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We study Fibonacci walks, which are sequences of positive
integers satisfying the recurrence w42 = w41 + wg. Richard
Stanley suggested studying n-slow Fibonacci walks, which are
Fibonacci walks with ws = n and s as large as possible.
Stanley conjectured that for most n, there is a slow Fibonacci
walk reaching n = w, with the property that ws41 is the
integer closest to ¢n where ¢ = (1 + v/5)/2. We prove
that this is true for only a positive fraction of n. We give
explicit formulas for the choice of the starting pairs and
the determination of s by giving a characterization theorem.
We also derive a number of density results concerning the
distribution of down and up cases (that is, those n with
wsy1 = [¢n] or [¢n], respectively), as well as for more general
“paradoxical” cases.
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1. Introduction

Given two positive integers aj, as, we define the (ay,as)—Fibonacci walk to be the

sequence wy = wg(a1,as) with wy = a1, we = ag and Wiy = w41 + wy for k > 1. In
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this paper, we are interested in slow Fibonacci walks. To this end, define s(n;ay,as) to
be the integer s such that ws(ai,as) = n, with this value being —oco if no such s exists.

Let s(n) = aln}l%)éls(n;al,ag). We will say that the pair (ag,as) is n-good if aj,ae > 1

and if s(n) = s(n; a1, az2). If (a1, az) is an n-good pair, then we will say that its associated
sequence wg (a1, az) is an n-slow Fibonacci walk.

For example, it is easily seen that s(6) = 4 and that the only 6-slow Fibonacci walks
are wg(2,2) and wg (4, 1). As another example, s(1) = 2 and w(a, 1) is a 1-slow Fibonacci
walk for any a > 1. We will see that this sort of behavior is unique to the case n = 1.

Some years ago, Richard Stanley [4] suggested studying the properties of slow Fi-
bonacci walks. Part of his motivation was to create magic tricks based on properties
of Fibonacci walks (we will mention several such tricks in Section 7). In particular,
he conjectured that for most n there exists an n-slow Fibonacci walk wy such that
Ws(n)+1 = N(¢n), where ¢ = # and N (x) denotes the integer closest to x with the
convention that N(x) =z + % ife+ % are both integers. For example,

ws(2,2) =10 = N(9.70...) = N(¢ - 6),

so 6 has this property. Conversely, one can verify that wg(2, 1) is the only 4-slow Fibonacci
walk, that wy(2,1) =4, and that

ws(2,1) =7+ N(6.47...) = N(¢ - 4),

so 4 fails to have this property. In Corollary 1.5 we will see precisely how many such n
(fail to) have this property.

To state our results, we first define the standard Fibonacci sequence fj recursively by
fi=fo=1and frio = fet1 + fr for k > 1. It is well known [2] that f; has the explicit
representation

1
VA

As usual, let |2| denote the floor function of z, and let [2] denote the ceiling function

fr (0" — (—9)7").

of z. Our main result is the following characterization theorem.

Theorem 1.1. For n > 2, there exist unique integers a = a(n), b = b(n) and t = t(n)
such that n = afy +bfi—1 witht > 2 and 1 < a < b < fi. Moreover, the following holds.

o (bya) is n-good and s = s(n) =t+1. wsy1(b,a) = |¢n| if t is even and wsy1(b,a) =
[¢n] if t is odd.

o Ifa < fi_1, then (b,a) is the unique n-good pair. Otherwise, the only other n-good
pair is (V',a') = (b+ fy,a — fi—1) and we have wsyq(V,a') = |¢pn| — 1 if t is even
and ws11 (V' a") = [én] + 1 if t is odd.
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Fig. 1. Different plots of T'(n).
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Fig. 2. Semilog Data plot of T'(n) for 100 < n < 100000.

We emphasize that the n-good pair is (b,a) and not (a,b) as might be expected.
We note that most of Theorem 1.1 has implicitly been proven in [1] and [3], but for
completeness we include a full proof here.

With this characterization, we will be able to prove a number of results concerning
slow Fibonacci walks. For example, we can obtain a density result for the number of n
with two n-good pairs.

Theorem 1.2. Let T'(n) = 71\{m < n :m has two m-good pairs}|. Given n, let ¢,p be
such that n = \/—cqbp with \/— <c< \/—¢ Then

2\/_¢4 +O0(n 71/2) p=1 mod 2,
T'(n) = LC—I—l;f— —1+0(n1?) p=0 mod2, ¢< %,
-3
1—§¢5_1c_12+f_c +O0(n “1/2) p=0 mod?2, ¢> %

In Fig. 1, we show plots comparing the actual count of T'(n) (= Data) versus what
Theorem 1.2 (= Theory) predicts asymptotically. In Fig. 2 we give a semi-log plot of
T(n).

We will say that n > 2 is a down-integer if ws11 = [¢n] for some n-slow Fibonacci
walk, and we will say that it is an up-integer if ws41 = [¢n] for some n-slow Fibonacci
walk. We let D = {d;,da, ...} denote the set of down-integers written in increasing order,
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(a) Data plot of D(n). (b) Theory plot of D(n).

Fig. 3. Different plots of D(n).

and similarly we define the set of up-integers U = {uy,us,...}. Note that Theorem 1.1
shows that every n > 2 belongs to precisely one of these sets. The first few elements of
these sets are listed below.

D =1{2,5,7,9,10,12,13,15, 18, 23, 26, 28, 31, 33, 34, 36, 38, 39,41, 43, 44, 46, 47,48, . . .},
(1)

U=1{3,4,6,8,11,14,16,17,19, 20, 21, 22, 24, 25, 27, 29, 30, 32, 35, 37,40, 42, 45,50 . . .}.
(2)
Intuitively one might expect the densities of these sets to be roughly equal to one

another. This turns out to be correct, though as in Theorem 1.2 the exact densities
oscillate with n.

Theorem 1.3. Let D(n) = n=1|DN{1,2,...,n}|. Givenn, let c,p be such that n = %aﬁp
with f <c< \}ggﬁ, Then
l—4c— g +0(n7%)  p=0 mod4,
3¢+ 15 T O(n™1/?) p=1 mod 4,
D(n) = 26 10c
3¢+ 165 +O(1/?) p=2 mod 4,
1—ge— % +0(n %) p=3 mod4.
We note that the above statement can be written more compactly as follows:
n q+1 _ _
D(n) 2;{‘1_“ + 1ﬁ\/‘n +0(n~1?) 190 <n<1¢t? ¢g=1 mod1,
n)=
n q+1 _ _
1= 2:1{‘1_“ - 1(gfn+0( 12y 1g?<n< 14772, ¢=3 mod 4.

In Fig. 3, we show plots comparing the actual count of D(n) (= Data) versus what
Theorem 1.3 (= Theory) predicts asymptotically.

Returning to Stanley’s original conjecture, we define §,, = ¢n — |¢n] and similarly
A, = [¢n] — ¢n. Intuitively, the smaller §,, or A, is, the more likely it should be that
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n € D or n € U, respectively. To make this idea precise, we say that n is d-paradoxical
if either 6, <dandne€ U orif A, <dand n € D.

Theorem 1.4. For d < %, let P(n,
c,p be such that n = \/Lgcqbp with
and otherwise

= _1|{m < n:m is d-paradozical}|. Given n, let
<c \/g¢' We have P(n,d) = 0 if d < \/5¢

g
i

Lo letd+ (d2 —d+ ﬁdrl) 1+ O(n1/2) p odd, ¢ < d,

2
Po(d=Lo) et rom?) podd, c> od,
1 12 -1 12 — ~1/2
P(n, d) = —§c+d+(¢> d=—¢ d+m¢ )cl—i-O(n /2) p even, ¢ <d,
(d — —¢ ) 11 0(n1?) p even,
d<c<1-d
%c—l— d—1+ <¢d2 — ¢d + ﬁgfﬁ) c 1+ 0(n?) p even, c>1—d.

In particular, we get the following result when d = %

Corollary 1.5. Let P(n) denote the fraction of m < n such that either N(¢m) = [¢m]
1

and m € U, or N(¢m) = [¢m] and m € D. Given n, let ¢,p be such that n = v
with f <c< \/5¢, Then
~Lo7let b4 (G0 = 1) T HOMT2) p odd,
P(n)={ —5c+5+ (2f¢’ ‘- i¢71) '+ 072 peven, ¢ < g,

le—1+4 (ﬁdﬁ — %d)) c 1+ 0(n~1?) p even, ¢ > 1.

In Fig. 4, we show plots comparing the actual count of P(n,d) (= Data) versus what
Theorem 1.2 (= Theory) predicts asymptotically for various values of d.

In the above figures, the z-axis is labeled with the value n and the y-axes are labeled
with the appropriate values P(n,a) for a = .5,.4 and .3.

Another natural question to ask is, for example, how large the gap size dj1 — dj can
be. That is, how long can one go without seeing any down-integers? From the first few
terms listed in (1), we see that this difference can be 1, 2, 3 or 5. Similarly one sees
from (2) that up41 — ug can also be 1, 2, 3, or 5. Remarkably, these are the only four
differences that can occur.

Theorem 1.6. We have

{dpt1 —d : k> 1} ={ups1 —up : k> 1}y ={1,2,3,5}.
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Fig. 4. Different plots of P(n,d) for different values of d.

A similar result holds for the difference sets di12 — di, and ugyo — ug.
Theorem 1.7. We have
{digy2 —di : k> 1} ={upro —ur : k> 1} ={2,3,4,5,6,8,10}.

The rest of the paper is organized as follows. In Section 2 we prove Theorem 1.1.
We then apply our characterization theorem to prove our first two density results in
Section 3. In Section 4 we prove Theorem 1.4, along with some additional results related
to paradoxical n. In Section 5 we prove our gap results. In Section 6 we present a different
way to view slow Fibonacci walks. We use this change in perspective to give an elegant
proof that there are at most two n-good pairs, to construct an O(logn) algorithm for
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finding all n-slow Fibonacci walks, and to give a magic trick involving Fibonacci walks
which is detailed in Section 7. We end with some concluding remarks and open questions
in Section 8.

2. The characterization theorem

We derive some formulas for wy(b,a). We adopt the convention that fy = 0 and

f-a1=1

Lemma 2.1. Let a,b,k > 1.

(a)
wy(b,a) = afr—1+bfp—2

(%) wig1 (b, a) = pwy(b, a) + (—¢) *(a — ¢b).

Proof. The first equality of (a) follows by an easy induction argument, and the second
comes from substituting in the closed formula for the Fibonacci numbers.
For (b), we use (a) and the closed formula for the Fibonacci numbers to conclude

wit1(b,a) =

- (ag® +bg* ! — a(—¢)F — b(—¢) )

HS‘H

=75 (ad" + 09" + a(=9) "7 + b(=) )

B % (a(=0)" +b(=0) " +a(=¢) " + b(—0) ")

:(i)wk (b, a) + m

) (b —a
NG (=¢)""(¢b — a),

and we get our final result by observing that % =¢. O

We next derive some structural results for n-good pairs. We recall that f and fi41
are relatively prime for k > 1, as well as Cassini’s identity [2]

foafo = ff = (=D)F
Lemma 2.2. Assume that (b,a) is n-good with s(n) = s > 2.

(a) We have a <b.
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(b) The pair (V',a’) with o’,b" > 1 is n-good if and only if ' = a + kfs_—o > 1 and
b =b—kfs_1>1 for somek € Z.
(c) With k as above, we have wgi1(b,a) — ws41(b,a’) = (—1)°k.

Proof. We first note that (b,a) being n-good together with Lemma 2.1 implies that
n=ws(b,a) =afs—1 + bfs—2 and that there exists no a’,b' > 1 with n = o’ fs + b fs_1.

For (a), having a > b would imply n = bfs+(a—b) fs—1 with b,a—b > 1, a contradiction
to the remarks made above.

For (b), note that (¥',a’) is n-good if and only if it is a positive solution to the
Diophantine equation n = a’fs_1 + V' fs_o defined in Lemma 2.1(a). The result then
follows from the fact that fs_; and fs_o are relatively prime since s > 2.

For (c), we have by Lemma 2.1(a) that

wei1(b,a) —ws1(V,a') = afs +0fc1 — (a+ kfs—2)fs — (b —kfs—1)fs
= k( 52—1 - fs—2fs) = (_1)Sk7

where the last step follows from Cassini’s identity. O
We next give a lower bound for s(n).
Lemma 2.3. Let s be a fized integer. If n > fs_1fs—a, then s(n) > s.

Proof. The case s = 2 is immediate, so assume s > 3. By Lemma 2.1(a), s(n) is the
largest integer such that there exists some a,b > 1 with n = afs)—1 +bfsn)—2. Thus it
will be enough to show that there exists a’,b’ > 0 such that a'fs_1 +b' fe_o =n— fo_1 —
fs—2. By the Frobenius Coin Problem [6], and the fact that fs;_1 and f,_o are relatively
prime for s > 2, this is possible provided n — fs_1 — fs—2 > fs—1fs—2 — fs—1 — fs—2,
proving the result. O

We can now establish some strong bounds on the sizes of a and b.
Lemma 2.4. If (b,a) is n-good with s(n) = s > 2, then a < fs_1 and b < 2fs_1.

Proof. If a > fs;_1, then by Lemma 2.2(a) we would have n > afs_1 + afs—2 > fsfs—1,
which implies that s(n) > s + 1 by Lemma 2.3, a contradiction.

For the bound on b, assume for contradiction that b = kfs_1 +r with r < f;_1 and
k > 2. In this case another n-good pair is (V/,a’) = (r,a+kfs_2) by Lemma 2.2. If k > 2,
then this implies that a’ > 2fs_o > fs—1 (since fs_2 # 0), which can not happen by
what we have just proven, so we can assume k = 2 and 7 > 0. In order for this pair to
be n-good, we need b’ > o/ by Lemma 2.2(a), and hence

r=b>d>142f_s>1+ fe_1
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since s > 2, a contradiction to how r was defined, so we conclude the desired bound. O
We are now able to prove our main result.

Proof of Theorem 1.1. By Lemma 2.1(a), s(n) = s implies that (b, a) is n-good for some
a,b > 1 such that n = afs_1 + bfs_2. Note that n > 2 implies that s > 2. Thus
we can assume that b < fs_1, as otherwise we could instead consider the n-good pair
(b— fs—1,a+ fs—2), noting that by Lemma 2.4 we have b — f,_1 < fs_1. Since (b, a) is
n-good, we must have a < b < f,_1 by Lemma 2.2(a). Thus choosing t(n) = s—1, a(n) =
a, and b(n) = b shows that such integers exist. Moreover, (b, a) is n-good and s(n) = t+1
by construction.

To show that these integers are unique, assume that n = af; + bf;_1 with a,b,t as
in the hypothesis of the theorem, and assume that s(n) > ¢ + 2. This implies that there
exists a/,b’ > 1 such that n = o' fyy1 + V' fy = (' + V) ft + d' fr—1. Since fi, ft—1 are
relatively prime, this implies that there exists a k such that

a=b+kf,
b/:a—a'—kft,lza—b—kfprl.

Since a’ > 1 and b < f;, we must have & > 0. Similarly since ' > 1 and a — b < 0, we
must have k£ < —1. Thus no such k exits and we conclude that we must have t = s — 1,
and the uniqueness of a,b of the desired form follows from Lemma 2.2(b). From now on
we let a,b,t = s — 1 denote these unique integers corresponding to n.

By Lemma 2.2(b) together with the fact that a < f; < 2f;_; and b < f;, the only
pairs that could be n-good are (b,a) and (b',a’) = (b+ fi,a— fi—1), with the second pair
being good if and only if a— f;—1 > 1. Moreover, by Lemma 2.2(c) we have w11 (b, a’) =
wsy1(b,a) — (—1)%, so all that remains is to prove the result concerning ws1(b, a).

Observe that having wsy1(b, a) = |¢n] is equivalent to ¢n—wsy1(b, a) being a positive
number less than one. Since n = wg(b, a) and s = t+1, by Lemma 2.1(b) this is equivalent
to having

0<(—¢) "(¢b—a) < 1.
Using 1 <a <b < f;, we have that

—t _ e R 1

Thus our relevant quantity is always less than 1 in absolute value, and it will be positive
if and only if ¢ is even. We similarly find that ws;1(b,a) = [¢n] if and only if ¢ is odd,
proving the result. O
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3. Densities

In this section we prove our first two density results.

Proof of Theorem 1.2. Given n, let g(¢) denote the number of pairs (a,b) such that

fic1+1<a<b< fiand af; + bfi—1 < n. Equivalently, g(¢) is the number of pairs
(a,b) satisfying

1<a<b< fi— fio1 = fi2, (3)

afi+0fi1 <n— fi1(fe + fro1) =n— fic1fin (4)

Define h(t) to be the number of (a,b) satisfying the following two conditions:

0<a<b< %qﬁm, (5)
adt + o' < e? — . (6)

V5

Ultimately we are interested in computing g(¢). The following claim shows that it will be
enough to compute h(t), whose conditions are easier to work with. Note that by using
the closed form for fi, we find that (4) is equivalent to

1

ag’ +bp' ! < cgf — %qﬁ” +a(—=¢) " +b(—p) " + ﬁ(,l)th +¢7%) +

Lo
5

(7)
Claim 3.1. |g(t) — h(t)| = O(¢").

Proof. The statement is trivially true if ¢ < 3, so assume t > 4. Note that f;_o is the
closest integer to %qbt_g, so we always have |f;_o — %(bt_ﬂ < 1. Thus the only (a,b)
that could satisfy (3) but not (5) are those with b = [%(bt’ﬂ and a < (%(bt”], and
the number of such pairs is precisely [%gﬂ)t”]. Using similar logic, we find that the only
pairs satisfying (5) but not (3) are those with @ = 0, and there are at most L%qﬁt_zj
such pairs. If j(¢) counts the number of (a,b) satisfying (5) and (7) (which again is
equivalent to (4)), then we conclude that |g(¢) — j(t)] < f%gbt”]. It remains is to show
that j(t) — h(t)| = O(6").

Observe that since any valid pair for either j(¢) or h(t) has a,b < ¢!~!, the difference
between the right side of (7) and the right side of (6) is less than 5. Since ¢' > 5 for
t > 4, we conclude that if (a,b) satisfies (5) and (6) with a > 2, then (a — 1, b) satisfies
(5) and (7).

Given b, let a;, denote the largest a such that (ap,b) is counted by j(t), with a, = —1
if no such value exists. Observe that (a,b) is counted by j(t) for all 0 < a < ap. Now
let b < %(;5*2 be fixed. If (a,b) is counted by h(t) but not j(¢), then either a = 0 or
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(a — 1,b) is counted by j(t), so a — 1 < ap, and hence a = a; + 1 since (a,b) was not
counted by j(¢). Thus for each of the at most L%qﬁt’?j fixed values that b can take on,
the only pair that could be counted by h(t) but not j(¢) is (ap+1,b). The same reasoning
shows that there are at most this many pairs counted by j(¢) but not h(t). We conclude
that |j(t) — h(t)| < L%(l)t—ﬂ and the desired result follows. O

We now wish to estimate h(t) for various ¢. We first observe that (6) implies that
h(t) = 0 whenever 2t > p+ 1, and one can similarly see from (7) that g(¢t) = 0 whenever
2t > p+ 2 and p is sufficiently large. We note that (5) implies

Lo Loy Lo L o1 2t+1
—=¢7 < — + —=0" = — <c )
\/S(b \/E(b \/5(]5 \/5¢ ¢
and hence (6) will always be satisfied when 2t <p—1land 1 <a <b < %qbt_z, S0 we

conclude that h(t) = &¢*~* 4+ O(¢') in this case.
It remains to deal with the case 2t = p. Define d := ¢ — % In this setting, by

a/(bt +b¢t_l 4

considering the extremal value a = 0, we find that (5) and (6) are equivalent to

0 < b < min {%w/??, d¢p/2+1} 7 ®
0 < a<min{b,dp"? — ¢} o)

We first consider b < d¢?/?~!, in which case (9) reduces to a < b. When b is this small,
(8) is always satisfied since d < %((b -1) = %(b—l. Thus any 0 < a < b < d¢P/?1
satisfies both of these equations, giving a count of %d2¢p*2 + O(p?/?).

We now consider pairs with b > d¢?/?~! noting that in this range (9) reduces to
a < dpP/? — ¢, If d < %¢_3, then (8) reduces to b < d¢P/?>*1| in which case the

count becomes

dgp/2+1

S A -7 = (9 67 — Lo (6 — 6N + O

b=dgp/2-1
= P — 507G — 6P +O(),

where we used p— ¢! =land that > ;_ 2—k=(y—z+1)z— (y;rl) + (5)- Technically,
we should be taking floors and ceilings of the terms of the above sum, as well as on the
bounds that b ranges through in the sum. However, this miscalculation gets absorbed into
the O(¢?/?) error term, so this will not affect our final result. Adding %d2¢p*2 +0(¢*/?)
to this and using that 1 — %¢’1(¢2 —¢72) + %gzﬁ*z = % gives

h(p/2) = %d2¢p + O(¢?/?) when d < %(b_?’.
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Now if d > %q&‘g, then (8) reduces to b < %¢p/2—1’ in which case the contribution

from b > d¢?/?~! becomes

we 1 1 1
/2 -1y -1 & -1 a3 -2 g2
b_%“dw 6b=¢ (\/ga: d) de® — 56 (5¢ d ) ¢

We note that implicitly here we use that d < \1[¢5*1, as otherwise taking this sum

would glve us a negative number. Adding 2d2gz§ 2¢P and using —¢~ ! + 2¢ + 2¢ 3=
1
-3 L gives

1

/2 = (507 + 5

PR _2 J—
Nl

1.5 /2 1
10(;5 )gbp—i—O(gbp )whendz\/5 .

By Theorem 1.1, we have T'(n) = 3" g(t), where we note that the uniqueness of
a,b,t ensures that we do not count some m < n twice in this sum. Since ¢(¢) = 0 for

2t > p+ 2, we can restrict our sum to the range 2t < p + 1. Define H(n) = 1 3" h(t).
Since h(t) =0 for 2t > p + 1, we have by Claim 3.1 that

T(n) = H(n)| <O(77)- Y 0(")=0("""?).

1<t<p/2+1

Thus bounding H (n) is equivalent to bounding T'(n) up to an O(¢~?/2) error term.
If p is odd then

1 1
t<(p-1)/ t<(p—1)/2
6P ¢P+1 n O(¢ p/g) + O(d)fp/Q)
2f bpte”  ¢*—1 2f bote ’
where we used that ¢ — 1 = ¢.
If p is even we note that
1
D ht) =507t Y 6T+ 0(8") = 507707 + 0(¢").
t#p/2 t<p/2—1

Using this together with d? = ¢ — \/lgc + %, we find for p even and d < %qb_?’ that

_ V5 14+¢75

+0(¢77/?),
5 ¢ sur, 1O

and similarly for d > %¢_3 we get
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H == Po e+ (67 + 6+ (—g07 -0
VB, 1497 —»/
_1—7d) le - W +O0(¢77/?).

The final result follows since ¢~?/2 = O(n=/2). 0
We prove our second density result by using similar techniques.

Proof of Theorem 1.3. Define g(¢) to be the number of pairs (a,b) which have 1 < a <
b< fyand af; + bfi—1 < n, and define h(t) to be the number of (a,b) with

0<asbs oo

V5

ag’ +bp' ™t < cgP.

By essentially the same proof as in Claim 3.1, we can show that |g(t) — h(t)] = O(¢").
We note that these two conditions are equivalent to

0<b< min{;gqbt,ccb““}, (10)
0 <a < min {b,c¢p_t —¢_1b}. (11)

Ift < (p—1)/2 then (10) reduces to b < %qﬁt and (11) reduces to a < b. We conclude
for 2t +1 < p that any pair (a,b) with 0 < a <b < %W is counted by h(t), and hence

h(t) = %qﬁ% +O(¢") for any t < (p —1)/2.

Now assume 2t — 2 > p. In this case (10) reduces to b < c¢? =1, When b < c¢pP~t 71
(11) reduces to 0 < a < b, so in this case the number of valid choices we have is
12?2172 4 O(¢P~"). The number of choices for the case b > cg? '~ is

Cd)pftﬁ»l

Z C(z)pit - ¢771b = (¢ — ¢71)62¢2p72t — %(Z)*l((é? _ ¢)*2)c2¢2p72t + O(¢p7t)
b=cgppr—t—1
= (1 _ %¢—1(¢2 _ ¢—2)> 02¢2p—2t + O(gf)p_t)7

where we used that ¢ — ¢~! = 1. Adding %CQQSQ”_%_Q + O(¢P~t) to this quantity, and
using that 1 — 3071 (¢? — ¢72) + 3072 = 1, we find

h(t) = %C2¢2p_2t + O(¢P") for any t > (p + 2)/2.
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It remains to deal with the cases 2t = p and 2t = p+1. First consider 2¢ = p. Note that
in this range we have c¢?—P/2+1 > %d)p/z, so (10) reduces to b < %gﬁp/? If b < cgp/2~1
then (11) reduces to 0 < a < b and the count will be $c?¢P~2 +O(¢*/?). For b > cgp/?>~1
the count will be

%d)p/?
S o= (e 0T ) o o 4 oS 4 0,
b=c¢r/2-1

Adding $c?¢P~2 + O(¢P/?) to this and using —¢~* + 3072+ 1070 = -3¢ gives

1 1 1
h(p/2) = [ —=¢7 P + —=c— —¢ 1 | ¢P + O(¢?/?).
/2 = (~307¢ + e o) @ + 0@
Finally, consider the case 2t = p + 1. Again (10) reduces to b < %qﬁ(p“)/? Ifb <
cpP=3)/2 then (11) reduces to a < b, and we get a count of 1o 3P + O(¢?/?) from
this. Otherwise the count will be

%gb(zﬂrl)/?

Y. gl = (% - ¢>> # — 18+ 3PP 0,

b=cp(P—3)/2

so in total,

By Theorem 1.1, we have D(n) = 1 3 g(2t). Let

Hy= > h(t), H > h(t), Hs= > h(t).

tp 1)/2 —p/t27(p+1)/2 tzt(p+2)/2
As in the proof of Theorem 1.2, we find D(n) = 2 (Hy + Ha + H3) + O(¢~"?/?). Thus it
will be enough to determine Hy, Hs, and Hj3. These values will depend on the value of
p mod 4.
First assume p = 0 mod 4. In this case we have

> oneR = 3 0 + 0 = s + 0,

k<p/i-1 k<p/i-1 10(¢*
Ha = hip/2) = (—%wlc? b e o) @ 0@,
_ Loy 4~k p—2k ?¢P /2
Z h(2k) ¢ Z (¢") "+ 0(¢ ):m—l—O(QZ) ).

k>p/a+1 k>p/a+1
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Dividing H; + Hs + Hs by %cq&p gives in this case

1 1 1 _ _
2<¢4—1>>“+2—¢5c(¢4—1‘¢ 1>+O(¢ ")

1 1
=1-ge— -+ O(¢7P/%).

Now consider p =2 mod 4. In this case Hy = 0, the H; sum is now over k < (p—2)/4,
and the Hj3 sum is now over k > (p + 2)/4. Effectively all this does compared to the
previous case is scale H; and Hy by ¢? and ignores the Hy term. Thus we have

_ VBgie ¢° —p/2y _ L 1 —p/2
= Stgt 1) + 3T O =3¢ g + O,

D(n)

Now consider p =3 mod 4. Here we have

Hl - Z h(Qk) = ﬁ¢p+0(¢p/2),
k<(p—3)/4
s (‘%WCQ e %) @ +0(9""),
2 AP
Hy= Y h(2k) = W‘b_l) +O(677/).
k>(p+5)/4

We thus have

L 9 —p/
=1 2¢c 10¢ +0(6777%).

Finally the case p =1 mod 4 compared to the previous case has H;, Hz scaled by ¢
and Hs = 0, so we end up with

VBoe ¢°

_ . 6
2(0* —1) © 2V5(¢" - 1)

L0 = ic +1 O D

D(n)

4. Paradoxical n

Our key lemma for dealing with d-paradoxical n will be the following. Recall that
dn = ¢n — |on] and A, = [én] — ¢n.



F. Chung et al. / Journal of Number Theory 210 (2020) 142-170 157

Lemma 4.1. Given n, let a,b,t be as in Theorem 1.1. If t is even then

¢ (b — a) = 6.

If t is odd then

¢_t(¢b - a’) = An

Proof. Assume ¢ is even. Then Theorem 1.1 implies that wiio(b,a) = |¢n]|. By
Lemma 2.1(b) we have

¢7t(¢b - CL) = ¢TL - an = 0p.
The proof for ¢ odd is essentially the same. O

With this we can show that n will not be paradoxical whenever §,, or A,, is below a
certain threshold.

Proposition 4.2. There exist no n which are %gb’l—paradoxical. Equivalently, if 6, <
%QS*I, thenn € D, and if A,, < %(;571, thenn € U.
Proof. Let n be such that n € U and let a,b,t be as in Theorem 1.1. n € U implies that
t is odd, and this together with the bounds 1 < a < b < f; and Lemma 4.1 implies that

1

1
— At _

(g1t 1
(¢ *USE :

We conclude that §,, =1—-A,, > 1— Lfor all n € U as desired. O

I
ﬁ¢ - \/g(b

We note that Theorem 1.4 shows that this threshold is sharp. More concretely, one
can consider n = f; + f;fi_1, which one can argue will be (%qﬁ’l + €)-paradoxical for
any € > 0 when t is sufficiently large. With this proposition we can prove our density
result for d-paradoxical n.

Proof. If d < %(ﬁ_l then the result follows from Proposition 4.2, so assume this is not
the case. For notational convenience we define r = 1 — d, noting that by assumption
% <r<1- %zjﬁl = %d). Note that a given n € D will be (1 — r)-paradoxical
if and only if 1 —r > A, = 1 — 6,, and by Lemma 4.1 this is equivalent to having
¢~ (¢b(n) — a(n)) > r, and this same bound continues to hold if n € U. With this
in mind, we let g(¢) denote the number of pairs (a,b) satisfying 1 < a < b < fy,
af; +bfi_1 <n, and ¢pb — a > r¢t. We define h(t) to denote the number of pairs (a, b)
satisfying
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ogagbg%qsf,

ad! +bo' < eo?,
ob—a > rot.
As in our previous density arguments we find |g(t) — h(t)| = O(¢"). By considering the

extremal value a = 0 in the above inequalities, we find that h(t) equivalently counts the
number of pairs satisfying

r¢!~t < b < min {%qﬁt, c¢p_t+1} , (12)
0 < a < min{b,cg?* — ¢~ b, pb — o'}, (13)

Note that b < ¢b — r¢’ is equivalent to having b > r¢tt! > %gbt since r > 1, so (13)
never reduces to a < b and we can ignore this case.

First consider 2¢ < p— 1. In this case, as we argued in the proof of Theorem 1.3, none
of the bounds involving ¢ occur in (12) and (13). Further, note that r¢'=! < %& by
our bounds on 7, so there exist b in the range of (12). We conclude that our count in
this range will be

Fiig 1 1 1
Z ¢b o T(bt _ (E o 5@5_27’2) ¢2t+1 o (E o ¢—1,,,) 7"¢2t + O(¢t),
b=r¢t—1

and hence

h(r) = (;b - % + 110¢) & + 06 for t < (p—1)/2. (14)

Next consider 2t > p+ 3. In this case we have c¢P~2*2 < r since r > % and ¢ < %(ﬁ,
and hence cg? 7?1 < r¢?~1. We conclude that no b satisfies (12), and the same logic
holds if 2¢ = p+ 2 and ¢ < r. In these cases we have h(t) = 0, so it only remains to
deal with the cases t = p/2, (p+ 1)/2, and p/2 + 1 with ¢ > r. To this end we define
Cot—p = e~ and ro;—, = r¢t. We will freely switch between using this notation and
writing these values out explicitly, depending on whether we are prioritizing using less
space or being clearer with our bounds.

First consider ¢ = p/2 + 1 with ¢ > 7. In this case (as we showed in the proof
of Theorem 1.3), the upper bound of (12) reduces to c¢?/2. We have ¢b — r¢P/?+1 <
cdP/>=1 — ¢~ 1b if and only if b < %(cgﬁp/%l + rgP/2H1) = %(02 + 73), where we used
p+o = /5. Because ¢ > r, we have

rgP/? = ¢7lry < ——(ca +12) < e = g2,

1
NG
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and hence there will exist %(02 + 19) — ¢~ 1ry values of b satisfying both (12) and
b < %(02 + r9), and similarly there will be ¢co — %(CQ + r9) values of b satisfying both
(12) and b > \}5(02 + ro) (this logic would fail if, say, \/—(02 + r2) > ¢co because the
quantity ¢cg — \/—(CQ +r9) would be negative). In total then the count for this range will
be (again using ¢ + ¢~ = V/5),

%(@—Hﬁz) ¢co
Z ¢b—1ra+ Z co— ¢~ 'b (15)
b=¢~1ry %(C2+T2)
1 1 _ 1 1 _
:1—0¢(02 +1r9)* — —<Z5 by \/57‘262 \/57"% +¢7'r3
1 1
+ pc2 — \/_ \/_7’202 2¢c§ + E¢71(CQ +19)% 4+ O(¢P/?)
1 2 1 s oy 1,9 1 g p/2
:ﬁ(@—km) - %(C2+27’2C2 +7‘2)+§¢02—|—§¢ r5 + O(PP' =)
1 1 1
=- %(02 + 1)+ 5(/50% + §¢_1T§ +0(¢7/?). (16)

Plugging in ¢y = c¢?/?>~1 and 75 = r¢?/>*1 into (16) gives

- (%CQ B E’” 2—;57"2) oF +0(¢"?) for ¢ >, (17)

where we used —%({)_2 +o 1= —\/Lg¢2 +¢= %
Next consider ¢ = (p+1)/2. In this case the upper bound of (12) reduces to %gb(p“)/?

As in the previous case, the bound of (13) is determined by whether or not we have
b< %(cqﬁ(”’l)m + r¢(P+D/2). Note that

C(25(17*1)/2 + T¢(p+1)/2 — (¢ + qu)ms(p*l)/? =(c— ¢*1r)¢(p*1)/2,

and this value is non-negative by our bounds on ¢ and r. We conclude that r¢®—1/2 <
%(CQS(”*I)/Q + r¢(p+1)/2), and hence there will exist b in the corresponding range. If

¢> (1—r)¢, then L(ch(”_l)/2 +ro®th/2) > L ¢(p+1)/2 so in this case the bound of
(12) always reduces to ¢b — r¢®*T1/2 and we have a count of

1¢(P+1)/2

1 1
Db gt = g Lt 0 00,
re(r—1)/2

and hence
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h((p+1)/2) = (;72 — %m + 110¢2> P + O(¢P/?) for ¢ > (1 —r)o. (18)

If ¢ < (1 —r)¢, then the count becomes almost the same as that of (15) except cg,ro are
replaced with c¢1, 71 and the upper bound of the last sum becomes %g{)(f’“)/ 2. Effectively
then the count becomes (16) after replacing cq,rs with ¢;, 7 and adding

L¢(p+1)/2

NG 1 1, P
1p (p+1)/2 _ 4.2 P P

> —¢ b= S - 0)

¢01 C1 ¢ \/gcl(b ¢cl 10¢ + 2¢Cl + (¢ )7

so in total we have a count of

_b R Y¢S} Y SRS B S ST p/2
2\/5(C1+7’1) —|—\/501d) —|—2¢ r] 10¢ + O(g?=). (19)

Plugging in ¢; = cp®~1/2 and r; = r¢®+D/2 gives

W(p +1)/2) = <2\1/5¢ ; 1\}’“ 2 f

where we used —ﬁ(b + % = 2—\1/§¢_1 to get the coefficient for r2.

Finally, consider ¢t = p/2. In this case the upper bound of (12) reduces to %gﬁp/? The
bound of (13) is determined by whether or not we have b < %(C +7)¢P/2. As before we
find that this quantity is always at least 7¢?/2~1. If ¢ > 1 — r, then this cutoff value is
larger than —qbp/ 2 5o (13) always reduces to ¢b — 7¢?/? and we get a count of

1

L2 _ L
Wil 10

) ¢P for c < (1 —1)p, (20)

w” 1 1 1
_e4p/2 — — aptl T 2p—1  © p 2 yp—1 p/2
¢;_1¢b rgfl? = fgo7t = grt T - et 1297 + 087,
So)
h(p/2) = lqﬁ_lr? — Lr + igi) P 4+ O(¢P/?) for e >1—r (21)
2 V5 10 '

If instead ¢ < 1 —r, then effectively in the same way we derived (19), we find our count
to be

1 1 1
el p/2 , ——1,.2 = p—1 p/2
\/gcqu + 2g25 o 10(;5 + O(oP'?),

and by plugging in ¢y = c¢?/? and rg = r¢*/? we find

2\/—(60 + To)

1 1—r

1
h(p/2) = (—2\/502+ 7 c-i—2\/5

— 1—0¢_1) QP forc <1 —r, (22)

¢_27’2
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where we used — 2¢ L= fqﬁ_

Let H(n,d) = Z h(t). As we have argued before, P(n, d) is within O(¢?) of H(n,d).
Recall that h(t) = 0 for ¢ > (p + 3)/2. First consider p odd, in which case we have by
(14)

1 1 1
h(t) = (—aslr? S _¢) & 1+ 0(¢7/?)
t<(pz:1)/2 2 V5 10 t<(pZ:1)/2

- (%wrz - %r + %qb) ¢+ 0(¢7?), (23)

where we implicitly used ¢* — 1 = ¢. If ¢ > (1 — r)¢ we add (18) (which is effectively
just ¢ times (23)) to (23), use that 1+ ¢ = ¢, and divide by =P to get

Hind) = (Lort 21 !+ 0670)
If ¢ < (1 — 7)o, then we add (20) to (23) and get
_ Ly _ A ~p/
H(n,d) = 2(;5 et (1—r)+ <r2 T+ 2\/_ 1)0 L4 0(¢P/?).

Now assume p is even, in which case we have

Y. W)= (%oﬁ r? — %r+%¢) > #+0¢"?)

t<(p—2)/2 t<(p—2)/2
o G R R PRI R CY)
2 V5 10 ’
If c<1—7r<r,then h(p/2+ 1) =0 and we only need to add (22) to find
Hn,d) =~ e+ (1-7) 4 <¢‘1r2 ST ¢—2) ¢+ 0(e7).
2 25

If 1 —r <c¢<r, then we add (21) to (24) to find

H(n,d) = <£7‘2 —¢r+ f¢2> +0(p7*/3). (25)

Finally, if c > r > 1 — r we add (17) divided by %cqﬁp to (25) to find

H(n,d) = %c -r+ <¢r2 —¢r+ ¢2> L+ 073,

2v/5
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Plugging in » = 1 — d gives us the desired result by observing that, for example,
r?—r=d?>—dand

5 2 5 1 \? V5 1 2

£T2—¢7‘+—¢2 - (T_ _¢> -y (d— —¢1> . D
2 V5 2 V5 2 V5

We conclude this section by showing that n with two n-good pairs always behave “as

expected.”

Proposition 4.3. Let n > 2 be such that there exist two n-good pairs. Then n is not
s-paradozical. That is, n € D if and only if N(¢n) = |¢n].

Proof. Let a,b,t be as in Theorem 1.1, noting that our assumption on n implies that
a > fi_1. Thus if ¢ > 2 is even, we have by Lemma 4.1

On < ¢ (Ofs — o1 —1) < %((b —¢T 2017 97 < %((ﬁ —¢ 1 +.1) < 5.

Because §,, < .5, we conclude that N(¢n) = |¢n]. Similarly we find that ¢ odd implies
N(¢n) = [¢n]. As n € D if and only if ¢ is even, we conclude the result. O

5. Gap sizes

In this section we prove Theorems 1.6 and 1.7, and to this end we will need some
additional results concerning §,, and A,,.

Lemma 5.1. For any n,¢ > 0, we have

5n+l - 577, + 5[ - |_5n + 6ZJ7
An+€ = An + A@ + [_An - Af—‘

Proof. By definition,

Onte =o(n+ L) — | pn + ¢4
=¢(n+0) — |[n] +6n + €] + 0]
= ¢n+ ol — [n] — [£] — [6n + 0¢]
= 0p + 8¢ — [On + 0¢].

The proof for A,/ is essentially the same. O

Lemma 5.2. For every n there exists 1 < £ < 5 such that dp4¢ < %(j)*l, and one can

choose £ < 3 unless 6, € [0,.15) U (.65,.77). Moreover, there exists 1 < £ < ¢’ < 6 such
that dpye, Onre < %(b‘l unless o, € [0,.3) U (.65, 1].
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For every n there exists 1 < £ < 5 such that A,qp < %q&‘l, and one can choose
0 < 3 unless A, € (.13,.24) U (.51,.62). Moreover, there exists 1 < £ < £’ < 6 such that
Apgo, DM < %wl unless A, € [0,.24) U (.36,.62) U (.97,1].

Proof. Define Iy :={z € [0,1]: 2+, — |z + ] < %gf)*l}. Equivalently, one can view
this as the set of 2 such that there exists some k& € Z such that k—d, < x < k—i—%(bfl—ég.
Computing these values we find

L =1[38...,65...), I, =1[0,.04...)U[76...,1], Iy =[14...,.42..)),
I4=1[52...,.80...), Is =[0,.18...) U (.90...,1], s = (:29...,.56...).

One can verify that for every x € [0,1] there exists some ¢ < 5 such that z € I, and
moreover that one can take £ < 3 provided d,, ¢ [0,.15)U(.65,.77). Note that we can make
these intervals slightly smaller, but we have no need to do so. If z = §,,, then Lemma 5.1
implies that d,+¢ < %qﬁfl for this choice of £. Further, given any = ¢ [0,.29)U(.65,.91),
one can find 1 < £ < ¢/ <6 such that x € Iy, Ipr, and by considering = = §,, we conclude
the first part of the lemma.

For the second part, define J, = {z € [0,1] : * + Ag + [—z — A;]}. We find

Ji=(61,...,89..), Jy=(23...,51...), Js=[0,.13..)U(.85...,1],
Jo=(AT...,.74..), Js=(09...,.36...), Jo=(.70...,.98...).

With this one can argue essentially as before to conclude the results concerning A,,. O

We are now just about ready to prove Theorem 1.6. Our proof will utilize d’Ocagne’s
identity [7,8],

fm-‘rlfn - fmfn-‘rl = (_1)mfn—m7

which is a generalization of Cassini’s identity. We will also make use of the inequality

h<(+ ¢-8)%¢t < 464, (26)

which is valid for ¢ > 4.

Proof of Theorem 1.6. We demonstrated before the statement of the theorem that each
of these gap sizes can occur, so it remains to show that these are the only values that
occur. We first consider diy1 — di and let n = dj. One can verify that the statement is
true for n < fgf5 = 40, so we can assume n > 40, and hence t(m) > 6 for all m > n by
Lemma 2.3.

By Lemma 5.2, there exists some 1 < ¢ < 5 such that 0,4, < %(ﬁ_l. This implies
that n 4+ ¢ € D by Proposition 4.2, and hence
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dk+1—dk§n+€—n=€§5.

It remains to show that this difference is not 4. Assume for the sake of contradiction
that dr4+1 = n + 4, which implies that ¢(n + 4) is even and that ¢(n + ¢) is odd for all
1 < ¢ < 3. By Lemma 5.2 we must have that d,, € [0,.15) U (.65,.77).

First consider §, € [0,.15), which by Lemma 5.1 implies 6,14 € (.47,.63). Let a =
a(n+4),b=>b(n+4),t =t(n+4) be as in Theorem 1.1, and recall that we are assuming
t to be even and at least 6. We claim that b —a > f;_o. Indeed, if instead a > b — f;_o,
then by our bounds on §,,44, Lemma 4.1, and (26), we would have

AT¢H < 6,0 =b—a < gb—b+ fi_o=0""b+ fio
<Ot fio < A6(0 T 4 ¢ 72) = 469,

a contradiction.
By d’Ocagne’s identity with n =t — 1,m = t — 4 and the assumption that ¢ is even,
we find

n+2=Mn+4)-2=af +bfi—1+ fi—aft — fi—sfi—1
= (a+ fi—a)fe + (b — fi=3) fi-1.

With this in mind, define a’ := a + f;_4 and &’ := b — f;_3. Note that @’ > a > 1 and
b <b < f;. Moreover,

V—d =b—fis—a—fra=b—a— fi_3>0.

We conclude by the uniqueness of the integers of Theorem 1.1 that a(n + 2) = o/,
b(n+2) =¥, and t(n + 2) = ¢. In particular, ¢(n + 2) is even, a contradiction to our
assumption that n+2 ¢ D.

Now assume §,, € (.65,.77). Let a = a(n),b = b(n),t = t(n), and recall that n = dj,
implies that t is even. We claim that b — a > f;—1. If this were not the case, then as
before we find

650" < ¢b—a < ¢ fi+ fro1 < 46207 < 5T,
a contradiction. By Cassini’s identity and the assumption that ¢ is even, we find

n+1l=afi+bfi—1+ fi—sfe — fr—aft = (a+ fe—s) fr + (b — fr—2) :==d [y +V fr1.

Againad >a > 1,0/ <b< fi,and V' —ad' =b—a— f_1 > 0, so we conclude that
t(n+ 1) =t, a contradiction to our assumption that n+ 1 ¢ D.

The proof for the case ug41 — uy is essentially the same, so we only sketch the details.
One can show that ug1 —ur < 5 exactly as we did for dgy1 —di. Let n = uy, and again
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we can verify the statement for n < 40. Assume n 4+ 4 = wugy1. Lemma 5.2 shows that
this implies A,, € (.13,.24) U (.51, .62).

If A, € (.13,.24), then Lemma 5.1 implies that A, 14 € (.65,.77). Let a = a(n+4),b =
b(n +4),t = t(n+4). By noting that ¢ is odd and using essentially the same argument
as in the case d,, € (.65,.77) (using the exact same numerical bounds), we find that
b—a > fi_1. Because t is odd we have by Cassini’s identity

n+3=afi+bfi—1+ fi—sfe — ficafio1 = (a+ fiez) fr + (b— fi—2) fr.

As before we find ¢(n + 3) = ¢, a contradiction.

If A, € (.51,.62), let a = a(n),b = b(n),t = t(n). Doing the exact same computations
as in the case d,, € [0,.15), we find b — a > f;_2, and hence by d’Ocagne’s identity and
the assumption that ¢ is odd we have

n+2=(a+ fi-3)fi + (b — fi—a)fi-1,

and from this we conclude t(n + 2) = t, a contradiction. O
We prove Theorem 1.7 using similar ideas.

Proof of Theorem 1.7. Let S = {2,3,4,5,6,8,10}, D2 = {dg42 —di}, and Uz = {up2—
ug }. We first show that S C Dag, Us. One can see from (1) that 2,3,4,5,8 € Dy (using
48 —46, 10—7, 9—5, 7—2, 23 —15), and one can verify that ds3 — ds; = 102 — 96 = 6
and dgrqy — d37a = 756 — 746 = 10. Similarly from (2) one sees that 2,3,4,5,6,8 € Us
(using 21—19, 6—3, 8—4, 11—6, 14—8, 50—42), and one can verify that ugs; — ugsg =
1927 — 1917 = 10. It remains to show Dy, Us C S.

Note that we can not have, for example,

9 =dpy2 — di = (dipg2 — di1) + (dp41 — di)

without one of these differences being 4 or larger than 5, so by Theorem 1.6 we conclude
that 9 ¢ Do, Us. Similarly m ¢ D, Us for any m > 10. Trivially 1 ¢ Do, Us, so in order
to show Do, Us C S it remains to prove 7 ¢ Do, Us.

Let n = dj. One can verify that the statement is true up to n < fsfr = 273, so we
can assume n > 273, and hence t(m) > 8 for all m > n by Lemma 2.3. Note that we
have dj12 — di < 6 whenever d,, ¢ [0,.29) U (.65,1] by Lemma 5.2, so it remains to deal
with these cases. As we will see, most of these cases can be solved automatically by our
previous propositions and theorems.

If 6, € (.73,1] € (1 — %qﬁ‘l, 1], then n € U by Proposition 4.2, which contradicts
the assumption n = dy € D. If §,, € (.65,.74), then one can verify that d,14 < jggzﬁ’l
(in essentially the same way by which we constructed I in Lemma 5.2), so n +4 € D.
But n + 4 # di+1 by Theorem 1.6, so dr+2 < n + 4 and we conclude the result in
this case. Similarly, if 6, € (.14,.29), then d,435 < %(ﬁ_l and we have n +3 € D.
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If digso < n + 3 then we are done, and otherwise di+1 = n + 3 and we can not have
dgyo = dp + 7 =dg41 + 4 by Theorem 1.6. If §,, € [0,.04), then 8§, 42,0,15 < %qﬁ’l, SO
di+2 < n+5 in this case.

The final case to consider is §,, € (.039,.15). Assume that in this range we have
diyo =n+7,and let a =a(n+7),b=0b(n+7),t = (n+ 7). Note that in this range we
have d,7 € (.36,.48). We claim that b—a > f;_4. Indeed if this were not the case, then
by (26) (and the assumption ¢t — 4 > 4), we would have

360" < ¢TI0+ fi_a < 46(¢1 4 ¢t < .35¢,

a contradiction. By d’Ocagne’s identity with m =t — 6,n =t — 1 and t even, we find

n+2=af+bfi—1+ fi—eft — fi—sfi—1 = (a+ fi—¢) + (b — fi—s5).

As in the proof of Theorem 1.6 we conclude ¢(n+2) =t is even, so dg4+1 < n+ 2. In this
range we also have 15 < %d)’l, S0 digy+2 < n + 5, a contradiction. We conclude the
result for Ds.

We now turn to ugyo — ug. Let n = uy, and again we can verify this theorem for
n < 273 and hence can assume that t(m) > 8 for all m > n. We will be done if
dn ¢ [0,.24) U (.36,.62) U (.97,1] by Lemma 5.2, so assume this is not the case.

Since (.97,1] € (1 — %qﬁ‘ﬂ 1], this is dealt with by Proposition 4.2 as in the down-
integer case. Similarly if A,, € (.12,.24), then A, 7 < %qﬁ_l, and hence n +7 ¢ D. If
A, €[0,.13), then A, 13 < qui)’l and hence either ug1o < n+3 or upr1 =n+ 3, in
which case we can not have ugio = (n+3) +4. If A,, € (.47,.62), then A, 14 <
and n+4 € D, but ugy1 # n+ 4 so we have ug1o < n+ 4.

The last case to consider is A,, € (.36,.48). Let a = a(n),b = b(n),t = t(n). By the
exact same computations we did for the case §,, € (.039,.15), we find b —a > f;_4. By

1 -1
70

d’Ocagne’s identity and the assumption that ¢ is even we find

n+5=af+bfi—1+ fi—eft — fi—sfi—1 = (a + fi—¢) + (b — fi—5),

and conclude that ¢(n + 5) = t is even. In this range we have A, 0 < %qﬁ_l, SO
Ugt2 < n+ 5, finishing the proof. O

6. Another view: starting from the end

Here we describe another approach for determining n-good pairs. This is by means of
what we call a reverse Fibonacci walk R = (r1,79,73,74,...). To perform this walk, we
start with values r; = n and ro = b, where 1 < b < n, and define 715 = 7 — 71+1. The
walk continues as long as ry > 0. Let ¢ = ¢(n,b) be the largest index for which r; > 0,
and we note that in general this value ¢ does not equal ¢(n) as defined in Theorem 1.1.
Thus, R = R(n,b) = (n,b,n — b,2b — n,2n — 3b,5b — 3n,5n — 8b,...). In general,
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{szn — fu_ib if k is odd,
T =

fu_1b — fr_on if k is even.
For example,

R(100,61) = (100, 61,39,22,17,5,12),
R(100,62) = (100, 62, 38,24, 14, 10, 4, 6),
R(100,63) = (100, 63, 37, 26, 11, 15).

It follows from the definition of R that wy(5,12), wg(4,6) and wy (11, 15) are all Fibonacci
walks that hit n = 100. Of course, any pair wg(rx—1,7%) in R(n,b) has this property, but
only the terminal pair (r;—1,7;) has a chance of having length s(n), that is, of generating
an n-slow Fibonacci walk. Thus, to determine s(n), we only have to try a linear number of
b’s as opposed to the quadratic number of candidates needed for the ordinary Fibonacci
walk for n. In fact, we can do much better than this.

Proposition 6.1. There exists an O(logn) algorithm that takes n as input and returns all
n-good pairs.

Proof. The algorithm proceeds as follows. One first generates the reverse Fibonacci walks
R(|¢n],n) and R([¢n],n), and it is not too difficult to see that we need to generate
O(logn) terms for each of these sequences. By Theorem 1.1, the pair (r;—1,r:) of the
longer sequence will be the pair (a(n),b(n)), and from this information one can deduce
all n-good pairs by Theorem 1.1. O

Let us rescale the reverse Fibonacci walk as

R(1,%)=(1,2,1-2/20_q 23050358 )

n’n n’n

= (p1,p2,P3,Pa5-- -, Pt)

where p, = "&£ and t = t(n,b) is the number of terms in the walk. The following result
is well-known (e.g., see [8]):

Fact.
N (R RN - - B Y S SN RSN -1, R -1 RN - S
T < f3 < < far—1 < fart1 < < [} < < far+2 far < < fa < fa 1.
Define
_ | fau—2 _ fou _ | feutr fou—1
K2u+1 - (fzu—l’ f2'u,+lj|7 K2"+2 - [f2u+2’ fou )’ (28)

for w > 1. Thus, (0,1) = U,>1K, is a decomposition of (0,1) into disjoint half-open
intervals. We can picture this as
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(0, 1) = K3K;K7... K2k71K2k+1 - % . K2k+2K2k - K6K4,

with the point % = 0.618... separating the odd K’s from the even K’s. Note that the
lengths of the K’s decrease exponentially rapidly since K, has length —1

1 o _5
fm—2fm ¢2m’_2 '
Proposition 6.2. t(n,b) =m < £ e K,,.

Proof. There are two cases depending on the parity of m. First, suppose m = 2u + 2
and that % € K,,. Thus,

f2u+1 S E< f2u—1.
fouso n fou

Hence,

Nfour1 — bfourea <0 and  nfou—1 —bfay > 0.

This implies that roy43 < 0 and rp, > 0 for £ < 2u + 1. However, we claim that
Tout2 = bfout1 — nfay > 0 as well since

foug1 _ 1 fou

f2u+2 ¢ f2u+1 '

Consequently, t(n,b) = 2u + 2, as claimed. The argument for m odd is similar and is
omitted. O

b
- >
n

With this we can imagine a point starting at 0 hopping along with steps of size %

until it gets to the point 1. By Proposition 6.2, finding the value b with t(n,b) as large
as possible is thus equivalent to knowing which step b in our 0 to 1 walk will land in the
interval K,,, with the largest value of m. Sometimes there may be two consecutive values
of b which do this (but never three!). Also, it isn’t necessarily the step which is closest
to % because of the non-symmetry of the K'’s.

(The argument that there can’t be three consecutive values of b that land in the same
K,, with the largest value of m goes as follows. Suppose that our hopping point lands
three times in such a Kg,41. Since the length of Ky, 1 is 7

1
2u—1f2u+1

be less than % of this. In order for this K to be optimal, the next step must go beyond é

, the step size must

and in fact beyond Kag, 2. Since the right-hand boundary point of Ky, 4o is ! "’f“‘l this

2u

implies that

1 St S 1
2 fou—1fout1 fou fourr  foufous1’

in other words

fou > 2fou—1
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which is impossible. The argument for the other parity is similar.)
7. Magic tricks

Returning to some of the original motivation for this study, we describe two similar
tricks based on Fibonacci walks. For the first (somewhat wimpy) trick, a spectator is
asked to choose two arbitrary numbers a and b between 1 and 8. They can be equal if
desired. Then the spectator is asked to form a Fibonacci walk starting with a and b, and
continuing for 5 steps. After a bit of mental calculation, the performer announces what
the number could have been if the spectator had taken a sixth step (and the audience
goes wild, or perhaps goes home!).

How does it work? Suppose the fifth step ends with the number N. We know that
N = 5a — 8b. Reducing this modulo 8, we have 5a = N (mod 8), or a = 5N (mod 8).
Since a < 8, then we know a = 5N (mod 8), or 8 if this is 0. b is now 2% and the
sixth number in the walk would be 13b — 8a = 5b — 3a — N. (We told you it was wimpy!)
The same technique works if the spectator can choose two values a and b between 1 and
13 and is asked to take a Fibonacci walk of six steps. The performer can then predict
what the seventh step would have been. One can also show the correctness of this trick
by using Theorem 1.1.

We mention a (somewhat better) magic trick which was originally given by Richard
Stanley and which was generalized by Marc van Leeuwen [5]. A spectator chooses two
numbers 1 < a7 < ag < N and then constructs the sequence defined by a = ax_1+ag_o
up to some value k with N < ¢¥71/2 + ¢. For example, for N = 25, the number
of additions should be at least 9. The spectator tells the magician ag, and then the
magician says that the next number in the sequence would be N(¢ay). The correctness
of this trick can be proven using similar ideas as that of Lemma 2.1. The advantage of
the first trick is that the calculations involved can be easily performed mentally. This is
not true for the second trick (at least for us!).

8. Concluding remarks

There are a number of open problems left to consider, many of which concern the gap
sizes of D and U. To this end, define

Dy, = {korg —dp: k> 1},
Dy(m) = {n: 3k > 1 such that n = dj, dgt¢ —n =m}.

We similarly define Uy and Uy(m).

We suspect that one can determine Dy and U, for any fixed ¢ by using the techniques
used to prove Theorems 1.6 and 1.7. For example, computations suggest that D3 = Uz =
{3,4,5,6,7,8,10,11,13}. Is this actually the case? It seems to be more challenging to
determine these sets for all 4.
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Problem 8.1. Determine Dy, U, for all £.
We have seen that D; = Uy and Dy = Us. We suspect that this continues to hold.
Conjecture 8.2. D, = U, for all ¢.

Some elements of D, and U, seem to be “sparser” than others. For example, the
smallest element of Us(10) is 1917, so it seems like having ugy2 — ug, = 10 is fairly rare.
It would be of interest to make this observation more precise.

Problem 8.3. Determine the densities of the sets Dy(m) and Uy(m) for various ¢ and m,
and in particular for £ = 1.

We suspect that Dy(m) has positive density for all m € Dy. In particular, we suspect
that the following is true.

Conjecture 8.4. For all m € D;, we have |Dy(m)| = 0.

In this paper we defined wy, to follow a Fibonacci-like recurrence. One could ask similar
questions for different kind of recurrences. For example, one could consider recurrences
of the form wi4+2 = qwr41 + Pwyg, and we plan to investigate this further in a follow
up paper. Another direction to consider would be to look at sequences of the form
W43 = Wrt2 + Wkt1 + wg, and we will call such a sequence a tribonacci walk.

Question 8.5. What can be said about n-slow tribonacci walks?
Perhaps the most important open problem is the following.

Problem 8.6. Figure out more magic tricks using Fibonacci walks!
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