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Summary. In machine fault-location, medical diagnosis, species identification, and 
computer decisionmaking, one is often required to identify some unknown object or 
condition, belonging to a known set of M possibilities, by applying a sequence of 
binary-valued tests, which are selected from a given set of available tests. One would 
usually prefer such a testing procedure which minimizes or nearly minimizes the 
expected testing cost for identification. Existing methods for determining a minimal 
expected cost testing procedure, however, require a number of operations which 
increases exponentially with M and become infeasible for solving problems of even 
moderate size. Thus, in practice, one instead uses fast, heuristic methods which 
hopefully obtain low cost testing procedures, but  which do not guarantee a minimal 
cost solution. Examining the important case in which all M possibilities are equally 
likely, we derive a number of cost-bounding results for the most common heuristic 
procedure, which always applies next that  test yielding maximum information gain 
per unit cost. In particular, we show that  solutions obtained using this method can 
have expected cost greater than an arbitrary multiple of the optimal expected cost. 

Introduction 

In  m a n y  situations 1, one is often required to identify some unknown object 
or condition belonging to a known set of M possibilities by  applying a sequence of 
b inary  (i.e., two-valued) tests. Ordinarily, one would prefer such a test ing 
procedure which minimizes the expected cost for identification. However,  at  
present the only known methods for obtaining general b inary  test ing procedures 
with min imum expected cost require an exponential  (in M) number  of operations 
and, hence, are not  practical  for problems of even moderate  size. In  practice one 
tries to use fast, heuristic techniques which, though not  guaranteeing a minimal 
cost solution, yield procedures of relatively low expected cost. In  this paper  we 
investigate the most  common heuristic of this type,  the so-called splitting 
algorithm. In  this procedure, the next  test  is always chosen to be a test which 
maximizes the information gain per unit  cost. Our investigation will be restricted 
to the impor tan t  case in which all the M possibilities are equally likely z. However,  
even with this restriction of uniformity,  it will be shown tha t  it is possible for a 
solution obtained using the splitting algori thm to have an expected cost which 
differs from the opt imal  expected cost by  an arbitrari ly large factor. 

t e.g., machine fault location, medical diagnosis, computer decisionmaking and species 
identification. 
2 The general case will be treated in a future paper [7]. 

24* 
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Notation and Definitions 

A binary identification problem consists of the following: 

(a) A set O ={01 . . . . .  0M} of M obiects which are the possibilities for the single 
unknown object 0; 

(b) A corresponding set {Pl . . . .  , PM} of M obiect probabilities satisfying p~ > 0 
M 

and ~, p~ = 1 (since we are assuming just one unidentified object) where Pi is the 
4=1  

probability that  0 = 0 d 

(c) A set J "  = {T 1 . . . . .  TN} of N distinct subsets of O known as tests. The test 
T i is applied by asking: " I s  the unknown object 0 an element of T i?"  The 
answer is either yes (1) or no (0). We shall always assume that the set of tests J -  
is sufficient to distinguish each of the 0iEO, i.e., for any 0 i, 0i, i ~ j ,  there exists 
a test T k such that  either OiET k, 0ir T k or 0ir T~, 0iE T k. 

(d) A corresponding set {C 1 . . . . .  Cry} of test costs where C i=>0 is the cost 
incurred whenever test T i is applied. For the remainder of the paper we shall 
assume that C i ----1 [or all i. 

A testing procedure for a binary identification problem is a set of rules for 
deciding (on the basis of previous test results) which test in 3"- to perform next 
in the testing process. The unknown object is said to be identified if there remains 
just a single one of the M possibilities consistent with the outcomes of the applied 
tests. The cost o/ a testing procedure, under the assumption of unit test costs, is 
defined to be the expected number of tests required for identification of the 

M 

unknown object, i.e., ~, piNk, where N i is the number of tests required by the 

testing procedure when 0 i is the unknown object. Finally, an optimal testing 
procedure is one which has the minimum cost over all testing procedures which 
use tests from J- .  

In ES, 6], a dynamic programming approach is described for constructing 
optimal testing procedures. However, this method can require as many as N �9 2 M 

operations and is therefore practical only for small M. 
A heuristic method, which we shall call the "splitting algorithm ", frequently 

occurs in the literature (cf. [2-4, 9, 10, 12]). Although the details of the various 
descriptions differ slightly depending upon their intended generality, when 
applied to binary identification problems with unit test costs they all reduce to 
the following algorithm. Suppose that after the first k tests have been applied, 
the unknown object 0 is known to lie in the subset Sk (O. The (k + t) st test is 
now chosen to be that  test T i for which the sums 

Pi and ~. p~ 
O~E S,~ r"~ Tj OiE Sk-- Tj 

are most nearly equal 3. 

Example. Suppose 0 =(01, 02, 03, 04} with p~ =0.1,  P2 =0.2,  P3 =0.% P4 =0.4,  
3-  ={T1, T2, T3} with T 1 ={1, 2}, T 2 ={1, 4}, T3={4 }, and all C i = t .  

3 Ties are broken arbitrarily. 
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The splitting algorithm for this example is illustrated by the following diagram. 

T2 

Y \  
T, r, 

The expected cost of this procedure is 

4 

~. piN, = (0A) 2 + (0.2) 2 + (0.3) 2 + (0.4) 2 = 2. 
i = 1  

On the other hand, the optimal testing procedure using 3-  is shown below. 

T3 

r, / 

T, 

The expected cost for this procedure is 

4 

Z p,N~ = (0.t) 3 -k (0.2) 3 q- (0.3) 2 -~- (0.4) 1 = 1.9. 
i = 1  

The rationale underlying the splitting algorithm is that  in the case of unit 
cost tests, each test is chosen to maximize the information gain per unit cost (and 
so, is an example of a so-called "g reedy"  algorithm). However, as the example 
shows, the splitting algorithm does not necessarily produce an optimal procedure. 
This is because the use of certain high information gain tests initially may split ~9 
into subsets which subsequently can only be split with tests giving a very low 
information gain, while choosing tests with somewhat less information gain 
initially may split (9 into subsets which can then be further split with high infor- 
mation gain. Thus, the relationships between the available tests may have an 
important  effect upon the performance of the splitting algorithm. In fact, we shall 
show that  even for the case in which all p~ are equal, sets of tests 3-  exist for 
which the ratio of the expected cost of the splitting algorithm to the expected 
cost of an optimal testing procedure is arbitrarily large. 
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Known Results for Complete Test Sets 

The set of tests J "  for 0 ={01 . . . . .  OM} is called complete if for any S <0, 
there is a TEY" such that  either T = S  or 0 -- T = S .  The following result shows 
that  the splitting algorithm performs quite well when 3-  is complete. 

Theorem (Shannon [t3]; see also [1]). Assume 3" is a complete set of unit 
cost binary tests for 0.  Let  K 0 denote the expected cost of an optimal testing 
procedure and let K* denote the expected cost of any testing procedure con- 
structed using the splitting algorithm. Then 

K * < K o + t .  

Sandelius [ t l  ] has noted that  in the special case in which 3-  is complete and 
all the Pi are equal, the splitting algorithm is, in fact, an optimal testing procedure. 
Huffman [8] has derived a simple algorithm which efficiently constructs an 
optimal testing procedure whenever 3" is complete. Although Huffman originally 
produced his algorithm in the context of optimal variable-length binary codes, 
Zimmerman [t4] later rediscovered the same algorithm in connection with binary 
testing procedures. 

A Lower Bound. We now show that,  in contrast to the preceding result, the 
splitting algorithm may perform quite poorly when the set 3-  of available tests 
is not complete. Given a set of equiprobable objects and a set of binary tests J -  
for those objects, let K o be the expected number of tests required by an optimal 
testing procedure using ~r Let  K* be the minimum expected number of tests 
taken over all testing procedures which can be obtained using the' splitting 
algorithm. Similarly, let K'  be the maximum expected number of tests taken over 
all testing procedures which can be obtained using the splitting algorithm. 

Define R* (M) to be the maximum value achieved by the ratio K * / K  o taken 
over all sets 3-  and all 0 with at most M equiprobable objects. 

Our first result concerns the behavior of R* (M). 

Theorem 1. For M > 2, 
1 [  log, M ] 

R* (M) > T6- [log, log, M] " 

Proo[. For each pair of positive integers m < n, we describe a binary testing 
problem P(m,  n). The set of objects 0 will have M'  = 2  ~ objects. Each 0~EO will 
be specified by  a binary n-tuple (b 1 . . . . .  b,) with b i = 0 or t for t < i ~ n. The 
parameter m will determine the structure of the set of tests 3-, which will consist 
of two types of tests, the type A tests and the type B tests. 

The type A tests, which will be selected by  the splitting algorithm, are denoted 
by  Ta (da, . . . ,  di) where j assumes all the values 0, m, 2m . . . . .  In/mira and n, 
and, for each j, the d~ range over all 2 i choices of O's and t 's. The test Ta (da . . . .  , d i) 
consists of the 2 *-i objects (b 1 . . . . .  b,) for which b i =di ,  t ~ i  ~/ ' .  

The type B tests are denoted by  T B (d~, dk+ 1 . . . . .  dn) where k assumes all the 
values 1, 2 . . . . .  n - - m  and, for each k, the d~ range over all 2 n-k+x choices of O's 
and t 's. The test T B (d, . . . .  , d~) consists of the 2 ~-1 objects (b 1 . . . . .  b,) for which 
b i = d  i, k~ i<- -n .  
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We first describe a testing procedure which uses only type B tests. The 
procedure first applies the various tests TB(d ~ . . . . . . .  d~) until the last m + t 
digits of the unknown object 0 have been determined. Once this has been done, 
the remaining n -  m -  t digits can be determined using one test apiece by an 
appropriate choice of tests of the form T B (0, d ~ _ .  . . . . .  d~), T (0, d ~ _ . _ l  . . . . .  d~), 
. . . .  TB (0, dz . . . . .  d~). This testing procedure is seen to require an expected number 
of tests equal to 

i t 
K B = 2  m + n  - - m  

2 2 m + l  " 

On the other hand, the splitting algorithm will use only tests of type A ,  since 
at each point in the procedure there will be a type A test available which splits 
off a fraction of at least 2 - "  of the remaining possibilities for 0, whereas no type B 
test splits off a fraction of more than 2 -(m+ll of the remaining possibilities. 

Thus, the splitting algorithm constructs a testing procedure which identifies 0 
by first applying the various tests TA (dl . . . . .  dm) to determine the first m digits, 
then applying the tests TA (da . . . . .  d . ,  d . +  1 . . . . .  d2.,) to determine the second 
block of m digits, etc., finally applying the tests T A (d 1 . . . . .  d. , , ,  d~,,,+l . . . . .  ,in) to 
complete the identification where s = In~m]. The expected number of tests 
required by this procedure is easily calculated to be 

( 2 - - t ) ( 2 - - 1  + ~) ( 2 - -  t)(2~-1 +1) 
K a  = s �9 2 "  -[- 2 u 

where 
n = s m + u  so tha t  O ~ u < m .  

Now, let M be an arbitrary integer exceeding 32. Define integers n and m by 

n = [log~. M], m = [log~ n] -- 1 

where Ix] denotes the greatest integer = x. Thus, n > m >= t. By the definition 
of R*, 

K a S ( 2 " - - t ) ( 2  " - 1  + t )  

R* (M) ~_ R* (2") _~ KBB => 2" (2" + n) 
s �9 2 m s 

/ 
= 2 ( 2 " + n )  2 (1  + n ' 2  - m )  

~ 10  - -  t 0  

> ~ [  log, M ] 
= 1 0  [ l o g ~ I o g  2 M ] "  

Since R* (M) is always at least t ,  the theorem obviously holds for 2 < M ~ 32. 
This completes the proof. | 

A n  Upper  Bound .  When the splitting algorithm is applied to a particular 
binary testing problem, a number of different testing procedures can result 
because of the possibility of ties (i.e., equally good tests). For example, consider 
the following problem: 

0 : {01, Ov Ov 04, 05, 08}, p~ = 1/6, t < i < 6, 

J'----{T 1 . . . . .  T6} with T 1 ={t},  T,----{2}, Ta ={5}, T 4 ={1, 2}, 

T 5 ={1, 3}, T e -----{2, 4}. 
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One possible testing procedure which can result from the splitting algorithm is: 

r~ 

/ \  
r~ 

The expected cost of this procedure is 1 ]6 (3 + 3 + 3 + 3 + 2 + 2) = 8/3 which is 
optimal for this problem. However, another procedure which can result from the 
splitting algorithm is the following: 

T, 

/ \  
r~ r~ 

The expected cost of this procedure is 1 [6 (4 + 4 + 3 + 2 + 2 + 2) = t 7/6. 
In fact, for infinitely many M it is not difficult to construct examples with M 

equiprobable objects for which the best testing procedure derived from the 
splitting algorithm has expected cost K* -----K 0 = log 2 M (and is therefore optimal) 
while the worst testing procedure derived from the splitting algorithm has expected 
cost K' satisfying 

K' 1 log~ M 
No > 4 logs logsM" 

The following result shows that  this is essentially the worst behavior of the 
splitting algorithm in this case. 

Theorem 2. Suppose at most c log S M tests are ever required to identify 0 in 
the optimal testing procedure. Then 

K' 2c log S M 
/go = I + log 2 c + log S log S M + 2 c. 

The proof of Theorem 2 will depend on the following result. 

Lemma. Suppose 0={01  . . . . .  OM}, p i = t / M  for all i, and for some p, 
0 < p =< 1/2, 3-  satisfies the following condition: 
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For all S gO with IS[ > 2, there exists Te~r such that  

tlSl_-<IS nTl_-<(t - P )  lSl. 
Then 

log, M t -- p 
K' <= p log~(I/p) + p ' 

Pro@ The proof will proceed by  induction on M. The Lemma certainly holds 
for M = t and 2. Assume for some M o => 3 that  it holds for all M < M 0. Consider 
a testing problem satisfying the hypotheses of the Lemma with M = M  0 and 
suppose we generate a testing procedure using the splitting algorithm. Thus, the 
first test  in the procedure must  split O into two subsets S and S of sizes p ' M  o 
and (1 - -p ' )  M o, respectively, where p _<p' =<1/2. Let K be the expected number  
of tests required by  S after the first test and let K be the expected number 
required by  S. Then 

K'<=p 'K+(I  - -p ' )~7 + t .  

By the induction hypothesis, however, we have 

and 

Therefore 

K--< l~176 t - - p  
- -  p l o g ,  (1 /p)  + p 

~ , <  log2((I--p')Mo) l - - p  
--  p logz (t/P) + p 

log S M 0 1 H(p') 
K'<~ plog2(l/p) + p plog~(t]p) 

where H(x) is the familiar entropy function (see [t]) given by  

H (x) = - -  x log 2 x - -  (t - -  x) log S (1 - -  x). 

Since H (p) =< H (p') then 

log S M 0 1 H (p) 
K '  =<- p log~(l/p) + ~ - -  p log,0/#)  

log S M o t 
--< p log,0/p)  + 7  - 1. 

This proves the Lemma. | 

Proo] o/ Theorem 2. Consider a binary testing problem with 10] = M  which 
satisfies the hypothesis of Theorem 2. We show that  the hypotheses of the Lemma 

t 
hold with p -  2c log, M" Let  S be any subset of 0 with [S[-->2. By considering 

the sequential splitting of S induced by  the optimal testing procedure, we see 

that  if T E J -min imizes  --2 ]SI~-- ~ - '  then we must  have 

IS T I 1 
ISl > -~- 2clog2M " 

For otherwise, no test could split off as many  as IS]/2c log S M elements from S 
so that  after c log S M tests, there would still remain an unresolved subset of 
size greater than [S[/2. Since this is at least one then this would contradict the 
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t 
hypothesis.  Hence, we m a y  take p ---- 2c l o g , ~  in the Lemma.  By  the conclusion 
of the Lemma,  we have 

2 c log| M 
K '  <= t + log, c + log, log, M + 2 c log 2 M --  ! 

and so, since K 0 > log 2 M, 

K'  K '  2c log 2 M 
K 0 ~ log, M -~ t + l o g  2 c + l o g , l o g , 3 l  + 2 c  

and the theorem is proved. | 

Concluding Remarks 

We have seen tha t  al though the splitting algori thm performs quite well when 
the set of b inary  tests is complete, its behavior  can deteriorate considerably when 
the test set is not  complete. However,  the example used in Theorem t for 
obtaining a large value of R* (M) was itself ra ther  large. To what  extent  this is 
necessary is not  ye t  known. In  the more general case in which the Pi are allowed 
to be unequal,  it can be shown [7] tha t  large values of R* (M) can be obtained 
with relatively small values of M. 

A number  of interesting open questions remain. For  example, how large can 
K ' / K  o be (as a function of M) ? W h a t  are the best possible constants  in Theorems t 
and 2 ? W h a t  is the smallest value of M for which R* (M) exceeds a fixed value t ? 
In  Theorem 2, by  how much can the hypothesis  be weakened ? For  example, is 
it enough to assume K o <_ c' log 2 M ? Of ~course, similar questions can be asked 
in the more general case of unequal  Pi and C i. Some partial results in this direction 
can be found in [5] and [7]. 

The authors are indebted to R. L. Rivest  for simplifying the original proof of 
Theorem t and to P. J. Burke for his m a n y  valuable comments.  
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