JOURNAL OF NUMBER THEORY 2, 152--161 (1970)

Irregularities in the Distributions of Finite Sequences
E. R. BErLEKAMP AND R. L. GRAHAM

Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 07974
Communicated by H. B. Mann
Received December 5, 1968 ; revised November 24, 1969

Suppose (x;, Xa ,..., Xs4a) IS @ sequence of numbers with x; € [0, 1) which
has the property that for each r < s and for each k& < r, the subinterval
[k/r, (k + 1/m)) contains at least one point of the subsequence (x; , Xz ,..., Xr14).
For fixed d, we wish to find the maximum s = s(d) for which such a sequence
exists. We show that s(d) < 4w@+2® for all d and that s(@) = 17.

Let X = (x;, X»,...) be a sequence of points in the interval [0, 1),
Iasubinterval, | I} its length and X,(J) the number of x,, in I with m < n.
Let F,(X) be the least upper bound of { X, (/) — n|I|]| for I varying
in [0, 1). F,(X) was first proved to be unbounded by van Ardenne-
Ehrenfest [2], [3] who showed (settling a conjecture of van der Corput [1])

F(X) > ¢, log log n/log log log n. (1)
This was later improved by K. F. Roth [4] who established
F(X) > ¢, Vogn. )

In this note we consider the following finite variant of this problem:
Forn > 1,0 < k < n, define

Bﬂ’k:[i,k%—l).

. . 3)
Fix an integer d > 0 and suppose (x;, X3 ,..., Xs.q) 18 @ sequence with
x; € [0, 1) and with s = s(d) chosen to be maximal such that foreachr < s
and each k < r, B, contains at least one point of the subsequence
(%1, Xg »--.» Xryq). The fact that s(d) < co follows from (2). In fact, the
results of [4] can be used to show s(d) < 2#°#" for sufficiently large d.
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Our goal is to establish the

THEOREM.

G s@©) = 17.
(i) s(d) < 49+ for all d.

Proof of (i). Suppose s(0) > 17. Without loss of generality, we may
assume that x;,X,,..., X;; are all irrational. Let {y;, ys,..., Vo =
{X1, Xs ..., X3}, where the y’s are reordered so that

0<y<1B8<y, <2B<ys<3B<<TB<yy<1. (4

Heuristically, the reason that we choose to reorder the first eight points
is that it results in a considerable simplification of the argument. It turns
out that there are many legitimate ways of choosing seventeen points
X1, Xg 5...s X17 , DUt that most of these sequences differ from each other
only in the reordering of x, , x, ,..., X5 . By introducing the y’s, we are thus
able to reduce the number of sequences that must be considered to a more
tractable value. In columns I and 2 of Tables 1 and 2, we list the Farey
sequence of fractions between 0 and 1 with denominators not exceeding 18.
If we know between which two consecutive Farey fractions y; is located,
then we know in which half, which third, which fourth,..., which eighteenth
of the unit interval y; occurs. In particular, we know i. For each
Jj=9,10, 11,..., 17, we may determine whether x; < y; or x; > y;. For
example, if y; € (3/10, 4/13), then i = 3. Since y, € (2/9, 3/9), y; must be
the third of the first nine x’s, so x, > p; . Since y; € (3/10, 4/10), y; must be
the fourth of the first ten x’s, so x; << ¥ . Similarly, we may deduce that if
¥3€(3/10, 4/13), then x; > y,if i = 9, 11, 12, 13, 15, 16, but that x, < y,
if i = 10, 14, or 17. The indices of these three smaller x;’s (10, 14, 17) are
listed in Column 3. Similarly, for each Farey interval in which y; might lie,
»;€(0, 1/2), we may determine the indices of the smaller x;’s. These
indices are listed in Column 3 of Tables 1 and 2.

After completing the calculations necessary to determine the entries in
Column 3, we now search for compatible intervals for y; and y,. For
example, if y; < 2/7, then y, < 3/7. If y; e (1/4, 4/15), then x,, < y; and
X6 < Y3, SO that we must also have x;, <y, and x;; < y,. But
4 €(3/8, 3/7), and there is no subinterval of (3/8, 3/7) in which y, might lie
such that x;, < y, and x;4 < y,. Therefore, y, ¢ (1/4, 4/15). Similarly,
vy € (4/15, 3/11) only if x;, < y, and x,5 < y,, which can happen only if
ya €(5/12, 3/7). This match between possible intervals of y, and y, is
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COLUMN 1 COLUMN 2 COLUMN 3 COLUMN 4 COL.§ | COLUMN 6{COLUMN 7| COLUMN B
INTERVALS INDICES OF POSSIBILITIES | MATCH | ONLY REAL |ILLEGITIMATE
SMALLER (LARGER) | TO ONE SIDE | ACROSS|SOLUTION|SOLUTION| SOLUTION
174 TO Y2 472 70 3/4 x's OF 172 t/2 |ABOVE 1/2|BELOW 1/2 | BELOW 1/2
READ DOWN  READ UP ! !
(B) () oy
1/4 3/4 ~————
12 16 [ 4 b
a5 1/15 e 4
12 18 3 N 3 1
3 8/11 - o = +
14 15 % =] 1 (4
5/18 13/18 A 2 —fbrr
11 15 La g © :
2/7 5/7 @
114 A.B " Ye
5/17 2/17 z .
114 97 . u
3710 7/10 ES o~
10 14 47 ¢ I o
413 9/13 & vt
10 1317 o} . %
5/16 /16 5
10 13 16 %
1/3 2/3 O X
9 12 15 * =
6/17 117 3
215 1
5/14 9/14 ° 7 * w
9 12 14 {7 * &J
asn 7 z
5 11 14 17 .
/8 5/8
t1 14 16 A EE 2y
5/13 8/13 .
113 16 .
7718 1/18 PR
11 13 16 ] V¥
2/ 3/5 A+ +
10 13 15 I i
mnr 10/17 - e
s/12 712 10 13 15 17 D B ! xy
10 12 15 17 3 B’ 1 t
7 a/7 .+ -
10 12 18 17 ¢ wxw (7] %
716 9/16 4 %
y 10 12 14 16 ji %
9 5/9 A, rm
9 12 14 16 /
5/14 6/11 //
613 3 11 14 16 B X Y5
n 7”3 by
9 11 13 16 Y /
7715 8/15 : %
9 1 1315 /
8/17 917 %
9 11 13 15 17 700
eeron acose ve: TN -
REFLECTION ACROSS 1/2: CODE:
anr 87 1012 14 16 * NO MATE BETWEEN 3/8 TO 1/2
10 12 14 16 17 %% NO MATE BETWEEN 3/8 TO 3/7
8/15 s *%% NO MATE. AMONG B’ AND C’
10 12 14 15 17
7713 6/13 -
10 12 13 15 17 B
6/14 5/14
s/9 a9 10 11 13 15 17
1811 43 45 47
9/16 7716 -
‘ 9 11 1315 16 <
a7 3/7

TABLE 1- POINTS BETWEEN 1/4 AND 3/4

recorded in Column 4 as possibility E. Similarly, we find that the only other
possibilities are 4, B, C, and D.

Reflecting these results across 1/2, we find that there are likewise only
five possibilities for y; and y, . Since either y, € (3/7, 1/2) or y; € (1/2, 4/7),
we may assume, without loss of generality, that y; € (1/2, 4/7). Since only
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COLUMN | COLUMN 2 COLUMN 3 | COLUMN & COLUMN 7 COLUMN 8
0 T0 1/4 3/4 701
READ DOWN  READ UP
o1 11
1718 17/18
1717 16/17
17
1/16 15/16
16
1715 14715
15
1714 13/14
14
1743 12/13
13
1712 "/
12
/13 10711
11
1710 9/10
10
179 8/9
9
ant 1517
9 17
1/8 7/8
16
2/15 13/15
15
7 6/7
. 14
2713 1"/13
13
176 5/6
12
3Nz 14/17
12 47 /
2/11 L] £
3716 13/16 nr r'/'
: 1" o1 [ Z
s 4/5 4 ¥
10 15 A ¥
3714 11714 - 4 .
10 14 ! i 3
2/9 7/9 I Xy X1 S
9 14 | | o s
ans 10/13 + r : -
9 13 = [ e Xi0
a7 13/17 + - e
9 13 17 /) R PRI & S X
\ra 374 o e il oy, 10
(B) (E) (D)

TABLE 2-POINTS BETWEEN O AND (/4 QR 3/4 AND 1

two of the subintervals of (1/2, 4/7) have matching intervals for y,, we
deduce that either y; € (7/13, 6/11) or y, € (9/16, 4/7). This latter possibility
is incompatible with all of the possible intervals for y, as noted by the
“*** in Column 5. We conclude that y,e(7/13,6/11), and either
vi€(58/12, 3/ or y, € (7/17, 5/12). Since y; € (7/13, 6/11), we conclude that
ve €(12/17, 5/7) and y, € (11/13, 6/7).

It is also evident that y; << x, < y; < Xyy < y; < X34, and that
Vs < X35 << Y - It follows that the Farey interval occupied by x, must
contain 11 and 14 in Columns 3, but it cannot have any other number
higher than 9 in Column 3 with the possible exception of 16. Inspection
reveals that x4 € (8/13, 5/8) is the only possibility. Since the Farey interval
(8/13, 5/8) contains a 16 in Column 3, x4 < x;4. The Farey interval
containing x,; must not contain any number higher than 16 in Column 3.
Inspection reveals that x5 € (11/17, 11/16).
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Similar arguments constrain X, , X » X1; , and x;, to the intervals shown
in Column 6. Since x4, X35 , X153 » X15 , and x5 all lie below 1/2, Column 6
shows that none of the first 17 points can occur in the interval (10/18, 11/18)
and x,, is the only one of the first 17 points which can occur in the interval
(13/18, 15/18). We therefore deduce that s(0) < 18.

To prove that s(0) = 17, we list in Column 7 the possible intervals if
ya€(4/7,7/12) and we list in Column 8 the possible intervals if
ye €(7/12,10/17). In each case, there are several possibilities, which are
shown in different subcolumns. Finally, we must check to see whether
we can order the set {y;, Vs ,..., yo}. [t turns out that the solution of
Columns 6 and 8 is unorderable, for we have 2/7 < y; < y, << 3/7,s0
either y, = x3 or y, = x, . But only y, € (1/6, 1/3) and only y, € (1/3, 1/2).
Hence, we cannot have either y, = x; or y, = x5 . Therefore, the solution
of Columns 6 and 8 is illegitimate. However, all of the solutions of
Columns 6 and 7 are legitimate; the y’s can be sequenced in many different
ways. For example, we may choose X; = Vg, Xo = Y1, X3 = Yy, X4 = V1,
X5 = Y3, Xg = V5, Xq =Yg, Xg = V.

This proves (i). A footnote in [5] mentions that M. Warmus also
verified s(0) = 17 by computer (unpublished).

Proof of (i). We first note that

xeB,, iff xe[!;-,k_:l)

iff rxelk,k+1)
iff [rx] =k,

where [z] denotes the greatest integer not exceeding z. Thus, an alternative
statement of the hypothesis is

For each r < x, {0, L..., r — 1} = {[rx1],-.., [rx, 54} (5)

Let S(x) denote ({x], [2x], [3x],...). We need several facts concerning S(x).

DEerINITION 1. We say that S(x) has a jump at r if [rx] > [(r — Dx].
For 0 < x <C 1, let m be the unique integer defined by

I/m < x <1/(m—1). (6)
Fact. If S(x) has a jump at r then the next jump of S(x) is either at

r 4+ m—1orr 4 m. To see this, note that
[(r—Dx]=u—1, [rx] = u
= (- Dx <1, x>=u
>(r+m—2DQx=FC—Dx+m—Dx<u-+1
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and
r+rmx=rx+mx>2u+ 1.
Thus,
(r+m—2x1=u, [(r+mx]=>u+1

and the fact follows.

DerFINITION 2. We say S(x) has an early jump at r if the preceding jump
of S(x) occurs at r — m + 1. We say that S(x) has a late jump at r if the
preceding jump of S(x) occurs at r — m.

If we let 8(x) denote x — 1/m (so that 0 < 8(x) < 1/m(m — 1)), then
we observe that S(x) has an early jump at 7 iff S(8(x)) has a jump at r. Thus,
if u<t8(x) <u-+1 then S(x) has exactly u early jumps in the set
{1, 2,..., t}. More generally, in any set {j,j + 1,...,j + ¢} of £ 4+ 1 consec-
utive integers, S(x) has either u or u -+ 1 early jumps since

u < [+ 0)d(x)] — [3)] = [/8(x) + 8(x)] — [j8¥)] <u+1. (7)

Assume now that for some d, there is an s > 4¢+2”* for which (5) holds.
We shall derive a contradiction. Make the following definitions:

(a) a=(d+2)29 L3

(b) hy =2, 0<k<d

(© N = 2hpahiss by, 0<k<d (8)
() Ny=1.

(© M = Nyd + 4).

A straightforward calculation shows

Mh, (ha + 1) Mh,
[Tt =1+ Noa—1 ©)

Mhy (he—q + 1) Mhy <
Mz Gt DMy ckca a0
IMh, < 4022, a1

By the hypothesis of the theorem we can find terms z,,, 0 < k << d, of
the sequence (x; ,..., X,,4) such that

Mh,

[Mhyz,] = Iy

+ N, — 1, 0<k<d 12)

641/2/2-3
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Hence we have

Ly M=l 1 N
B MR, S h T M, (13)
or equivalently,
N, — 1 1 Ny ,
Mh, ST R S Mhy (13)
For k = 0,
hhe = DNy _ (hg— DNy _ (@a—1) N,
hg 2¢ 24
d+2)2% + 2
— G DL Ny = @+ + 29N,
S@+AHN, =M. (14)
For 0 < k < d,
h"(h"_l)N"”'zh"_l-Nk_1\<\h“—1N0<M. 14)
hy hg hy
Thus by (13)
1 N, 1
% < Mhy S R = (1
and
1 1
= <
for 0 < k& < d. Consider z,; . By (13') and (8)
8(z0) = 24 — - < —— (17)
@ h T Mhy”

Thus, inthe set I = {Mh, , Mhy,4 ,..., 2Mhy — 1} there is at most one point
at which S(z;) has an early jump. Therefore, there is a subset I, C 7
consisting of at least [(Mh,/2)] consecutive integers such that S{(z;) has
only late jumps on I; . Since the difference between consecutive late jump
points of S(z,) is 44, then for some integer ¢, the elements of /; at which
S(zg) jumps are exactly the elements of I, which are congruent to ¢
modulo 4;. By (9), (13"), and a previous remark, S(z;_;) has at least
h;_; + 1 early jumps on I; . Since

1 N,
8z4y) = 24 — Fos < A;h: s (18)
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then any (Mh,/N4_,) consecutive integers contain at most one early jump
point of S(z,_,). Also we note the important fact that if S(z,_;) jumps at r,
r’and r" with r < r’ << r”, r’ an early jump point and r” a late jump point,
then

r=r"+ 1 (mod a;_,). (19)

Since S(z;_,) has at least h;_, + 1 early jump points on I, then the late
jump points of S(z;_,) occur in all residue classes modulo 43, on ;. In
fact, we can assert that there must exist an interval I, , C1J; of
(Mhy/N;_y) — 1 consecutive integers such that the elements of 7; ; on
which S(z;_;) jumps are exactly the elements of Z; ; which are congruent
to ¢ modulo %,_; . Now, by (10) and (13"), we can argue as before to
conclude that there exists an interval I, ,C1I; ; of (Mhy/N; ) — 1
consecutive integers such that the elements of I;_, on which S(z,_,) jumps
are exactly the elements of J,_, which are congruent to ¢ modulo 4, , .

This argument can be continued until we reach I,, an interval of
(Mhy/Ny) — 1 consecutive integers. By construction [, C I, C ---C I, C 1
and S(z,) has jumps exactly on the elements of I, which are congruent
to ¢ modulo A, . By (8)(e), I, consists of

(Mhy/Nj) -1 =(d+4) h;—1>(d+3)hy (20)

consecutive integers. Note that if S(z;) jumps at r € I; then S(z;) jumps at
r for all / < k. By (20), S(z;) has at least d + 2 jump points on J, ; let us
denote them by {jy , j1 »e-r» Jasat Where

Jk=Jo+ khe, O<k<d+]l, 3y

and let I’ denote the set {j, , jo + L..... jasa}-
It is not hard to show that (8) implies

Mhs |\ N —15 14+ M0 1<k < 22)
by hra
and
Mh, Mh,
s M= 1< (23)
Thus, we have
Mh, Mhy | _ Mh, B
g < [1+hk_1 <G A NL L 1<h<d Q9

By the hypothesis of the theorem there exist terms 3, 0 < k < d, of the

sequence (xy ,..., X¢,4) Such that
[Mh,yid = [1 + ——M"d] 25)
ask hk o 1 .
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It follows from (23) and (24) that

[tye] = [tz] forany ¢ = 0, 0 <k <d, 26)
[tzxq]l = [tye]  forany 320, 1<k<d
By the definition of y, we have
1 1
S(y) = yi — T —1 < Mh, (27)

Since I’ consists of (d + 1) k; + 1 consecutive integers then S( y,) can have
at most one early jump point in I'. Note that if r is an early jump point of
S(yy) then r — h; + 2 is the preceding jump point of S(y;). Also S(z;) has
exactly 1 + (d + 1) 29-* jump points on I'. By (8) it follows that

@+ 1)20Hhy — )+ by —2>(@d+ D hy, 0<k<d (28)

Hence, S(z;) and S(y,) can have at most one common jump point in I'.

Since the j;, 0 < i << d-+ 1, are jump points of all the S(z,), then, for

some w, j,, is a jump point of each S(z;) and not a jump point of any S(y;.).
The critical point to observe now is the following. Suppose

[jo—Dz]=m,
(o — D] =m+1,
: 29)
[(Jw — Dttyppy] =n—1,
[(fo — D] = n,

where the u; are suitable terms from the sequence (x, ,..., X;, +a-1) Which
exist by the hypothesis of the theorem. [By (26), n > m.] It follows that

w2l = m + 1

edJ=m—+1 or m+2
: (30)

wttn-ma] =n—1 or n
since S(z;) jumps at j,,and S(y;) does not jump at j,,. Thus, some integer v;,

m -+ 1 < v, < n, must occur at least twice in this list. This argument
implies the existence of integers v, , 0 < k < d, such that

[wzal < vs < [wyal < DwZaaa] < vay < DoVaal < -
< [JwXo] < U < [wol 3n
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and such that each v,, 0 << k << d, occurs at least twice in the set
T = {[jwx]:1 < x <j,+ d}. By (31) all the v; are distinct. Conse-
quently | T'| < j, — 1 which contradicts the hypothesis of the theorem.
This completes the proof of (ii).
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