & be two
tasks in bin B, . The only way a and b can have been excluded from bin B,
(since they must have size at most 1/2 in all resources except R,) is if
Ria) + R{(B;) > 1 and Ry«(b} + R«(B;) > 1. But then both R, a) and
R(b) exceed 1/3, so that R,(B,) = Ry(a) + R,(b) > 2/3, a contradiction
to the definition of X; . This proves the claim. §

CrAam 3.

> 18] < L+ ™

Proof. 1If there were more than L* one-task bins, then at least two of
the single tasks would have had to come from the same bin in an optimal
packing of L. Hence, the task in the higher indexed bin in the FF packing
would have been illegally placed. §

CrLAamM 4.

s

X1 +141=3 8. @®)

i1

Proof. This will be the only place in which the induction hypothesis
(that Theorem 2 holds for any number of resources less than s) is used.
Suppose | X | -4 | < 35, B:. Then we must have 3,8, > 0 and,
hence, there are some resources for which | S, | < L* and so J < s.
Let us create a new partition of the bins of the FF packing by assigning
the bins in 4 U X to the sets S, . To be specific, let

S/ = S;u{Bed v X:i= max{j: R}{(B) > 1/2}, Isiss
We then have
S IS/ TS Y IS B4 X]
T i=-d 1 o
(9

S —HLF =Y B4l X[ <(s—J)L"

gl
Furthermore, all bins in ULI S; still have resource levels of no more
than 1/2 in resources R,,; through R, . Consider the list L obtained from
L by deleting all tasks in the bins in U;_,., ;. This list must be packed
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by FF into a collection of bins identical to ULI Sy’ U X, , and moreover,
resources R;,; through R, can have had no effect on the packing, since
all tasks and bins had resource usages of at most 1/2 in these resources.
Since J << s, the induction hypothesis therefore applies and we have

J

FF(I) = Y, |8/ |+ 1 X, | < (4 7/10) L* + 52

< (J -+ 7/10) L* - 5/2.
But then
FF(L) = FF(D) + Y |5/
d=J+1

< (J + 7/10) L* 4 5/2 + (s — J) L*
= (s + 7/10) L* - 5/2,

which contradicts our assumption on FF(L). This proves the claim. ||

The next claim we make will actually be used like a lemma when
evaluating overall resource usage for the bins in a column of the diagram.

Ciam 5. Let 1C{1,2,..., 8} be nonempty, and suppose that for each
i€l we are given a bin B; € .S; . Then there is an r € I such that

Y Y RB)=II]—1 (10)
tel jel—{r}
Proof. The claim is immediate for | 7| = 1. Suppose that for some k,

2 < k < s, the claim holds for all 7 with | 7] = k — 1. Consider an
example for which | I| = k. Let v and v be distinct elements of 1. We
must have either R,(B,) + R.(B,) > 1 or R(B,) + R,(B,) > 1, since
otherwise no task from the higher indexed bin could have been prevented
from going into the lower indexed bin. (Resources other than R, and R,
would be of no avail since both bins have level at most 1/2 for any such
resource). We may assume without of loss of generality that the first
case holds. But then, since I' = I — {u} has | I' | = k — 1, the induction
hypothesis implies that there exists an r € I' such that

> Z R(B) =k —2

el jel’—{r}
and hence,
Z Z RJ(Bz) > k—2 + Ru(Bu) + Ru(BU)
el jel—{r}

>k 1= [I]—1
This proves the claim. [



GENFERALIZED BIN PACKING 267

CorOLLARY 1. If Iand {B;:ieI} are as in Claim 5, and, in addition,
there is a 8,0 < 8 < 1/2, such that R(B;) > 1 — 0 for all i € I, then

Y2 RiB) > | 1] — 8. (11)
iel jed
CLAM 6,
oy > (3/5) L* + 3. a»

Proof. First we recall that by assumption FF(L) — sL* > (7/10)L* +
5/2. By the definition of our partition we have

s s

FRW) = (414 X[ 4515 = Y B+ Y . (13)
This implies |
S o> (IO LF 5245 B — 4] — Xl (14)

i=1 g==1

Now consider the partition of the bins given in Fig. 2. The kth column,
C, . satisfies the hypotheses of Claim 5 with I, = {1, 2,..., | C; |} and
B, ; being the bin in row S; and column C, . Similarly, by Claim 2,
X — X, satisfies the hypotheses with 7, = {i > 0: X, ¢ @}. Thus we
can apply Corollary 1 to each of these sets of bins, with an appropriate
value for 5. By the definition of S; and X, we can take S to be 1/2 for
X — Xy and for each C,, 1 < k << L*. Furthermore, since by Claim 3
and the construction of the diagram, every B, , for k& > L* belongs to
S542) and hence has R;{(B, ;) > 2/3, we can take S to be 1/3 for each C,,,
LY <k < |8 = L*4 o . Thus we can conclude that

N

SL*= Y Y R(B)

allB j=1
Y Gl = (LR (B ey X (3f2) 4
L X A = (D)L — (1) ey — (3/2).

Substituting for 3, «; using (14) vields the desired result.

Cram 7,
ay << {(1/10y L*¥ 4 {/2, (15)
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Proof. By (6), (8) and (13) we have

S < OO L+ (X 141X T2 o

i=L

< (7/10) L* + 7/2.

Thus, using Claim 6, we have

oy < Y oy << (T/10) L* + 7)2 — (3/5) L* — 3

=2

< (1/10) L* + 1/2.

This proves the claim. |

We have now gotten the preliminaries out of the way and we are ready
to begin the more direct mechanisms of the proof. As in Theorem 1, we
shall use a weighting function w: L — R, where R denotes the set of real
numbers. This time the two inequalities which we shall prove are the
following.

(A) w(L) < (s + 7/10) L*;
(B) FF(L) < w(L) + 5/2.
Theorem 2 will then follow immediately.

First we must define w, which we do in terms of functions w; , 1 <i < s
specified as follows.

2

wi(b) = W(Ry(b)) where W is as defined in Theorem 1 (see Fig. 1),
wi(b) = R«b), 2<<i<s,

w(b) = 3 wi(b).

=1

As usual, we extend the domains of definition to sets B by letting
WI(B) = ZbeB Wz(b), etc.

CrLam 8. For any FF packed bin B:
i) w(B) < s+ 7/10;
@) If Ry(b) < 1/2 for all b e B then w(B) < s -+ 1/2,
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Proof. Any validly packed bin B must have R(B) < 1, 1 <i < s
Thus,

Moreover, by Lemma 1, R(B) < 1 implies that w(B) < 17/10 and, if
the hypothesis of case (i) holds in addition, then w,(B) <{ 3/2. This
proves the claim. §

Inequality (A) foliows immediately from the preceding claim. The
proof of (B) is considerably more involved. We first show that we can
restrict our attention to the bins of S, and one other bin for each column
in our diagram.

Let us first look at the columns of the diagram, this time ignoring the
elements of row S; . That is, we consider C;" = C;, — §;, 1 <k < | S, ).
Each €, satisfies the hypotheses of Claim 5 with I}/ = {2, 3,..., | Cy |},
and B, , being the element of row S, in column C;/, 1 <k < |S;/,
iel,. Thus, there exists an index r(k)e I,/ such that for all k%,
I <k <|8S,|, we have

Z Z RJ'(Bi,k) 2 I C]c’ I — 1= | Ckl — 2.

€L, jel, ~{r(k)}

Letting 7 —= 5., S; = i;fl' C,’, we thus have proved:

CrLam 9.

[ Syl

Z W(B) = ’ 7‘ - ( SZ f -+ z [u"l(Br(lc),lc) + RT(IL‘)(B‘I‘(]C>,7.:)]‘ (17)

BeT Je==1

Next, we look at S, . If we let £, be the list obtained from L by deleting
all tasks which do not go into bins of §; , then by the operation of the FF
algorithm, we see that FF(L) = [ S, | and, in fact, the bins of the FF
packing of L; are packed in exactly the same way as those in S, . Hence
by Lemma 5 we have

Cram 10,

S B =S ~1+ 3 B =1L R(B).

BeS,; BeS§; Bes; i=2
w (B)>1

Finally, since w,(b) = Ri{P), 1 <i << s, we have by the definition of 4
and X, and by Claim 2, and Corollary 1 to Claim 5 the following results.
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CrLam 11.
Y owB) = 14|

Bed

Craim 12,
Z w(B) = | X'| — 3/2.

BeX

Let V={B.1:1 <k <|S;|} and let Ry = R,y if B = B.gy.. €V
Then by combining the preceding four claims we have

w(L) = Y, w(B)+ Y w(B)+ » w(B)+ ), w(B)

BES1 BeT Bed BeX
= FE(L) — 5/2 — | Sy | + ), wi(B) + Ra(B)
+ Y B D+ T Y RB. as
Bes§; Be S, i=2
w, (B> L

Thus, inequality (B) will follow if we can show

(© 1Sl < 2 [wi(B) + Re(B)]

Bev

+ 3 [maxtow@® — 1+ 3 2B

Be Sy =

We shall show how to partition S; U V into sets of bins 4, , 4, ,..., 4,,
such that for each A,

D) ). [w(B) + Ry(B)]

Bedq,NV

+ ) [max{O, wi(B) — 1} + i Ri(B)} =4,0 V]

Bedyn S, =2

Since | V| = [ S, |, the desired inequality (C) will follow. If we find a
set A, which satisfies (D), we will say it has been “cancelled.” We find
sets to include in our partition by using “cancellation rules,” proceeding
inductively. We start with J; = V' U S and, in general, we choose a set
Ay, from V7, showing that it satisfies (D). If we ever reach a point when
VeV = 3, weset 4, = ¥, which obeys (D) trivially and the partition
will be complete. Our goal will be to show that this must eventually
happen. We start with k = 1 and the following cancellation rule.

Cancellation Rule 1. If there are one-task bins B, €V, NV and
B;e VN Sy, set Ay = {B;, Bj}, Viya = V2 — 4s.



GENERALIZED BIN PACKING 271

Cram 11, If A, is formed by Rule 1, then it satisfies (D).

Proof. Let b; be the one task in B, and let b; be the one task in B;.
Task b; exceeds 1/2 only in resource Ry , and task b; exceeds 1/2 only in
resource R,, and vet, the two tasks were placed by FF into distinct
one-task bins. Thus we must have either

Ry(b;) + Ry(by) > 1 or Rp(b;) + Rpfb)) > 1.

In the second case, (D) is immediate. In the first case, since Ry(b;) > 1/2,
Lemma 2 implies that wy(B,) 4 wy(b,) > 8/5 so that

wi(B;) + max{0, wi(B;) — 1} + Ryp(B;)
=285+ 12—-1>1=|4,0V]

Thus, (D) also holds in this case and the claim is proved.

Apply Cancellation Rule 1 repeatedly until it can no longer be applied,
and let k(1) be the index of ¥}, at this time. If V) N V' = @ we are done.
Otherwise, we at least have

Vi N{B; € V: B; is a one-task bin} = &,

as the next claim will imply.

Cram 12,

S 1> D LF = Y, | Sl

FProof. Let L, be as above, i.e., the list obtained from L by deleting
all tasks not in bins of S, . Let J be the set of tasks b from £, which have
Ry(b)y > 1/2. By Lemma 1,

2owi(B) TG/ L+ (UHI T < G L+ (5 [T (19

Bes,

Now, let J; == 5,(1), and let J, € $3(2) be those bins of $,(2) which contain
an

n element of J. Observe that | J | = | J, | + | J, |. By Lemma 5 we have
Sow(B) =S - b Y (max{0, wy(B) — 1. 20
BeS, Bes,

Consider any pair of distinct bins By, B,eJ, with B, having higher
index in the FF packing of L. Let g, and a, be the tasks of Jin B, and B, ,
respectively, and let b, be a second task from B, (which must exist since
B, € J,). Since b, did not go into the earlier bin B, during the FF packing

582a/21/3-2
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of L;, we must have Ry(B;) + Ry(b,) > 1, and hence, by Lemma 2,
wy(By,) + wy(by) = 8/5. Thus,

max{0, w;(B;) — 1} 4 max{0, wy(By) — 1} > 3/5.
This implies
2. (max{0, wy(B) — 1}) = [(1/2) | Lo 1] - (3/5) > (3/10) | Jy| — L. (21)

BesS,
Thus, by (12) and (20), we obtain
> wy(B) = (8/5) L* + (3/10) | J, | + 1 , (22)

pes,
and so, by (19),
(3/2) L* - (1/5) | J| = (8/5) L* -+ (3/10) | Ja | + 1,
and hence
[SiDI =Ll =T~ L] =2 L*+1A/2)[ ] +5 (23)

which is the first half of Claim 12. The second half follows from (23)
and Claim 3. This proves Claim 12. [

Thus, as long as there is a one-task bin left in ¥, N V (and hence,
in U;_, S,(1)), there must also be a one-task bin left in ¥, N S, and so we
have established the following result.

CLam 13.

Vew N{B; € V: B; is a one-task bin} = .

After we can no longer apply Cancellation Rule 1, we begin to use the
following rule.

Cancellation Rule 2. If B; is a one-task bin in ¥V, N Sy(1) and
Bie Vk N V, set Ak = {BZ‘,B]-}, Vk—l—l e Vk — Ak'

Cram 14. If A, is formed by Rule 2, then it satisfies (D).

Proof. Let b; be the one task in bin B;. Again, we must have either
Ry(B:) + Ry(b;) > 1 or Rp(B,) + Rg(b;) > 1. The claim now follows
by exactly the same arguments as used in the proof of Claim 11, since we
still have Ry(b;) > 1/2. 1
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Apply Cancellation Rule 2 repeatedly until it no longer can be applied,
and let £(2) be the index of V,, at that time. If V) N V = @, we are done.
Otherwise, by Claim 12, the following fact holds.

Cram 5.
k(2) = | Sy(D)) + 1 < (1/2) L* + 2.
After we can no longer apply Rule 2, we begin to use the following rule.

Cancellation Rule 3. If B;e ¥, 0V and B;e ¥V, N S, and Rp(B,) -+
Rp(B)) > 1, set A, = {B;, B}, Vi1 =V} — 4. A pair formed by
Rule 3 automatically obeys (I2). We apply this rule repeatedly until it
can no longer be applied, and we let k(3) be the index of ¥V, at that time.
If ViV = ¢ we are done. Otherwise we proceed with the next
rule, after making note of the following fact.

Cram 16. If B;e Vi O Vand B; € Vi NSy, then j < i

Proof. Suppose not, so that bin B; was found before bin B;. Since
B; must contain more than one task (by Rule 2), it must contain a task b
with R,(b) << 1/2. Since b did not go in the earlier bin B;, and since,
by Rule 3, Rz (B;) + Rp(b) < 1, we must have R,(B;) > | — Ry(b) = 1/2.
But this means that B, has resource usage exceeding 1/2 in two resources
(Ry and Ry ) and this contradicts the fact that B; ¢ 4.

Cancellation Rule 4. ¥ B,eV,\ Vand B;c V, NS, ,and R(B,) < /9,
then set Ak e {Bl 5 Bj}, V]H"l == }/]C — Ak .

Cramm 17. If 4, is formed by Rule 4, then it obeys (D).

Proof. By Claim 12 we know that B, contains at least two tasks, say
a and b. Since it contains more than one task, we also know by the defi-
nition of Sp, that Rg(B;) > 3/2. By Claim 16 we know that B; has a lower
index and hence is the earlier bin. By Rule 3 we see that Ry (B +
Rp(B;) < 1. Thus, since neither a nor 4 went into the earlier bin B;,
we must have Ry{a) -+ Ry(B)) > 1 and Ry(b) 4+ R(B,) > 1, and hence
both Ry{a) and R,(b) must exceed 1/9. Since W(o) = (6/5) « for all
o ¢ {0, 11, we therefore have

wy(By) -+ wilB;) = (6/5)(10/9) == 4/5.
Therefore,
(wi(B;) — 1) + wi(By) -+ Rpf(By) 2 4/3 - 14 2/3 =1

and (D) holds. §
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Let k(4) be the index of V;, at the time Rule 4 can no longer be applied.
If Viyw NV = &, we are done. Otherwise, we note that each of our
cancellation rules so far removes one bin from ¥, N .S; and one bin from
V, 0V, and thus by Claims 6, 7, and 15, we have

[Viw NSyl Vg NV
([(8/5) L* + 3] — [(1/2) L* + 1])
~((1/10) L* + 1/2] — [(1/2) L* +1])
> ((11/10) L* + 2)/((6/10) L* — 1/2) > 11/6. (24)

Also observe that by Claim 16 and Rule 4, all the bins B of Vi NS,
must be earlier in the FF packing than any of the bins of Vi NV,
and all must have R,(B) > 8/9. Further, by Claim 13 all the bins of
Ve M ¥V must contain at least two tasks. We now apply a final cancellation
rule.

Cancellation Rule 5.

@ If [ VenV]=3and | VNS | =5 let By, By > Biw €
VeV and B > Biw s Biw » Biw » Big) € Vi NSy be distinct elements
of V,, and set 4, to be the set consisting of all eight of these tasks.

) IfiVy,nV|=2and | V,NnS,| =4, let Byypy, By eV, NV
and By , By > Biwy » Biw € Vi 0 Sy be distinct elements of V7, and set
A, to be the set consisting of all six of these tasks.

© IflVenV]=1and |V,NnS,| =2 let B;peB, NV and
B;) 5 By € Vi N S, be distinct elements of V;, and set 4; to be the set
consisting of all three of these tasks.

Set Vk+1 = Vk - Ak .

Crav 18. If A, is formed by Rule 5 then it obeys (D).

Proof. Consider case (a). By Claim 13, By , B and By all contain
at least two tasks, say a(l), b(1), a(2), b(2) and a(3), b(3). Also,
RB,-oL)(Bi(h)) > 2/3, 1 < h < 3. Since the bins of ¥, NS, precede the
bins B, , we must have, by Rule 3,

Ry(Bj(1)) + Ryla()) > 1, Ry(Bj») + Ri(a(2)) > 1,
Ry(Bjm) + Ry(a(3)) > 1, Ru(Biw) + Ri(b(1)) > 1,
RI(BJ'(5)) + Rl(b(z)) > 1.
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Thus, since W{(x) = (6/5) « for all « [0, 1}, we have

3

5 3
z By — 1) + z wil(Biy) + Z —RB,-(,,)(Bi(h))
fr=s1 h=1

h=1

= 5(6/5 — 1) +3(2/3) = 3 = | ¥V " Ay .

and so (D) holds. Similar arguments apply to cases (b) and (c) and the
claim is proved. §

Let k(5) be the index of ¥, when Rule 5 can no longer be applied.

CLamM 19. Vi NV = &.
Proof. By (24) we know that initially

[ Vi NS | Ve V| = 11/6.

Solongas |V, NS, |/| ¥V V| remains at least [1/6 and V;, "NV % &,
we can apply Rule 5, for then

@) | Vi V| > 3implies |V, NSy | = [(11/6) - 3] = 6 > 5,
(®) | Ve V] =2implies | ¥V, O S, | = [(11/6) - 2] = 4,
(© |V, V| =1implies |V, NS, | = [11/6] = 2.

But if we ever apply (b) or (¢) to V3 we will immediately get
Vi NV = @ and we will be done. On the other hand, if (a) is applied,
the ratio can only increase, since in this case,

1 le N S1 [/l VICv{—l N V! = (1 V/c 0 Sl[ ‘““ 5)/(\ Vi V‘ - 3)
>V Sl vien vV = /6

since 5/3 < 11/6. Thus, by induction the ratio will remain at least 11/6 as
long as ¥V, N ¥V = @. Hence, when Rule 5 can no longer be applied, we
must have Vi M V = @. This proves the claim. §

Since Vi NV = &, we then complete our partition of VN S,
by setting Ay = Vi . Thus, all sets 4, in the partition obey (I)) and
hence, (O). Therefore (B) holds and the proof of Theorem 2 is complete. §

We shall next show how to construct lists T. for which FF(L)/L* is
arbitrarily close to s -+ 7/10, showing that the upper bound in Theorem 2
is essentially best possible.

We begin by recalling that for the case s = 1, [13] givesforeach k > 1,
alist Ly with L,* = k& such that FF(L,) > (17/10) L,* — 8. For a fixed &,
et y,, ¥s,..., ¥, be the list given in that construction and let @; be the
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requirement of y, for that single resource. We shall use this list as the
basis for our construction with s > 1.

Let L = {x;, X ,..., X} Where n = 2(s — 1) k + p. The corresponding
resource requirements are as follows.

Ry(x;) = a; for i=n—p+jl<j<p
= (s§-F1)e for 1 <i<n—p,ieven,
=0 for 1 <i<n—p, iodd,

and, for 2 <j < s,

Rix)=1—(s+1e for 2(j— 2k <i<2(j— 1Dk, iodd,
=@+ e forl <i<n—p,ieven,
= ¢ otherwise,

where € is chosen so that 0 <C e << (ns%)~L,

Basically there are three types of tasks in L; one type with all resource
requirements equal to (s + 1) €; one type with zero requirement for Ry,
requirement 1 — (s + 1) € in some resource other than R, and require-
ment e for all other resources; and one type with requirement a;, for
some i, for R, and ¢ for all other resources. Each task of the last type
corresponds to a unique task in the original single resource example.

It is not hard to verify that an optimal packing requires at most k& -+ 1
bins. One way to achieve this is as follows. Place all tasks having require-
ment (s + 1) ¢ for all resources in a single bin. Fill each of the remaining
k = L;* bins with s + 2 tasks, three of which correspond to tasks packed
together in the optimal packing for the single resource example and, for
each k with 2 < k <{s, one task which has requirement 1 — (s + 1) ¢
for resource R;, .

However, in the FF packing for L, we will have (s — 1) k bins each
containing two tasks, one task with all requirements equal to (s - 1) e
and one task having requirement 1 — (s + 1) e in exactly one resource.
Following these willl be at least (17/10) k — 8 bins, each containing a set
of tasks corresponding to a set of tasks placed together by the FF packing
of L, . We therefore have

FF(L)/L* = ((s — Dk + (17/10) k — 8)/(k - 1)
= s - 7/10 — (s - 87/10)/(k + 1).
Since k was arbitrary, this gives the desired result.

The next result shows that by preprocessing the list in this no precedence
constraint case, we can improve the worst-case behavior of FF somewhat.
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TaroreM 3. If L is any list arranged in decreasing order by Rimax(X)
in a system with s 2> 1 resources and < is empty, then

FR(L) < (s + 1/3) L*. (25)

Proof. Suppose we have a list L for which FF(L) > (s + 1/3) L*.
Let the FF packing of L consist of bins By, B,,..., Bppy , and let

={B;:1 <i<<sLl* and T = {B;:sL* <i<<FF({)}, with
Ls = Upes B and Ly = {Jzer B.

Cram 20. For all x € Ly, Rmax(x) << 1/3.

Proof. Suppose there were an x € Ly with Rmax(x) > 1/3. Since L
is in decreasing order by Rmax(x), we may assume without loss of generality
that x is the first task in L to go into a bin of 7. Let L be the list obtained
from L by deleting all tasks that follow x in L. By the operation of FF,
we will then have FF(L) = sL* 4 1. Let C;, Cy,..., Cy1+44 be the bins
of the FF packing of L, and let D, , D, ,..., Dz, be the bins of an optimal
packing L, and let ¥ = {y e L: for some i, 1 < i < sL*, C; = {y}}.

% is the set of all tasks that are in one-task bins in the FF packing of L.
Since no two such tasks can fit together (or else they would not have gone
into separate one-task bins), each y € € must come from a distinct bin
D(y)in the optimal packing. We shall now show that for all optimal bins
D;, | D;| <2s, and if D; = D(y) for some ye %, | D;| < 2s — 1.

The first bound is easy. For each z ¢ L, let the maximal index of z,
denoted by mi(z), be defined by

m(z) = min{i: | < i < sand Ri(z) = Rmax(2)}-

Since all tasks z in L have Rmax(z} > 1/3, no optimal bin D, can contain
more than two tasks with the same maximal index, and hence | D; | < 2s.
If B, = D(y) for some ye ¥, and | D, | > 25 — 1, we would have to
have | D; | = 2s, and hence no task w e D, could have R;(w) > 1/3 for
any i # m(w). Furthermore, there would have to be a task z ¢ y with

and so,
Rm(y)(y) + Rm(y)(x) < Rm(?/)(y:) + Rm(?/)(z) < L

Moreover, since there can be no more than sL* tasks u with Rmax(22) > 1/2,
we must have Rupax(x) <X 1/2 and therefore,

R+ R <13+12<1 forall j # m(y), 1 <j < s
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Thus, x would have fit as the second task in the one-task bin containing y
in the FF packing of L, a contradiction. We therefore can conclude that
[ D(p) <2s—1forallye®.

" We now have two contradictory bounds on | L|. From the optimal
packing we have

Il <@)L*— € )+ Qs —DUC)=2sL* — | €| <2L* — | ¥ |.
But from the FF packing and the definition of ¥ we have
|l = 2sL*— | €D+ €|+ 1=2L*— | ¥ |+ L

This contradiction proves the claim. J

As a straightforward corollary of Claim 20 and the assumption that
FF(L) > (s + 1/3) L* we have the following fact.

CLAam 21. | Lp| > L*

Let us now reexamine the FF packing of the original list L. Partition S
as follows.

S, = 1B, €S- Z R{(B) > 1%,

j=1

Sj = {Bz GS - SO: R](Bz) > 1/2}, 1 <j < S.

Since L; is nonempty and, by Claim 20, contains only tasks x with
Rmax(x) < 1/3, all bins in S must have level exceeding 2/3 in some resource,
and so {S, , S} ,..., S} is indeed a partition of S.

Cram 22. IfBeS;,1 <j<s andxeLr, then R(B) + Ri(x) > 1.

Proof. Since x did not go into bin BeS; but instead into a higher
indexed bin in 7, we must have Ry(B) - R{x) > 1 for some i, 1 <i < s.
However, for each i + j, R(B) << 1/2 by definition of S; , and R,(x) < 1/3
by Claim 20. Thus we must have R(B) + R;(x) > 1 as desired. ||

Now let us relabel the bins in the set S; , and the tasks in L . For each j,
1 <j < s, arbitrarily label the bins in S; as By ;, B, ; ..., B 5,17 - Label
the elements of Ly arbitrarily as X3 , X ,..., X| Lyl -

CLamM 23. Forallj,1 <j<s,|8;| <L*
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Proof. If |8;| = L*, consider the pairs <{B;;, X, 1 <i<L*
By Claim 21, | Ly | > L*, so such pairs exist. For each pair, we have by
Claim 22 that R{(B, ;) -+ Ri(x;) > 1. But this means that

L*
R{(L) = }: [R{(B;;) + Rfx))] > L*

i=1

which is a contradiction. §

Thus, we can repartition S as follows: Let V, = 8, and for each i,
I <i<LAlet V= {B;,:18;| =i}. By Claim 23, every binin § — S,
will be in some ¥, and so {V,, V5, Vy,..., 14} is a partition of S. Now
let L(V;) = Usper, BY {x3, 1 <i << L* and let L(V,) = User, B. Since
the V;’s form a partition of S, and all the X,’s are all distinct members of
Lz (and hence not in Lg), we then have that the L(V;), 0 <<i < L*, are
all disjoint subsets of L. Thus we have

R A(L(V )

Han

However, by the definition of ¥V, = S;, we have

ZR(L(VO)) = 2, LR(B)> 2, =1Vl

BeV, j=1 Bev,

Moreover, by Claim 2 and the labelling of the B, ; € ¥, , we have for each i,
1 <<i<< LY

17l

s jvil
YRV = Y [RABi ) -+ R(X)] > 3 (1) = |V,
j=1 i1

Thus,
L

2 RALY = % | Vil = | 8] = sL*
]

=0

However, this contradicts the fact that no rescurce can have total
usage exceeding L*. Thus, the assumption that FE(L) > (s - 1/3) L*
leads to a contradiction. This proves the theorem. §

Onr lower bound for the case considered in Theorem 3 is not equal to
the upper bound in (25). The best result we have obtained is that the ratio
FE(L)Y/L* can be made arbitrarily close to s 4+ (s — 1D/(s% + 5). We now
describe this consiruction.
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Choose an arbitrary positive integer & which is a multiple of s(s + 1).
The list L will be composed of s regions, with all tasks in region i occurring
before all tasks in region i + 1 in L, 1 < i < s. The tasks in region i will
be denoted by

Xi,1 5 Xi,2 50005 Xg,0(0) »

where q(i) = (i + 1)(k — 1) for 1 <i < s and g(s) = (s + 1) k. For
1 < i < s, the resource requirements for the tasks in region i-are given
as follows, where ¢ satisfies 0 < € < k3:

Ry(xi3) = (I £ 1)+ t5¢ it 1<j<itk—1)
where ¢; ; = k — |(j — 1)/i],
G D =it O it — 1) < < q(i)
where ¢; ; = j+ 1 — i(k — 1).

For 1 <I<s, I +#1i, R(x;;) = ¢/s% The resource requirements for the
tasks in region s are as follows.

Ryx:5) =+ 1)1+ 2¢ for 1 <j<k(s—1,
=(s+ 1) — se for k(s — 1) <j < q(s5).

For 1 <I1<s— 1, Rx,;) = ¢/s%

The FF packing of L also consists of s regions, each containing only
tasks from the corresponding region of L. For 1 < i < (s — 1), each bin
in region { will contain exactly i tasks with requirement (7 - 1)~ + ze
for R; and one task with requirement (i + 1)~ — ite for R, (for an appro-
priate t), thus completely using up resource R,. This gives a total of
(k — 1)(s — 1) bins. Region s will contain k(s — 1)/s bins which each
have exactly s tasks with requirement (s + 1)~ + 2¢ for R and 2k/(s + 1)
bins which each have exactly s + 1 tasks with requirement (s - 1)~* — se
for R,. Thus

FE(L) = (k — 1)(s — 1) -- k(s — 1)/s + 2k/(s -+ 1). (26)

However, we have L* < k, as can be seen from the following packing
of L. Each bin will contain s | 1 tasks from region s, s — 1 tasks with
requirement (s - 1) 4 2¢ for R, and two tasks with requirement
(s + )% — se for R, . In addition, each bin will contain tasks from each
of the other regions. The first bin will contain the first 7 tasks from each
region 7; these are the tasks with requirement (i + 1)~ 4 ke for R;.
The last bin will contain the single task from each region i having require-
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ment (i + 1) — 2ie for R,. The remaining bins each contain i + 1
tasks from each region 7, consisting of 7 tasks with requirement
(i + D - refor R; and one task with requirement ({ + 1)~ — it + D e
for R; (for an appropriate t). Notice that in no bin do all the tasks from
region i use more than a total of 1 — ¢ of resource R;. This fact allows
tasks from other regions, all of which require ¢/s® units of resource R, ,
to fit into that bin. We leave to the reader the straightforward verification
that the two preceding packings are indeed valid.
Combining this information, we obtain

BE(L)/L* = (R — 1)(s — 1) + k(s — 1)fs -+ 2k/(s + 1))
= -+ (s — D/{s? + 5) — (s — D/k.

Of course, this can be made arbitrarily close to s + (s — 1)/(s? + s5) by
choosing k sufficiently large.

We remark that although this gives the best general lower bound we
know, slightly better bounds can be obtained for the specific cases
1 <5 < 3. For s = 1, the lower bound is an 11/9 ratio (see {13]). For
s = 2 or 3, the lower bound of s -+ 11/60 can be obtained, based on a
counstruction similar to the above but with a different list of tasks for
region s (see the 71/60 example in [13]).

4. THE CASE OF ARBITRARY <

We next turn to the situations in which the partial order < is allowed
to be arbitrary. As is to be expected, the worst-case behavior is con-
siderably worse than for the case of < empty.

ThroREM 4. If L is any list of tasks having an arbitrary partial order <
in a system with s 2= | resources then

FR(L) < (s/2(L*)* + ((5/2) + D L™ @n

Proof. Let us first divide L into “big” and “small” tasks. The set of

big tasks is
X == {xe L R{xy > 1/2 for some §, | <7 < s}

The remaining tasks are small in the sense that for no resource do they
have size exceeding 1/2. We can also divide the bins of the FF packing of
L into large and small bins, the small bins being those nonempty bins B
with R{B) < 1)2 for all 1 << i <{ 5. We now make some observations
about small and large bins and tasks.
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For each k, 1 << k < FF(L), let B, be the bin with index k in the FF
packing of L, and define p(k) = max{p < k: B, is a small bin}, with
p(k) taken as 0 if no such index p exists. In other words, p(k) is the index
of the most recent small bin preceding bin B, , if one exists.

CLam 24. If ye L — X is in bin By, and p(k) > 0, then there is a
task z € L and an index j, p(k) <j < k, such that z is in B;and z < y. -

The claim is immediate, since y, being small, could not be prevented
from going in the small bin by any resource constraints. By the transitivity
of <, the above claim leads to the following.

CLam 25. Ifye L — X is in bin By, p(k) > 0, and for no task z in
bin B,y does z <y, then there is a big task x € X and a j, p(k) <j <k,
such that x is in B; and x < y.

We shall now select a number of disjoint chains from L, which will help
us characterize the FF packing. A chain of tasks is a sequence of tasks
Xy 5 Xg geeny Xy Where x; < X441, 1 <7 << m. The first and last elements
of a chain are its head and tail, respectively.

Choose for the tail of our first chain any task y in the highest indexed
small bin. If {y;, ¥ ,..., V> is the chain constructed so far, and y, is in
small bin B, , with p(k) > 0, consider bin B, . If B,y contains any
task y with y < y,, let the updated chain be {y, 31, Vs ..., ¥»» and con-
tinue. If B, contains no such y, then there must be an x € X in a bin
between B, and B, such that x < y;, by Claim 25. Choose an x of this
form which occurs in the earliest bin. Finalize the current chain as
X, ¥4 yeees Yy and start a new chain with any y € B, as its tail. In this
case we call x a “big-head.” If p(k) = O (this can only happen once, after
which the process is complete since B; must be the earliest small bin),
we finalize the chain as <y, ,..., y,,> and say that it has a “small-head.”

By the above procedure, we create a number of chains all but one of
which are big-headed, and it is clear that we have the following.

CrAamM 26. (A) No bin of the FF packing contains more than one
element which belongs to a chain.

(B) Every small bin of the FF packing contains a chain element.

Let € be the set of all the big-headed chains that we constructed. We
can partition the big-headed chains using the following claim.

CLAM 27. If <Y1+ Vo s Vmp € € is a big-headed chain and y, is in
bin By, , then for some i, 1 < i < s, Ry(By) + R(B,w) > 1.
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Proof. Since the chain is big-headed, we know that there must be a
¥, and p(k) > 0. If y, is prevented from going into bin B, by a prece-
dence constraint, let y be the task with y < y, which occurs in the earliest
bin By, plk) < j < k. By transitivity of <, y < y, and so we cannot
have y € B, , for that would mean that y should have been chosen for
the chain rather than y, . If ye L — X, then by the above and Claim 25,
there must be an x € X in a bin By with pk) < j' <jand x < y < y,,
a contradiction of our choice of y. Thus we must have y € X, but this too
feads to a contradiction, since it means that y should have been chosen
as the big-head of the chain, rather than y, . Thus, no such y exists and y;
must have been prevented from going into bin B, by some resource
constraint and the claim is proved. |}

Thus, we can assign the big-headed tasks to resources as follows.

C; = Y1 yeees Yy € € for the k such that y, € B,
i = min{j: R(B) + R(B,w) > 1}

Clearly we will have € = J;_, %, and the union is disjoint. Using this
partition we can obtain an upper bound on FF(L). Let C, be the one
small-headed chain, if it exists, and let the length of a chain C (the number
of tasks it contains) be denoted by | C |.

Cram 28.

FRD <1Glr Y| T iciraes - e -1]. e

i=t LCe¥;

Proof. Let # be the set of bins containing elements of chains. By
Claim 26, we know that

G+ S Cl= 2]

t=1 Ce¥,

and so that sum counts the total number of small bins plus the total
number of bins containing big-heads. All the remaining bins of the
FE packing must exceed 1/2 in some resource. Call the set of such bins
(¢, and partition 7 into &; , 1 < { << s, where

Oy = {Bed.i=-mn{j: R{B) = 1/2}}.
The total amount of resource R, available to bins of ; is clearly bounded
above by L* — 3 5.4 R{B). But note that by Claim 27 and the definition

of €, ¥pe RA{B) > | €, |. Thus, we cannot have | 7, | > 2(L* — | C; )
and the claim follows., §
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To go from the preceding claim to the desired bound on FF(L), we look
at an optimal packing of L which uses precisely L* bins. For each x € X,
let f(x) = (i, k), where i = min{j: Ri(x) > 1/2} and x is contained in
bin B, of the optimal packing. Since no bin can contain two tasks that
exceed 1/2 in the same resource, then for distinct x, y € X we must have
F(x) # f(). Moreover, if f(x) = (i, k), the longest chain that x can head
has length L* — k 4 1. We thus have foreach i, 1 <{i < s:

1% ;1—
S CIF 2L~ 1) — 1< S (L — B+ 2L%— %)) — 1
Ce(gi h=0
1%:l+1 L* 11 L¥ — 1%, —1 L* 41
- hgo (L*ﬁh):( 2 )_( 2 )g( 2 )

Substituting this into Claim 28, together with the fact that we must have
| Cy | << L* since no chain can exceed that length, we get

FR(L) < L* + Zsl (LAL* + D)2) = (/L* + ((s/2) + D L™

i=1
This proves the theorem. [

The upper bound given by Theorem 4 is essentially best possible, as
we show by describing a method for constiructing lists L for which
FF(L)/L*is arbitrarily close to sL*/2 4+ 1 4 s/2. Choose an integer k¥ > 3.
The list L, which will have L* <k, is composed of s + 1 regions. The
regions will be numbered from 0 through s, with all tasks from region i
occurring before all tasks from region { + 1 in L. Choose ¢ so that
0 < e << (2sk%

The first region (region 0) is composed of 2k tasks in the order

Wy, Wi, Wy o Wa'seor, Wi, W'
The only nonzero resource requirements for these tasks are:
R,(w,) = se, 1 <I<s, 1<i<k.
The only precedence constraints involving them are:
W < Wi, 1 <i<k;
w; < Wy, I<i<j<k

Observe that the FF packing will place these tasks in the first £ bins, each
bin containing some pair w; and w,. The remaining tasks will be con-
structed so that no other tasks will go in these & bins.
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Each of the remaining s regions of L will correspond to one of the s
resources and they will all have essentially the same structure. For
1 <1 <5, the tasks in region [ will occur in the following sequence in L.

xl(l)a .Vl(lo 1)5 Zl(lv 1)7

xl(2)9 yl(zs ]): Zl(za 1)5 yl(zv 2), 21(27 2),
xl(3)3 yl(3a 1): Zl(39 1)7 yl(g‘a 2)7 21(39 2)’ yl(3> 3)) Zl(3: 3)’

xk — Dyl — 1L, D),z — L, Doy — 1,k — 1), 2k — 1,k — 1),

The only nonzero resource requirements for these tasks are:

Rz (i, J)) = se, I<h<s1<j<<i<s<k—1,
except Ry(z(k — 2,k — 2)) = 0;
Rx (i) =1 —(s— 1)e, I <i<hk—2;
Rxi() =e¢ h#=L1<h<s 1<i<k—2
Ri(xfk — 1)) = 1.

The precedence constraints involving them are as follows.

xi) <y, 1), T<i<k—1;
D<@+, 1<i<k-1,1<j<i—1;

x(i) < zfi, ), 1<i<k—1,1<j<i
LD < i j -+, 1<i<k—1,1</<i— 1

In addition, x;(k — 1) is required to precede all tasks in each region 4
with & > I except for x,(k — 1).

We now consider the FF packing for the tasks in region 1. First, note
that every y, task and z, task is preceded by some x; task. Since each x;
task requires at least | — (s — 1) € of resource Ry, no task from region !
can be placed in any of the first £ bins containing tasks from region 0.
Observe next that no xy task can be placed in a bin containing a z, task,
because of resource Ry, except that xy(k — 1) and zk — 2,k — 2)
may be placed together. With this fact in mind, it is not difficult to see that
the F¥ packing will place each x {7}, i = & 1, by itself in a new bin,
followed immediately by i bins which each contain two tasks (i, /) and
z{i, /). Finally xk — 1) will be placed into the same bin with
vk — 2,k — 2) and zy(k — 2, k — 2), followed immediately by k — |
bins which each contain two tasks y,(k — 1, ) and z,(k - 1, /). Thus the
tasks from region | will use a total of (k% + k — 4)/2 bins.
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In fact, we claim that the tasks from each remaining region will be
placed in an identical manner, with no bin containing tasks from two
different regions. This will follow immediately from the definitions of
the different regions if we can show that no task from region 2 will be
placed in a bin containing a task from region 1. To see this, first observe
that x,(k — 1) cannot fit into any earlier bin because of its requirement
for R,. Every other task in region 2 must follow x,(k — 1) because of
the precedence constraints. However, each of the £ — 1 bins following
the bin containing x;(k — 1) uses se of resource R, , so that no x, task can
be placed there. Since every y, and z, task has some x, task which must
precede it, we see that no task from region 2 can be placed in a bin con-
taining a task from region 1. Thus the tasks from each region i, 1 << i <,
will be placed in a separate set of (k%2 + k — 4)/2 bins.

Combining these facts, we have

FF(L) = s(k? + k — 4)2 + k.

We now must show that L* <C k, by giving a packing of L into k bins.
It goes as follows. Bin 1 contains w, and all x,(k — 1), 1 </ <. Bin 2
contains w, , all xy(k — 2), and all yy(k — 1,k — 1). For2 <i <k — 1,
Bin i contains w,, all x,(k — i), and all y,(k —j, i —j), 1 <j < i, and
1 <1 < 5. Finally, Bin k£ contains all the remaining tasks: w;, all w,
tasks, all z; tasks, and all y,(,/), 1 <j <k — 1. We leave to the reader
the verification that this packing meets all required constraints.

We conclude that our constructed list L satisfies

O A SRk (G g ()41

which can be made arbitrarily close to sL*/2 + s5/2 + 1 by choosing k
suitably large.

THEOREM 5. If L is any list of tasks having an arbitrary partial order <
and L is arranged in decreasing order by Rmax(x) in a system with s > 1
resources, then

FF(L) < ((17/10) s + 1) L*. (29)

Proof. Our proof is analogous to that of Theorems 1 and 2, only we
use two new weighting functions based on W and the R;. Foreach xe L,
we recall the definition Rpmax(x) = max{Ry(x):1 < i <{s}. Define
wi(x) = W(Rmax(X)), wex) = 374 W(R{x)). Clearly we must have
wi(x) < wy(x) for all x € L. Extend the definitions of w; , w, and Ruax to
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packed bins and other sets in the standard way, i.e., wi(S) = 3 s Wi(x),
etc. The following inequality is an immediate consequence of Lemma 1.

wo(L) < (17/10) sL*. (30)

Since wy(L) << wy(L)), we can complete the proof by showing the
foliowing inequality:

FF(L) < wy(L) + L* 3L

Let B, be the kth nonempty bin of the FF packingof L, 1 < k < FF(L),
and let Z be the set of bins B for which w,(B) < 1. The following claim
will be the mainstay of our proof of (31).

Cram 29. Suppose xe L is in a bin B, 0 << [ <k, and no bin B;,
1 << j < k, contains any task y withy < x. Then{B; : | <j < kiN A = &.

Proof. Let j be such that [ <<j < k. We must show that wy(B;) > 1.
But observe that, due to our hypothesis, x cannot have been prevented
from going into B; by any precedence constraints. Thus if we let Y C B;
be the set of tasks in bin B; which precede x in the list L, we must have
RA(Y) > 1— Ryx) for some i, 1 <i=<s. This in turn means that
Rmax(¥) > 1 — Rmax(x). Moreover, by the order of L, for all yeY
we have Rmax(p) = Rmax(x). Thus, either ¥ = {y} and Rpyax(Y) =
Rmax(¥) > 1/2 and so wy(B)) = wy(Y) > 1, or | Y| = 2 in which case
Lemma 3 applies with R = Rupax and o = Rmax{(x). (if « > 1/2 then the
conclusion is also immediate.) §

We prove that (31) holds by constructing a chain of tasks which contains,
among other tasks, one task from each bin Be . We will then have
| # | < L* since no chain can have length exceeding L*. This in turn will
imply

FR(L) — L* < FF(L) — | # | < wy(L),

from which (31} is immediate.

To construct our chain, we proceed inductively. Let x be any task in
the hin B e # with highest index. OGur initial chain is just {x>. Suppose
the chain so far is {xy , X5 ,..., Xprs X 18 in bin B, , and for all B, ¢ & with
J = k, B; contains an element of the chain (a2 hypothesis which is clearly
true for the initial chain {(x)). Let /== max[{j < k: bin B, contains
a task y with y < x3 O {0}]. If / = 1, then by Claim 29, no bin B, is
in #,0 <j < k, and so we are done and {xy, X, ,..., X,,> is our desired
chain, If / > 0, then lct y € B, be a task with y < x; and update our
current chain to <y, x; , Xy ,..., X,». By Claim 29, the induction hypothesis

582af21/3-3
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will still hold. Since FF(L) is finite the process must terminate, and so we
can construct the desired chain and the theorem is proved. §

Our best lower bound in the case of Theorem 5 is not quite equal to
the upper bound. Crucial to our construction in this case is the sequence
of integers {a;} defined by

a = 1;
ai+1 == az(al + 1), i > 1.

The construction will give lists L, each in the proper nondecreasing order,
for which the ratio FF(L)/L* is arbitrarily close to

(i a;l)s 4+ 1= (1.69..)s + 1.

=1

The construction begins by choosing integers B = 2 and ¢ > 0 with
t+1=0 (modaa, - ag). The list L will be divided into sB - 1
regions. Each of the first sB regions is indexed by two parameters and
referred to as region (/, i), where 1 <</ <{s and 1 < i < B. The last
region is called region E. All tasks from region (/, {) will occur before all
tasks from region (/, k) in L whenever either i < k or, i = k and I <j.
The tasks in region E follow all other tasks in L.

The sequence of tasks in L from region (/, i) is y,([, i), y,(I, 1),..., v, i),
x(1, ©). Their only nonzero resource requirements are

Rl(yj(ls i)) = (di + 1)“1 + €, 1 <] < t!
Ri(x(l, 7)) = (a; + )" + ¢,
for a fixed e satisfying 0 << € << (Bag,;)'. The sequence of tasks in

region E is z; , 2, ,..., z, and all these tasks have requirement O for every
resource. The precedence constraints are as follows.

x(l, i) < x(J, k), if either i << k or, i == k and [ < j;

x(ULD < yu(J k), 1 < h <t ifeitheri <kor,i=kand! <j;
7 <z, 1 <j <1

x(s, B) < z; .

The FF packing of L will place successive sets of «; tasks per bin from
each region (/, ). No more tasks from that region can be placed in a single
bin without exceeding 1 in resource R;. Furthermore, since x(/, i) will go
in the last bin for region (7, {), the precedence constraints insure that no
task from another region can be placed in the bins containing tasks from
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region (I, 7). Finally, the ¢ tasks from region F will go into the last 7 bins,
one per bin by the precedence constraints. Thus, we have '

B
FFR(L) =1+ s+ 1)) a;
i

We now give a packing of L which shows that * < ¢ + s$B. The tasks
x(,i), 1 <I1<s, 1 <i=< B, gointo the first sB bins, one per bin in
the order required by the precedence constraints. For 1 << j <1, bin
$B - j contains the task z; along with all the tasks y{l i), 1 </ <5,
1 < i <{ B. The choice of values for {a,} and ¢ insure that no resource
bound will be exceeded, since

B
3@+ D)t =1— (ljag;) < 1 — Be.
i=1

The reader may check that all other requirements are met by this packing
of L.
We thercfore have

FR(L) _ t+st+D3¥a"

L 7 t+s-RB
B B —1 -~
_ B -1 s((sB — D) 2 rqai + Bj
_7]—%.9;1@ T sB .

For any fixed s and B, the last term may be made arbitrarily small by
choosing ¢ sufficiently large. Thus, the desired result then follows by
letting B tend to infinity.

I L is a list with partial order < and x € L, define level (x) to be the
length of the longest chain headed by x. From this definition, it is
immediate that 1 <{level (x) << L*forall xe L.

Turorem 6. If L is any list having an arbitrary partial ovder < and L

13 arranged in decreasing order by fevel, in o system with 5 = 1 resources,
then

FF(L) < ((17/10) s + 1) L*.

Proof.  This proof is remarkably similar to that of Theorem 5, although
perhaps this is not so remarkable considering the fact that the upper
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bounds are the same. We use the same definitions of Rmax, w, and w;, .
Again, one equality is immediate from Lemma 1:

wo(L) < (17/10) sL*. 32)
And again the proof is completed by showing the following inequality.
FF(L) < wy(L) + L*. (33)

It is at this point that the proofs of Theorems 5 and 6 diverge. We first
note that x < y implies level (x) = level (¥) + 1. Thus, all x with x < y
must precede y in list L. Therefore, in the FF packing of L, the assignment
of y to a bin cannot be delayed because one of y’s predecessors in the
partial order has not yet been assigned. Thus, if we let B, be the &th bin
of the FF packing, and define, for cach &k, I <{ k <C FF(L),

level (B;) = max{level (x): x € B},

then we have the following claim.

CrLamm 30. Forallj, k, 1 <j < k < FF(L),
level (B)) = level (By). (34)

Therefore, there is a sequence of integers 0 = @; < by < ay, < by, < - <
ap« < b« == L* such that for each [, | << I << L*, {B;: level (B)) = I} =
{B; : @y < j < b;}, a set which we shall call %;. The next claim will lead
directly to (33).

CLAM 31, Speg wi(B) = | %, — Lforalll,1 <1< L*.

Proof. We may assume that | &, | > 2 since otherwise the result is
trivial. Let L, = {x: level (x) = [ and x e B; for some B;e %,;}. Each
B; e #, must contain at least one x € L, . In fact, when the last task in Z,
was assigned, the bins in &, could have contained only elements of L;,
since no task of lower level could yet have been assigned, and no task of
higher level can have been in any of the bins (by the definition of ;).
Foreach B, c ¥, ,1et B,/ = B; N L; . Since no member of L, was prevented
from going into any bin of #,; by a precedence constraint, we must have
for all j, k, a; <j <k < b;, and any y € B,/, there is a resource R;
such that R,(B/) + R(y) > 1. Hence we also have Rmax(B,) +
Rumax(y) > 1. Thus for each ye L, , if ye B,/,

Ruax(y) > 1 — Rumax(B;) forallj, a, <j <k.
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Thus, Lemma 5 applies with R(x) = Rpax{x) and we have

Z wi(By) = Z wi(Bi) = | %, — 1

Be#, B,
and Claim 31 is proved. §
By Claim 31, we now can conclude that

FF(L) L* L*
WD) = 3 w(B) = z( 5 m(B») =Y 4401

=1 11 \Bjed,

— FF(L) — L*,

{

and so (33) is proved. This proves the theorem. [

The upper bound given by Theorem 6 is essentially the best possible.
As in proving the lower bound for Theorem 2, this construction will be
based on the construction in [13] which gives for each k > 1, a list L,
with Li* =k, s =1, < empty, and FF(L,) > (17/10) L;* — 8. An
important fact about that construction is that if every task with resource
usage 1 is replaced by an identical task with usage 1 — ¢, for a suitably
small € > 0, the same packings still result and no bin in the optimal
packing contains sets of tasks whose total resource usage exceeds 1 — e.

Choose a fixed k£ > 10 and let y,, ys,..., ¥, be the list given by the
modified construction described above. Let a; denote the requirement of
y; for that single resource and let € > 0 be such that no bin in the optimal
packing has total resource usage exceeding I — e. Our list L will consist
of 5 4 1 regions, with all tasks in each region i occurring before all tasks
in region 74 1 of L. The sequence of tasks in the first region is
Wi s Wy oo, Wiy s Xq » W . The resource requirements for these tasks are

Riw) =¢ 1 <151 <<k
Ry(wy) = 0, L<l<s;

Ry(xy) = 1

Rix) =0, 2<1<y.

Fach of the regions 2 through 5 + 1 has a similar structure. The sequence
of tasks in region 1, 2 </ <<s + L, is »(1), vl @)oo, v p) Xy, 2, . The
only nonzero resource requirements for these tasks are
Ry Ap(i)) = a;, 1 <1
Ria(x) =1-—e

AN

- D

Note that in our indexing there is no y, task and no z, task.
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The precedence constraints are as follows.

Wi < Wit I<is<k—1;

Wy, << Zy3

z; < Zgas 2 <i<s

Xy = Xp41s 1 <I<s;

X < Yiai), 1<I<s 1 <i<p;
i) < zy, 2LI<s+ 1,1 <i<p.

Notice that the list L is ordered as required in Theorem 6. Each task z,
has level s + 2 — i; cach task w,; has level k + s + 1 — i; each task
(@) has level s + 3 — [; and each task x; has level s + 3 — [, except for
X4, Which has level 1.

We now examine the FF packing of L. The tasks in region 1 will use
the first & bins, with w; through w,_; each occupying a single bin and w;
together with x; occupying bin k. Since x; is required to precede all
remaining tasks, none of those remaining tasks can be placed in the first k
bins. Next consider the tasks in region 2. By the choice of their require-
ments for Ry, y,(1) through y,( p) will be placed in the next m, bins where
my == (17/10) k — 8. Since z, is required to follow all the y,(7) tasks, it
will be placed in the next bin along with x, whose requirement for R,
prevents it from going in the same bin with any of the y,(i) tasks (recall
from [13] that each a; exceeds 1/7). Since X, is required to precede all
remaining tasks, none of those remaining tasks will be placed in the first
k + m, -+~ 1 bins. The tasks from each of the remaining regions will be
packed in the same manner, the tasks in region / using m; -+ 1 bins where
my = (17/10) k — 8. Thus, we have

s+1

FF(L) = k -+ Y (n, + 1) =k + (17/10) ks — 7s.
=2

We next give a packing for L which shows that L* <k + s + 2. Let
L.,L,..,I, be an optimal packing of the tasks y;, ¥, ,..., ¥, from the
construction in [13], where each I; is the set of indices of the tasks which
go into bin i. Our packing for L is as follows. For 1 <<i<{s-- 1, bin {
contains the task x;. For 3 << i < k + 2, bin i contains the task w, _,.
For k43 i<k s+ 2, bin { contains the task z; ,_,. Finally,
foreachiand I, 1 <{i <<k and 2 <I < s 1, the tasks in the set
{y(t): te I} go into bin [ 4 i. We omit the straightforward verification
that this is a valid packing for L.
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We conclude that

(FE(L)/L®) = (k + (17/10) ks — Ts)/(k + 5 -+ 2)
e 1R (U7/10) 5 — ((s + 2)(1 = (17/10) 5 — Ts)/(k + 5 + 2).

The last term can be made arbitrarily close to zero by choosing k suffi-
ciently large, which gives the desired result.

5. CONCLUDING REMARKS

The major results presented in this paper generalize the bin packing
results of [11, 13] to the problem of packing vectors into vector-capacity
bins, with or without precedence constraints. We can also generalize
the results of [11, 13] for the case where the resource requirements for
individual tasks are restricted, in particular, for the case when the range
of each R;: L — [0, 1] is constrained to lie in the smaller range [0, 1/x]

for a fixed n = 2. The best bounds on limy.., (FF(k)/k) currently known
are given by the following (proofs omitted).

(A fs =1, < is empty, and R, : L —[0,1/n], 1 <i < s, for
n = 2, then

() tim (FEG/0) = 5+ (1),

| 1 FED() i
S~ n— L] i
@ “‘(*-Wﬁ(‘m‘ e

(B) If s 221, < is any partial order, and R,: L — [0, 1/u], for
< \isandn >2,then

(D hm FF(”) (— . ) s -1,

fer a0 n— 1
‘ 3N I‘FD(/() ety
PR MR Rpn o C LI
(A oy Eﬂ‘(k) aly o
A S “Ecw kT ( b7 ) $ 1

Slightly better lower bounds than that given in (A)}2) are known when
§ - n < 3. The lower bound in (B)(2) is not quite the best known, the
actual bound being a rather complicated limit, similar in construction
to the lower bound for this algorithm in the general resource case.
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One may also ask about the worst-case behavior of these algorithms
when the number of tasks per bin is limited. This situation corresponds
in the multiprocessing interpretation of the problem to the case when there
is a fixed number of processors, say m, and hence only m tasks may be
simultaneously executed. In [15] this case is studied when there is only
one resource. The problem for general s > 1 remains open, although [16]
gives some weak upper bounds, and we do have the following result. If
m = rsL* where r € [0, 1], then in the case where < can be arbitrary,

lim FF(k) 1— (0 —rp
ok 2

sL¥2 L %SL* A+ rL¥,

a generalization of our Theorem 4. (Of course, there is also the trivial
upper bound FF(L) << mL*.)

APPENDIX

Proof of Lemma 1. Suppose B = {b, , b, ..., b,} C Land Y;-, R(b,) <1
We must show that 3, W(R(b,)) < 17/10, and in fact is bounded by
3/2 if no b; has R(b;) > 1/2. The latter bound is immediate, since the
reader may verify that W(a) << (3/2) o for all a [0, 1/2]. For the first
bound, let us assume that R(b,) > 1/2 > R(by) = -+ = R(b,). Since
the slope of W is the same in the region [0, 1/6] and (1/2, 1], we can replace
b, without loss of generality by four tasks, b,’, ¢,, ¢, and ¢;, where
R(b) = 1/2 + €, and R(c;) = R(cy) = R(cs) = [R(by) — (1)2 -+ €)}/3 for
1/2 + € << R(b;). Moreover, since the slope of W is also the same in the
region [1/3, 1/2] as it is in [0, 1/6], we can replace any b; with
R(b;) e [1/3, 1/2] by two tasks b/ and ¢,, with R(b,) = 1/3 and
R(cy) = R(b;) — 1/3. Furthermore, if neither R(b;) nor R(b;) exceeds 1/6
they can be combined into a single task and ¥; W(R(b,)) will not decrease
(in fact it may increase). We consequently have reduced the proof to the
consideration of four cases:

() m =2, R(by) < 1/3,

) m=3,1/6 < R(by) < R(b,) < 1/3,

(3) m = 3, R(by) < 1/6 < R(b,) < 1/3, and
(4) m =4, R(by) < 1/6 < R(by) < R(by) < 1/3.

In each case, since W(R(b,)) = 1 - (6/5) € and e can be as small as we
like, all we need to show is that

Y W(R(®y)) < T7/10.

i>2
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This is immediate in (1) since there we will have
W(R(b,) < W(1[3) = 1/2.
In (2),
W(R(b2)) -- W(R(bs)) = (9/5)[R(D,) + R(ba)] — 1/5
< (9/5)(1/2y — 1/5 = 7/10.
For (3),

W(R(b)) - W(R(b)) == (6/5) R(bs) + (9/5) R(by) — 1/10
< (6/5)(1/6) - (9/5)(1/3) — 1/10 = 17/10.
And finally, in (4),
}i W(R(b,)) = (6/5) R(by) + (9/5)[R(bs) + R(b)] — 1/5

= (9/5) fj R(b) — (3/5) R(by) — 1/5 < 9/10 — 1/5 = 7/10,

since

ﬁ R(b)) < 1)2.

This proves the lemma. §

Proof of Lemma?2. Suppose B = {b,,b,,...,b,}C Land 35, R(b,) > 1.
Since W{a) = (6/5) « for all « e [0, 1], we immediately have (a):

i‘ W(R®,)) > 6/5.

If one of the b, , say by , has R(b,) > 1/2, then

i3

3 OWRG) = 1+ O/RG) — 121 = 3, WRG)

Fe=

= 1A (6/5)(31)2) = 85,
and so (b) holds. The lemma is proved. §

Proof of Lemma 3. Since for all a € [0, 1], W) as defined here is at
least as large as the W{w) defined in [13], this lemma follows immediately
from the proof of Claim 2.2.3 in that paper. §
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Proof of Lemma 4. Leta e [0, 1/2], R(by) = R(by) = *+ = R(bw) > o
fOI' B = {bl 5 bz PEIST bm} _C L and

i W(R(b)) = 1—p  forsome f >0.
i=1

If m = 1, then (a) must hold, since R(b;) > 1/2 would imply W(R(b,)) > 1
by the definition of W. So assume m > 2, in which case we must prove

®) 5 RB) < 1—a— (/0.

Let

S RG)=1—a—y.

2=1

By Lemma 3 we cannot have
g=1

sowe knowthat0 <y < 1. Formalist L = LU {d,,dy,dy, dy, ds, dg}
and extend the domain of R to L by letting R(d;) = v/6, 1 < i < 6. Then
the set
C=1{b,bys,bp,dy,dy,.,d}CL
has
R(b;) = R(by) > «
and

Y Re)=1—q,

celC
so that Lemma 3 applies to it and yields

Y. W(R(c)) = 1.

ceC

Since for 1 < i <6, R(d) = v/6 < 1/6, we have by definition of W
that W(R(d,))) = (6/5) R(d;). Thus

m 6

1<) W(RDY) + ), W(RE))
3 =1 -

t=

fury

~ 3 WRG + (6/5) ¥ R@) = 1 — B+ /5,
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and so y = (5/6) B. Thus
Y RO)=1—a—y<l—a— (6P

as desired. §

Proof of Lemma 5. Suppose YO L and # = {B,, By,... B} is a
partition of Y into disjoint nonempty sets such that for all / and j with
1 <i<<j<t, beB; implies R(b) > 1 — R(B,). We wish to establish
a lower bound on %,y W(R(y)) in terms of f = | % |. For each B;,
1 < i < ¢, define

y; = max {0, Y W(R(®})) — 1%
beB,
and
8; = max {0, 1 — Y W(R(®));.
bc—Bi

Since # is a partition of ¥, we then have

Y WERO) =1+ 3 yi— Y 8.
=1

yey t=1

The desired lower bound will follow if we can show that ZLI 8; < 1.

Let € = {B; € #: 6, > 0} and relabel the sets in ¥ as C;, C,,..., C,,
with the associated 8,’s appropriately relabelled also, and with the sets C;
retaining the same relative order they hold in #. All we need now is to
show that 377 , 8, <C 1.

For each C; & ¥, define the coarseness «; of C; to be max{a: for some j,
1 <j<i, RC)) =1 — o}, with o, taken to be 0. By our assumption
about the sets B; , we know thatfor 1 <{{ < mandallbe C,, R(}) > «,.
This in turn means that Lemma 4 applies to each C;, with « = «; and
B = 8;, and so either 4(a) or 4(b) must hold for each C; . If 4(a) were to
hold for some C;, 1 <7 << m, we would have R(C)) < 1/2 and hence
a1 = 1/2. Thus €, ; would have to contain a task ¢ with R(¢) > 1/2
and hence W(R(c)) > 1, a contradiction to our choice of the C;’s. Thus,
4(b) holds for 1 < ¢ << m and we have R(C) <1 — o, — (8/6) 8, for
these i. But this means that oy > 1 — R(C) = o; - (5/6)8;, for
1 <7< m. Thus

m—1

m—31
z 8; < (6/5) 2 (g - o) = (6/en — ).
i=1 i=1
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Moreover, 5, < 1 — (6/5) «,, since C,, contains at least one task b, anc

th

at task must have R(b) > o, and hence W(R(b)) > (6/5) o, - Thus,

S 8, < (6/5) et — ) - 1 — (6/5) am = 1 — (6/5) g = 1
=1

and the lemma is proved. |

10.

11.

12.

13,

14.

15.

16.
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