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Abstract

A sum sequence modulo n is a sequence S = (si,S82,...,54) of
elements in Z/nZ such that every x € Z/nZ can be represented as
si+sj, i < j, in the same number X of ways. For example, (0, 1,2,4)
is a sum sequence modulo 6 with A = 1. We examine polynomi-
als associated with sum sequences using tools from number theory,
combinatorics and Galois theory. In particular, we give a complete
characterization of sum sequences and their associated polynomials.
We also describe some variations on these ideas and mention several
possible generalizations to arbitrary finite groups.

1 Introduction

Given a finite group G of order n, an (n,d, \) difference set is a d element
subset D C G such that every non-identity element of G can be expressed
as gh™' with g,h € D in exactly A ways. Difference sets have a long and
distinguished history in combinatorics and an extensive literature is available
(e.g., see [9]). However there are still many fundamental questions concern-
ing difference sets which remain unanswered. Difference sets with A = 1
correspond to finite projective planes and even here we know relatively little.
For example, it is conjectured that the order of any finite projective plane
must be a prime power, and while projective planes of orders 6 and 10 have
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been ruled out, the existence of a finite projective plane of order 12 is still
unresolved (see [5]).

In this paper we will investigate a related concept which we call sum se-
quences. In the most general setting, we start with some finite group G.
A sequence S = (s1,89,...,84) with s, € G for 1 < k < d will be called a
(G, d, \) sum sequence if every element g € G can be represented in exactly A
ways as a product s;s; with 7 < j. Since we are going to restrict our attention
in this paper to the case that G is the cyclic group Z/nZ, we will write our
group operation as addition. We will usually just say that S is a (n,d, \)
sum sequence or just a sum sequence modulo n when the parameters d and
A are understood. Of course, since Z/nZ is abelian, the order of the entries
in S doesn’t matter.

Here are a few examples of sum sequences:

0) (mod 1)
(0,1,2) (mod 3);

(0,1,2,4) (mod 6);

(0,0,1,2,3,4) (mod 5);
(0,0,0,1,1,1,1,2,2,2,3,3,3,3,3,3) (mod 4).

Incidentally, the last example is the smallest sum sequence modulo 4.

An outline of the paper is as follows. In the first few sections we describe
some background and preliminary material. In Section 3, we recast our
problem in terms of a polynomial P (z) = 327" a;z% over the rational field
Q. Here, a; is defined to be the number of indices j such that s; = ¢. In
Sections 4, 5 and 6, we characterize these polynomials. In particular, we
show that S is a sum sequence modulo n if and only if P (9)? = P(5)(6?)
for all @ satisfying 0" = 1 with 6 # 1 (i.e., the non-unity n'* roots of unity).
In Section 7, we describe the relationship between two related families of
polynomials corresponding to the sum sequences. In Section 8, we translate
our results back into polynomials over Z which then can be applied to our
original problem of sum sequences in Z/nZ. In Section 9, we consider a
variation of sum sequences in which we allow the additional sums s; + s;.
Finally, in Sections 10-11 we make some concluding remarks.

We point out some related work that appears in papers of Lam [3, 6], and
Isbell [2] in the late 70’s. Here, an (n,d, A\, u) addition set is a subset
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T = {t1,ts,...,ta} C Z/nZ such that every nonzero residue has exactly
A representations as ¢; +t;, ¢ < j, while 0 has exactly p such representations.
These concepts were also applied to finite groups by Sumner and Butson
[11, 12] around the same time. More recently, in the past few years, Coulter
and Gutekunst [1] have developed these ideas even further. In particular, for
a group G of order n, they call a subset T' = {t1,ts,...,t3} C G an (n,d, \)
sum set if every element of G' can be expressed as a product t;t;, ¢ < j,
in exactly A ways. They then derive various necessary conditions on these
parameters for sum sets to exist, and give examples when they do.

The point is that in these definitions you are only allowed to form pair sums
from a subset of the group. For our results, a sum sequence S can have many
copies of the same element. This allows for a much greater variety of sum
sequences, at least in the case when the group is Z/nZ, which is the only
case we consider.

We should remark that this work was begun as a project of the last two
authors more than 50 years ago. Unfortunately, the untimely death of Jon
Folkman in 1969 (see https://en.wikipedia.org/wiki/Jon_Folkman) delayed
completion of this work until now. We are pleased that we were finally able
to complete it.

2 Preliminary remarks

An obvious restriction on the parameters of an (n, d, \) sum sequence is that

(1) - 0

Thus, for n = 4, for example, the only values of d for which an (n,d, \)
sum sequence could exist are for n = 0 or 1 (mod 8). Suppose we tried a
brute force approach for determining all sum sequences (mod 4). Denote
the hypothesized sum sequence by S = (0%,1%,2% 3%), where s’ denotes ¢
copies of the value s. Thus, the example of the sum sequence in the previous
section is denoted by (03,1%,23 3%). Computing the number of times each



residue modulo 4 occurs for S, we have

(;) + (Z) +yw for 0 (mod 4);

xy+zw for1 (mod 4);

(y) + (w) +xz for 2 (mod 4);
2 2

zw+yz for3 (mod 4)

These expressions must all be equal, so subtracting the 4th expression from
the 2nd, and factoring, we obtain

(r—2)(y —w) = 0.

Now (w.l.o.g) setting z = x, we have 2? — 2 + yw = z(y + w) = 2* + 3(y* —
y + w? — w). Finally, eliminating w from the two equations, we obtain the
quartic Diophantine equation

vt — (dy + D2’ + (6y* +y +2)2% — 4y —y* +y)x + yt— 3 =0. (2)

Actually, this doesn’t look like much fun to solve! In fact, not only is
(z,y) = (3,4) a solution, but so is (z,y) = (18,21), (z,y) = (60,66), and
more generally, the one-parameter family (z,y) = (3(¢* — %), 3 (¢* +* — 2¢))
for t € Z. (This is not the only one-parameter family of solutions to (2)). It
would appear that this method is not going to be very helpful in trying to
classify all possible sum sequences modulo n for general n. So instead, we
will take a different approach.

The following definitions and facts will be needed later. (These can be found
in any standard text on algebraic number theory such as [7]). The nth
cyclotomic polynomial, denoted by ®,,(x), is defined by

D, (x) = H (z — ki),

1<k<n
ged(kn)=1
For all n, ®,(x) is irreducible over Q. The degree of ®,(x) is just ¢(n),
Euler’s totient function which counts the number of integers less than or
equal to n and relatively prime to n.



Euler’s theorem [8] states that if a and n are relatively prime then

a®™ =1 mod n.

A basic fact concerning cyclotomic polynomials is the following:

"t —1= H H (z— 62”““/") = H Dy(x). (3)
din  1<k<n din
ged(k,n)=d

Here are some examples of cyclotomic polynomials.

Oy (z) =z — 1,
Pon(z) = 142", n>1,
p—1
Pi(x) = Z 277" if pis an odd prime,
=0
p—1
Bonpe(z) = Y (=172 P > 1k > 1.
=0

For a prime p and p { n,
D, (2) = D, () Py ().

3 The polynomial P (z)

Suppose n > 2 and S = (s1, Sg, . .. S4) is a sum sequence modulo n. We now
introduce a polynomial P®)(x) associated with S. To do this, define a; by

ai={j: s =i}l (4)

Then define
PO(z) =) a'. (5)

We will usually just write P(x) instead of P)(x) when the set S is clear.
For example, the sum sequence (0,0,0,1,1,1,1,2,2,2,3,3,3,3,3,3) modulo 4
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has the associated polynomial P(z) = 6z®+3z*+4x+3. If P(x) corresponds
to some sum sequence modulo n, we will say that P(x) is balanced modulo
n (or just balanced if the value of n is clear).

Observe that if S = (s1,82,...,54) is a sum sequence modulo n, then so is
the sequence S + ¢ = (s1 + ¢, 82+ ¢,...,84 + ¢). Hence, the corresponding
shifted polynomial P*)(z) = 2P (x) mod (2" — 1) is balanced modulo
n.

Theorem 1 Suppose n > 2 is an integer and S = (s1,S2,...,84) 1S a Se-
quence of residues modulo n. Let P(z) = Z;:ol a;x* be the associated polyno-
mial where a; is the number of indices j such that s; = i. Then S is a sum
sequence modulo n if and only if P(\)? = P()\?) for each complex number \
satisfying \" = 1, A # 1.

Proof: Let N, denote the number of sums congruent to £ mod n. Then

(. — 1 .
Z a;a; + ak(akT) where 2k = k (mod n) if n is odd,
0<i<j<n—1
i+j=k (mod n)

g a;a; if k£ is odd and n is even,

) o<i<j<n—
Ny, = i+j=k (mod n)

apso(apss — 1 g /24n/2(0k 240 /2—1)
Sy D S G
0<i<j<n—1
i+j=k (mod n)

\ if k£ is even and n is even.

Regarding subscripts modulo n (in the remainder of this proof), we have

ne1 2N, + a4, where 2k = k (mod n) if n is odd,
Z a;ap—; = { 2N}, if k£ is odd and n is even,
i=0

2Ny, + agj2 + arja4ns2  if k is even and n is even.

We write



where A, B, C, D are polynomials of degree at most n — 1. Let

A(z) + B(x) = i: bra”

n—1
C(z)+ D(z) = chmk
k=0
Then
n—1
by, = Z ;g
i=0
aj where 2k = k (mod n) if n is odd,
=<0 if k£ is odd and n is even,
a2 + apja4ns2  if kis even and n is even.
By setting
n—1
N(z) = Ny,
k=0
we have

A(z)+ B(z) = C(z) + D(x) + 2N (x).

Thus we conclude that (si,ss,...,54) is a sum sequence modulo n if and
only if all the Ny are constant, and that this is equivalent to N(\) = 0 for all
non-unity n® roots of unity A. This is in turn equivalent to P(\)? = P(A\?).
O

4 A useful lemma

The following lemma will be needed for the proof of Theorem 2 in Section 5.

Lemma 1 Suppose p is an odd prime and P(x) is a polynomial with integer
coefficients. Suppose there are polynomials Kq(x) and Kpq(x) satisfying

P(z) = Ky(z)®4(z) + prgx®?
= Kpa(@) pa() + p1paz



where o, apg are integers and fiq, pipq are either 0 or 1. Then

fa = Hpd and ag = apg (mod d).

Proof: Note that since P and ®,; have integer coefficients and ®,; has no
integer factor except for £1, then K has integer coefficients (by using a well
known result of Gauss, e.g., see [10]).

For the remainder of the argument we will regard all polynomials as elements
of Z,[z]. Note that

Oy(2)d if ptd
(2u())” = @uar) = S ale) R A
D,4(x) if p | d.
Therefore, if p{ ¢ and r > 1, we have
1 r—1
Dprq(a) = (@q(x))(p L

Suppose p{r,pts,r # s. Let p(x) be a prime factor of ®,(z). Then ¢ t Dy
and ©? ¥ ®,. Suppose not. Then ¢? | ®,®,. Since ®, P, | 2™ — 1, we get
©* | 2" — 1. Then 2" — 1 and rsaz™~! have a common factor, which is a
contradiction.

Let d = p*q where p 1 q. We consider

)Pt if s =0,

x)P if s > 0.

If pipa # pa, then ®4(x) divides a power of x which is impossible. If j,q =
pa = 0, we are done. Suppose fipg = pg = 1. Then ®4(z) | 2% — 2% so
(bd(x) | xlapd_adl — 1.

Let |opg — aql =1d+ 1, 0 <r < d. We then have
glovamedl — 1 = (29— 1)(1+ 2%+ ...+ 20 D) 2" + 2" — 1.

Since ®4(x) | 2¢ — 1, we have ®y(x) | 27 — 1. Suppose r > 0. 2" — 1 is a
product of powers of ®s5(z), for all § | r,p 1t 4.
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If g t r, then ®,(x) and 2" — 1 are relatively prime. However, ®, | ;| 2" — 1
since d = p°q. Hence ¢ | r. Let r = p'qr’. We consider

2" —1 =[] ®s(x)

S|r

= H D () H H O g()

8|qr’ k=0
07q

= ()" [ @s(a)”".
S|qr’
q#q

Since ®4(x) is a power of &,(z) and P, (x) is relatively prime to ®s(z) for
O | qr', 6 # g, 50 Ca(x) | By(w)”"

If s =0, we have d = ¢ and r = p'qr’ > ¢ = d, which is impossible. So,
s # 0. Therefore, we have

By () = Dpog() = ()P~
and  By(a) PP | @y ()
which implies (p — 1)p*~! < pt.
If s > t, then
s> o
so s < t. Hence
d=p'q<pq<pq’=r

which is impossible. Thus, we must have » = 0 and therefore o,y = ay (mod
d). The lemma is proved. O

5 The next reduction

In this section we derive a strong restriction for polynomials that satisfy the
conclusion of Theorem 1.



Theorem 2 Suppose n = m2" > 2 where m is odd and P(x) € Z[zx]. Fur-
ther, suppose

P(A\)? = P(X\?) for all X with \" = 1,\ # 1. (6)
Then
(1 —am") .
P(z) = m[((z‘) + px (7)
where p = 0 or 1, a is a non-negative integer and K(x) € Qx] with

deg(K(x)) < 2".

Proof: If m = 1, the theorem is trivially true. Assume m > 1. Let d > 1
and d | m. Suppose A is a primitive dth root of unity. Hence \ # 1 and

2"m/d

A= (M) 1.

From Euler’s theorem, we have
29 = sd + 1

for some s odd. Note that d is also odd.
Since P(\)? = P()\?), iteratively we have

P()\)Sd+1 _ P(A)2¢(d) _ P()\2¢<d>>
= P\ = P()).

Thus we have P(\)*® = 0 or P(\)*¢ = 1. If P(\)*? = 1, P()\) is a root of
unity. Let P(A) have order e. Then e divides sd so e is odd. Let f be the
least common multiple of d and e. Note that both A and P(\) € Q[\] so Q[)]
contains a primitive root of unity of order f. Hence Q[)\] contains a subfield
of degree ¢(f) over Q. Since Q[)] is of degree ¢(d) over Q, then ¢(d) > ¢(f).
However d | f and f is odd, so d = f. Hence e | d and therefore P(\) is a
power of A. Thus for ug = 0,1, we have P(\) = pug\*¢. Therefore,

P(x) = Kq(x)®g(x) + paz™
ford > 1,d|m and pug =0, 1.
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Now let & be a 2%th root of unity, where 0 < s < r. We may assume
€ = X. € and its powers are nth roots of unity so we may iterate the
relation P(£)? = P(£?) to obtain

P(§)* = P(€") = P(A) = paA™".
Hence,
P(6)%4 = pgh™ = pg =0 or 1,
50 P(&) = pigsg€@2*¢ is 0 or a 2°¢th root of unity, i.e.,
P(§) = po=a§"*".
Thus,
P(z) = Kasq(2)Pasq() + prgsqr**.

We can now relax the definition of d and by using Lemma 1 we have, for

d|n,dt2",
P(z) = Ky(z)Pg(x) + pax?, w=0orl.

For p an odd prime, pd | n,d 1 2", we have pg = ppq and ag = a,q (mod d)
by Lemma 1. If 2d | n,d t 2" and £ is a primitive 2dth root of unity, then

(%) 2 _ _ _ (6%
(12a6%2%)" = P(£)* = P(€?) = pa&>*.
Therefore pig = p1oq and 2d | 2ai9q — 204 and g = agg (mod d).

[terating these relations we have pugy = p, and oy = «, (mod d). Since
it = gt + 2t (2? — 1) and $y(x) | 27— 1, we may change ay by any multiple
of d by altering Ky(z). Since ay = o, (mod d) we may assume that ay = .

We now have ®4(x) | P(z) — ppx® for d | n,d 1 2". Since ®4(x), Py (x) are
distinct irreducible polynomials for d # d'. P(x) — p,z*" is divisible by

H Sy(z) =1+2% 4222+ .. 427m D

dln
d2r
z2m —1
T 1
This completes the proof of Theorem 2. O

A consequence of Theorem 2 is the following.
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Theorem 3 Let n be an odd integer. A sequence S is a sum sequence
modulo n if and only if it can be shifted to a sequence with “coordinates”

ag,ay, ..., 0,1 where either a; =a fori=0,...,n—1 or
a+1 ifi=0,
i = o
a ifi=1,...,n—1.
Proof: Let S have coordinates ag, ay,...,a,_1 (where, as usual, a; denotes

the number of terms in S that are congruent to i modulo n). Let P(z) =
ap+ a1x + ...+ a,_12" 1. By Theorem 1, S is a sum sequence modulo n if
and only if P(\)? = P(\?) for \* = 1,\ # 1. By Theorem 2 this condition
implies

Plx)=K@)(1+z+...+2") 4+ pa®.
For \ satisfying A =1 if X\ # 1, we have
P()\)Q — “2)\204 _ M)\Qa — P()\Q)

Since the degree of P(x) is at most n — 1, the polynomial K (x) is a constant.
Hence the sequence is a sum sequence if and only if all the entries are equal
with the possible exception of one coordinate which is one larger than the
others.

By a suitable shifting, the exceptional coordinate can be assumed to be ay.
This proves Theorem 3. 0

6 Characterizing P(x) € Q[z].

In this section we will allow our polynomial P(x) to have rational coefficients.
This makes it more convenient to apply the results from Galois theory that
we will need.

For a given integer n > 2, we wish to characterize those polynomials P(x) €
Q[z] which satisfy the equations:

P(0)2 = P(6?) for all 6 with 0" = 1,0 # 1. (8)
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We will assume deg(P) < n — 1. For the rest of this section, we will assume
that \ is a fixed primitive 27th root of unity, i.e., A2 ' 4+ 1 = 0. Note that
P(z) =0 and P(z) =1 are trivial solutions to (8).

Thus, we can set a = 0 in (7) and rewrite it as follows. Suppose n = m2"
where m is odd, and suppose that P(z) satisfies (8). Then (up to a shifting
factor of ), we have

(1 —am2")

P@) ===y

K(x) + p (9)

where =0 or 1, and K(x) € Q[x] with the deg(K(x)) < 2". Our goal then
is to characterize the polynomials K (x) so that P(x) satisfies (8).

We first make some preliminary remarks.

Let
1 — 2% = & (2)Py(2)P3(z) ... Py () (10)

be the factorization of 1 — 22" into the (unique) irreducible cyclotomic poly-
nomials ®(z) where

Oy(z)=1—zand Bp(z) =1+2>", 2<k<r+1. (11)

Then there is a unique expansion

K(z)  &Kbele)  bi(e)  bo(x) bi.(z) bria (2)
1 —a® —Zq)k($) T 1—i—x+'“+ 1+ 2272 o 142277
(12)

where by(z) € Q is a constant, by(x) € Q[z] and deg(by(z)) < 2772 for
2 < k < r+1. The proof for this expansion is the method of partial fractions
taught to college algebra students. Note that in fact, b; and by are constant,
and do not depend on x.

Theorem 4 Letn = m2" > 2 be given where m is odd. Suppose P(x) € Q[z]
satisfies

P(0)* = P(6?) for all 0 with 0" = 1,0 # 1.
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where deg(P(x)) < 2™. From (9) and (12) we can write

Pla) = (=" Y go 05 (13)

where p = 0 or 1. Then P(x) lies in one of two types of one-parameter
families of polynomials (up to shifting by a power of x).

Type I. Choose t € Q, and define

Cry1 =1, Ck_1:Ci, bk_—(ck_lu>a 2<k<r+1,

1
om2r

b (c1 — p). (14)

Type II. Forr > 3, choose t € Q and define

Cry1 = tVE2, by = lf(il‘y_3 Fa¥? - 1)
1

9

Ch—1 = Cp, by =
1

m27

b1:

(Cl — ,u)

Note that in both cases, these choices define P(x).

Proof: With n = m2", m odd, suppose 0 +1=0with0 <k <r—1.
Then we have the

Claim.
P(1) =m2by 4 p, P(6) = m2  Fbpyo(0) +p, for 0 <k <r—1. (16)

To see this, note that

(1 _ l.mT) (1 _ xm2’")
PO =" K S S A
( ) (1 _ ZL'ZT) (I’) o + 1% (1 n ka) k+2<l’) o + 1%
_m27‘9m2r—1
= 2]602’“—1 bk+2(0) + /“L

= m2r_kbk+2(9) + 12
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i‘f—;jrbjﬁ(x),j # k, in the expansion of P(zx) are

0 when z = 6 and 62" + 1 = 0. Similarly,

since all the other terms

or -~
Py = K] wa=Srtn)
=m2'b +
This proves the Claim.
Since 62 satisfies (02)2"" +1 = 0, we find by (16),
P(0%) = m27 b, 1 (0%) + p. (17)

Hence, if P(z) satisfies (8) then we have

b1(6%) = m27 105 (6) + pbrsa(6), (18)

where we use the fact that u?> = u. For b; we have the (slightly different)
relation

by = m2"b5 + 2ubs. (19)

Thus, for example, since A + 1 = 0, then b, = b.(A\?) = 2mb,41(\)* +
ib-11(X). More generally, once the value of b, 1(A) € Q(A) is fixed, then the
values of all the other bx(x),1 < k < r, are determined by (18) and (19).

Let us make the substitutions
et =m2by +p, cp=m2" ", 2<k<r+1. (20)
Then (18) and (19) imply

ck:ciﬂ, 1<k<nr. (21)

Since ¢; = m2"by+pu = P(1) € Q is formed by starting with ¢,y = 2mb,1 +
p € Q()\) and repeatedly squaring r times then we must have c,;; = 7A?
for some choice of 7 € Q(A) and some integer d > 0. In other words, if we
write ¢,41 = Texp(ai) and we square it 7 times, then we get ¢; = 2, =
72 exp(2"a) € Q. This implies that « is an integer multiple of 3—7: and
consequently, an integral power of A. Let s be the largest index such that c;
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is a rational multiple of a power of .
Claim. s > r.

Proof. If 7 € Q then s = r + 1 and the Claim holds in this case. There are
several more possibilities:

Case 1. s = r. Then ¢, = u\* with u € Q. By (21), ¢,11 = v/u\? for some d
where by hypothesis, \/u ¢ Q. Now the polynomial z? — u is irreducible over
Q since the only possible factorization is 22 —u = (2 — y/u)(z + /u). Hence,
the field extension Q(2%—u) is a quadratic extension of Q. However, it is well
known from Galois theory (e.g., see [10]) that there are only three quadratic
extensions of Q, namely Q(:), Q(v/2) and Q(v/—2). Thus, we must be able to
express the roots of 22 — u as elements of one of these fields. That is, we can
write \/u = a + ib, \/u = a + byv/2 or \/u = a + b\/—2 for rationals a,b € Q.
But if \/u = a + ib, for example, then u = (a + ib)? = a® — b* + 2iab € Q.
This implies that ab = 0. However, b = 0 implies that \/u = a € Q which is
a contradiction. Hence we must have a = 0 and \/u = bi = bA* . But then
cr1+1 18 a rational multiple of a power of A\, contradicting our hypothesis.

In the case that \/u = a + by/2, then u = a® + 2b* + 2abv/2 € Q. Thus,
ab= 0. If b =0 then /u = a € Q which is a contradiction. Hence, we have
a =0 and \/u = b\/2 for some b € Q. The same argument applies in the
remaining case that /u = a + by/—2 and there we have \/u = by/—2.

Note that for this case we must have r > 3, since if 7 < 2 then v/2 ¢ Q, and
V=2 ¢ Q. However, A2 ° — X327 = /2 and \¥"° + A2 = \/=2. Thus,
for Case 1 we have the two choices ¢, 1 = t(AZ~ £ M2 ")\ for some ¢t € Q
and some integer d > 0.

Case 2. Suppose that s = r — 1. Thus, r > 3 and ¢,_; = ul*® where
u € Q. Consider the term ¢, = oA\?*? so that u = ¢2. Since by hypothesis,
o is not a rational multiple of a power of A, then the polynomial 22 — u is
irreducible over Q. Thus, the field Q[z? — u] is quadratic extension of Q and

the roots £+/u must lie in one of Q(i), Q(v/2) or Q(v/—2).

For the first case, suppose that the root /u € Q(i), i.e., 0 = /u = a+ bi for
some a,b € Q. Therefore,

u = (a+bi)?=a*—b*+ 2abi.

This implies that ab = 0. However, if b = 0 then ¢ = a € Q which is a
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contradiction. On the other hand, if a = 0 then o = b which is a rational
multiple of a root of unity which is also a contradiction.

For the second case, suppose that oy/u = a + bv/2. Then,
u=(a+bv2)?% = a®+ 20 + 2iabV/2.

Again, we must then have ab = 0. If b = 0 then ¢ = a which is a contradic-
tion. However, if @ = 0 then ¢ = by/2 for some b € Q.

For the third case that ov/u = a + by/—2, the same argument shows that we
must have o = by/—2 for some b € Q.

Now consider the term c,; = 7\ where o = 72. Since 2z? — ¢ is irreducible
over Q, then its roots must lie in one of Q(i), Q(v/2) or Q(v/—2). However,
\/o cannot belong to any of these three fields. For example, suppose that

bv/2 = p+ qi for rationals p,q € Q. Then bv/2 = (p+ qi)? = p* — ¢* + 2pqgi
which is impossible. Similarly, suppose that v/bv/2 = p+ g+/%£2 for rationals
p,q € Q. Then

W2 = (p+ qvVE2)? = p* + 2¢° + 2pgV/£2

which implies p = ¢ = 0, The remaining cases are similar. This concludes
Case 2.

Case 3. s < r — 1. The same argument as in Case 2 shows that in general if
Cwi1 18 not a rational multiple of a power of A, then ¢,, must be. Thus, this
case also leads to a contradiction.

So we know that the only possible values for ¢,.; = 2mb,1 + p are either
Crr = AT £ X327 or ¢4y = tAY for t € Q and some integer d. In
either case, ¢, is a rational multiple of a power of \.

As we have seen, once the value of ¢, is fixed, the values of all the other
cr (and therefore, the values of all the b) are determined. However, the
polynomial P(z) is required to have rational coefficients. So if ¢,11 ¢ Q, and
we use the recurrence (21) to generate the remaining values of ¢, then the
values of the by might be rational, and so we might have P(z) ¢ Q[x]. The
remedy for this problem is simple. We just replace the occurrence of A in
cr4+1 by x to get the corresponding value for b, ;. For example, if ¢, = t\?
then we would define b1 = 5 (tz? — ). Now, to get the earlier values of
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bs, s < r, we compute the value of ¢4 iteratively and then replace the power
of X by the same term z?. Just as we always reduce large powers A by the
relation A2 4+1 = 0, we also reduce each polynomial by o(x) by the relation
22" +1 = 0. This is the equation satisfied by the power of A that occurs when

computing the contribution to P(x) of the term bfi—fcg? In particular, this

will guarantee that deg(byi2(7)) < 2%. Since we eventually reach a value of
¢ € Q, the variable z will not occur in the corresponding terms by.

For example, for the Type I solutions, if ¢,.; = tA\% then we set b, =
s-(to? — ). In general, for 2 < s < r, we define by, = — L (¥ """2d — ).

The case of s = 1 is slightly different. For this we have b, = ﬁ(cl — ).

On the other hand, for the Type II solutions, if ¢, = tAY (A2 £ X32%) =
tAY\/F2 then we set b, = ﬁxd(xwfgﬂ::v&yfs—u) and b, = j-x(c}, —p) =
1=2%(2t* — p1). We then compute the values of the remaining by () as above.

We also point out that the choice of the factor A? in the definition of ¢,
just corresponds to shifting P(z) by a factor of 2%, and so has no essential
effect on the solution. Thus, in our statements of the Type I and Type II
solutions, we have taken d = 0. O

7 pu=0versus p=1

From (12) and (14), we see that the corresponding coefficients of P(x) when
1 =0 and when p = 1 are quite similar. In fact, if we detach the —p terms
from each of the b, and add them up, we get

1 1 1 1
T m2(1—2z) m2(1+z) m2(1+a2) m22(1+a2t)
1 1 1

Cdm( 4227 2m(l 4277 m(l—a?)

— —l(l + 22 42?4 Y 44 gmTh2),
m

Thus, we see that the coefficients of P(z) using u = 1 agree with those of
P(z) using p = 0 with the exception of the coefficients of 2%2", k > 0, for
which we have to subtract % For the constant term with k£ = 0, we also
have to add the term p = 1.
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As an example, consider the case that n = 24 = 3 - 23 so that A* +1 = 0.
Then

P@g:(y—ﬁﬂ< | b +-%®)+-m®>)+u. (22)

l—2z 142 1422 1424
The Type I choice is ¢4 = t € Q. Thus c3 = t?, ¢y = t*,¢; = t°. Taking
p =10, we find:
1 1 1 1
by = —t,by = —t> by = —t' by = =t°. 23
4 9 » U3 4 s U2 3 » V1 ] ( )
Thus, for the choice of ¢ = 2, = 0, for example, the coefficients of P(x)
(starting with the constant term) are:
[12,10,11,10,34/3, 10, 11, 10, 12, 10, 11, 10,
34/3,10,11,10, 12, 10, 11, 10, 34/3, 10, 11,10 .

For t = 3, u = 0, the coefficients of P(x) are:

[ 278, 270, 276, 270, 277, 270, 276, 270, 278, 270, 276, 270,
277,270, 276, 270, 278, 270, 276, 270, 277, 270, 276, 270 |

On the other hand, if we take ;= 1 we find:
1 1 1 1
by=—(t—1),bs=~(t* —1),by = —(t" = 1),by = =(t* — 1).
For this case with ¢t = 2, u = 1, the coefficients of P(x) are:
[ 38/3,10,11,10,34/3,10,11,10,35/3, 10, 11, 10,
34/3,10,11,10,35/3,10, 11, 10,34/3,10, 11, 10 |,

while for ¢ = —2, u = 0, we have the coefficient vector for P(z):

[12,10,11, 10,12, 10,11, 10,11, 10, 11, 10,
12,10,11,10,11,10, 11, 10, 12, 10, 11, 10 ].

One Type II choice for P(x) is ¢; = t(A — A*) = tv/2. In this case c3 =
2t2. ¢y = 4t*, ¢y = 16t°. Thus, with u = 0, we have
2 4 16

1
b4(l’) = §t($ - $3)7b3(l‘) = Zt27b2(x) = §t4, by = gts
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For the choice t = 1, u = 0, for example, we find the coefficient vector for
P(z) is:
[1,2/3,2/3,1/3,1,1/3,2/3,2/3,1,2/3,2/3,1/3,
1,1/3,2/3,2/3,1,2/3,2/3,1/3,1,1/3,2/3,2/3 ].
For P(x) with t = 3, u = 0, we have the coefficient vector:

[ 4389, 4361, 4386, 4360, 4389, 4360, 4386, 4361, 4389, 4361, 4386, 4360,
4389, 4360, 4386, 4361, 4389, 4361, 4386, 4360, 4389, 4360, 4386, 4361 |.

If we had made the other Type II choice ¢y = t(A + A3) = t\/—2, then the
corresponding values of the by would be
1 2 4 16
b4($> = §t($ + .173),63(37) = _th’bQ(x) = gt4,b1 = gts

and would have the coefficient vectors for P(z) with ¢t = 1,4 = 0 and P(x)
with ¢ = 3, u = 0 being:

[2/3,2/3,1,2/3,2/3.1/3,1,1/3,2/3,2/3,1,2/3,

2/3,1/3,1,1/3,2/3,2/3,1,2/3,2/3,1/3,1,1/3 ]

and

[ 4386, 4361, 4389, 4361, 4386, 4360, 4389, 4360, 4386, 4361, 4389, 4361,
4386, 4360, 4389, 4360, 4386, 4361, 4389, 4361, 4386, 4360, 4389, 4360 |,

respectively. These are both just translates of the corresponding vectors for
the Type I solutions for P(x).
For the case that y = 1, the calculations are similar. Thus, for the Type II
solution ¢4 = tv/2 we find ¢3 = 262, ¢y = 4t*, ¢; = 16t® and
1 1 1 1
by=—(x—2°=1),b3 =2 = 1), bo = (' = 1),b, = =(t* — 1
4 Q(x x )7 3 4( )7 2 8( )7 1 8( )

and we have the coefficient vector for P(x) with ¢t = 3, u =1 is:

[ 13169/3, 4361, 4386, 4360, 4389, 4360, 4386, 4361, 13166/3, 4361, 4386, 4360,
4389, 4360, 4386, 4361, 13166/3, 4361, 4386, 4360, 4389, 4360, 4386, 4361 |.

As we will see in the next section, there is no value of ¢ so that with u =1
P(z) has all integer coefficients.
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8 When is P(z) € Z[x]?

Let us examine the contributions to the coefficients of P(x) from the various
terms of the expansion (12) more carefully.

We first consider the Type I solution. It follows from (12) that for k > 1,

the coefficient ay in P(x) = ng_l apx® satisfies the following:
ap = Z bl — bd+2 (24)
1<i<d+1

where d is the largest integer power of 2 dividing k. If d = r, we define b, 5 =
0. For k = 0, we have ag = Y_/=; b;. Thus, for example, when n = 3 - 23,
ar = by —by, ag = by +by—bsz,ay = by +by+b3—by,a0 = ag = by +ba+ b3+ by,

etc.

In general, if all the a; are to be integers, then the difference of any two
ay’s must be an integer. In particular ag — as—1 = 2b,,1 must be an integer.
But by (20), b1 = 5 (t — p). Hence, a necessary condition for P(z) € Z[x]
is that 2b,,1 = % €Z,ie.,

t=p (mod m). (25)

Let us now show that (25) is also sufficient for P(x) € Z[x]. The plan is to
show that agx —age-—1 € Z for 1 < k < r-+1, and then show that a; € Z. This
will imply that all the coefficients are integers. We are assuming that t = u
(mod m) so that ag — agr-1 = 2b, 11 = t%‘ € 7Z. Now consider the diffference
agr-1 — Qgr—2 = 2b, — b,y1. By (14), we have

1
2b, — = (2 —1). 2
by — by 5 (t° —1t) (26)

If t = cm+ p then t2 —t = *m? + 2cmp — em (since p? = ) which is clearly
a multiple of m. Also, t? —t = t(t — 1) is always even. Thus, since m is odd
then o= (t* — t) € Z.

In general, for 1 < k <r — 1, we consider the difference
2 1
Aok — Agh—1 = 2byp 1 — bpyo = W(Ck+l —p) — s —

1 r—k r—k—1
:mQHC(t2 —t? ). (27)

(Chyz — 1)
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It is easily checked that the final expression in (27) is an integer. (Consider
the cases that t is even and odd, and write m = at + p and expand, using
the fact that u? = p). Finally, we consider the coefficient

1 1

. _ tzr . t2r—1 '
(c2 — ) m2T< )

Clebl—bQZ (Cl—/ﬁ>—

m2" m2"

The same arguments as above show that this is also an integer. Hence, we
can conclude that for the Type I solution, P(z) € Z[x] provided only that
t =p (mod m).

For the Type II solutions, there is a slight but crucial difference. For these
solutions, b,,; contributes to twice as many coefficients as in the Type I
solution (because of the occurrence of the term 22 4 22 in by (2)).
In particular, the contributions b,,; to the a, have been shifted by 273
(and there are twice as many). More precisely, the expressions for a; in
terms of sums of the b; are unchanged from those in (24) except for k =
0,2r=3,3.92r=3 973 4 9r=1 3.9r=3 4 9r=1 (1od 27). For k=0 (mod 27) we
omit the final summand b,,;. For k=273 (mod 2") we add the additional
term b, and we add —b,,; for k = 2773 + 2"~1. Finally, if the Type II
solution has b,,; = ﬁ(mzp3 + 232" — 1) then for k = 3- 273, we add
the term b,,; to the sum for a; and for k = 3-2"73 4+ 2"7! we add —b,,
to the sum for a;. On the other hand, if the Type II solution has the form
b1 = ﬁ(:{:QT*S — 232" — 1) then we add —b,,1 to the sum for a; when
k= 3-2"73 (mod 2") and we add b, to the sum for a, when k = 3-2" 3427}
(mod 27).

We show here a specific example for the case n = 16. First we show column
contributions to a; for the Type I solution.

ay ay a2 a3 a4 as Gag ary Aag a9 daAi1p A11 G122 A13 A14 A5
bi bt by by by by by bt bt by b by bt b b by
by —by by —by by —by by —by by —by by —by by —by by —by

bs —bs bs —bs bs —bs bs —bs
b4 —b4 b4 - b4
bs —bs
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Next, we show the column contributions for the Type II solutions.

ap a1 Az a3 a4 G5 de Q7 Ag A9 dAip G11 A12 Q13 A14 Q15
by b1 b1 by by by by by by by bt by b b b b
by —by by —by by —by by —by by —by by —by by —by by —by
bs —bs bs —bs bs —bs bs —bs
by —by by —by

bs +0b5 —bs Fbs

In the column for ag, we choose +bs for the solution bs = %(372 + 5% — 1) and

—bs for the solution b5 = 1(z* — 2% — p).

or—3

In general, for b1 = 5 (2% + 30— /1) we have

(Zbi if k=0 (mod 2")
1<i<r
> bi—by by if k=2 (mod 2)
1<i<r—2
> bi—by—buy if k=242 (mod 2")
a, = 1<i<r—2
> bi—b1+buyy ifk=3-2"% (mod 27)
1<i<r—2
Z by — b1 — by ifk=3-2"342""1 (mod 2")
1<i<r—2
Z bi — baio otherwise
\ 1<i<d+1

where d denotes the largest power of 2 that divides k.
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r—3 or—3
2778 32

For b1 = ﬁ(m — u), we have

> b if k=0 (mod 27)
1<i<r
> bi—by by if k=27 (mod 2)
1<i<r—2
> bi—by—buy if k=242 (mod 2")
ay = 1<i<r—2
> bi—by—bey ifk=3-2"% (mod 27)
1<i<r—2
> bi—bi+by ifk=3-27"242""1 (mod 2)
1<i<r—2
Z bi — bai2 otherwise.
\ 1<i<d+1

In a sense, the b, contributions are now “unprotected”. This means that
in addition to the requirement that ay — asr-1 = 2b,.1 € 7Z, we also have
the requirement that ag — agr—2 = 2b, € Z. By (15), this implies that in
addition to ¢ = p (mod m) we also have 2b, = 5-(2t* — u) € Z which means
2t — =0 (mod 2m).

Let us first consider the case p = 0. In this case the latter condition is
implied by ¢ = 0 (mod m). To see this, we consider the same differences
that we did in the Type I solution, except that instead of ag — agr—1 We use
Qor-3 — Qgr—349r—1 = 2b.41. The only changes in this case are because the
sums for asr—2 and agr—3 have been changed (because the term b, has been
shifted over by 2”73 places). The new values now are (by (15)):

1
gr—2 — Qgr—3 = 2b,_y — by — by = —(2t* —t* — 1), and
2m
1

a27-73 - CL27"74 = 2b7«_2 - b'r—l + b'r+1 = —<4t8 - t4 + t)
2m
Since both of these new values (together with the other differences) are in Z

if t =0 (mod m), then the case of ;1 = 0 is finished.

However, for u = 1, there is a difference. For the Type II solutions, in
this case the two necessary conditions mentioned above now become ¢t = 1
(mod m) and t* = 1 (mod 2m), which are clearly contradictory. Hence, none
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of the Type II polynomials with ;= 1 can lie in Z[x] for any rational value
of .

We summarize these results in the following:

Theorem 5 Letn =m2" > 2 withm odd. Then any sum sequence S modulo
n can be constructed as follows. Let P (x) be the polyomial associated with
S as described in Theorem 4. Then PY)(x) must either come from a Type I
solution with the choice of t = (mod m) and =0 or 1, or from a Type 11
solution with the choice of t =0 (mod m) and pu = 0. We are then allowed
to shift S by adding an arbitrary integer d modulo n to each element of S.

We list a few small sum sequences below, using the corresponding polynomi-
als.

37° +47* + 3z +6 (mod 4),

'+ 2%+ 27+ 2 +2 (mod5),

'+ 22 +r+1 (mod 6),

2° + 22" + 2 + 22 + 2+ 2 (mod 6),

20° + 32* +22° + 322 + 224+ 4 (mod 6),

o" +32° + 2% 4+ 22% +22° + 322 + 20 +2  (mod 8)

207 + 2% 4+ 227 + 2% 4+ 22° + 2" +22° + 2° + 22+ 2 (mod 10).

Notice that although P(z) has n = m2" coefficients, these coefficients can
take on at most r + 2 different values. Furthermore, for the normalized form
in which the largest coefficient is ag, no two coefficient values can differ by
more than O(y/ag). From this perspective, in any sum sequence each residue
occurs roughly the same number of times.

9 Augmented sum sequences

A natural extension of a sum sequence is that of an augmented sum sequence
modulo n. If S = (s, 52,...,54) is a sequence of residues modulo n, we say
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that S is an augmented sum sequence if every x € Z/nZ can be represented in
the same number X of ways as a sum s;+s; for ¢« < j. The difference from the
usual definition of a sum sequence is that now we allow the sums s;+s;. Thus,
since there are now (d'gl) sums to consider, we have the necessary condition

that (d;d) = An in order that S could be an augmented sum sequence modulo
n. For example, the multisets (0,0,1,1,2) and (0,1,2,3,4) are augmented

sum sequences modulo 3, and modulo 5, respectively.

One could easily imagine that this slight extension in the definition of a
sum sequence would only result in a minor change in the characterization of
augmented sum sequences. However, this is definitely not the case! In fact,
the two examples just listed (suitably generalized to odd moduli n) are all
there are.

Theorem 6 Let S be an augmented sum sequence modulo n. Then:
(1) n must be odd;

(2) Ewvery residue modulo n must occur the same number of times in S with
the possible exception that one residue may occur one fewer time than all the
others.

Proof of (1). Suppose n > 2 is even and S is an augmented sum sequence
modulo n. Let N; denote the number of elements in S which are congruent
to ¢ modulo 2, for + = 0,1. Then the number of pair sums from S which
are even is just (N°2+1) + (N12+1) (since n is even). On the other hand, the
number of pair sums which are odd is Ny/N;. Since these two quantities must
be equal, we have

No+1 Ny +1 1
( ) ) + ( Y ) = (NG + No+ N} + V1) = NolVy
which implies that (Ny — Ny)? + Ny + Ny = 0, i.e., Ny = N; = 0 which is a
contradiction. This proves (1).

Proof of (2). Suppose n > 3 is odd and S = {s1, s2, ..., 84} is an augmented
sum sequence modulo n. As in Section 3, we introduce a polynomial



where a; denotes the number of indices 7 such that s; = ¢.

Observe that if S = {s1,59,...,84} is an augented sum sequence modulo
n, then so is the sequence S + ¢ = (s1 + ¢, 82+ ¢,...,84 + ¢). Hence, the
corresponding shifted polynomial Q5+ (z) = 2°Q®)(x) mod (z" — 1) is
balanced. We will ordinarily omit the superscript (S) on Q™) (z) and just
write Q(x) when S is understood. In order to prove (2), we first need the
following result.

Theorem 7 Suppose n > 3 is an odd integer and S = (s1,S2,...,84) 18
a sequence of residues modulo n. Let Q(x) = Z?:_ol a;x’ be the associated
polynomial where a; is the number of indices j such that s; = ¢. Then S
is an augmented sum sequence modulo n if and only if Q(N\)* = —Q(\?) for

each complexr number X\ satisfying \ = 1, X\ # 1.

Proof: The proof is quite similar to that of Theorem 1. Let N, denote the
number of pair sums congruent to £ mod n. Then
(
(ar — 1 .
Z a;a; — apla = 1) where 2k = k (mod n) if n is odd,

£ 2
0<i<i<n—1
i+j=k (mod n)

E a;a; if k£ is odd and n is even,

_ 0<i<j<n—1
Ny = i+j=k (mod n)

ak/2<(lk/2 —1) ak’/2+n/2(ak/2+n/2_1>

0<i<j<n—1
i+j=k (mod n)

\ if k£ is even and n is even.

Regarding subscripts modulo n, we have

ne1 2Ny, — a;, where 2k = k (mod n) if n is odd,
Z a;ax_; = { 2N}, if k is odd and n is even,
i=0

2Ny, — agj2 — aja4n/2 it k is even and n is even.

Suppose



where A, B, C, D are of degree at most n— 1. Similar to the proof in Theorem
1, we have

A(x) + B(z) = 2N (z) — C(z) — D(x)

where
n—1
N(z) = Z Ny
k=0
We conclude that (sq, s2,. .., Sq) is an augmented sum sequence modulo n if

and only if N(\) = 0 for A satisfying A" = 1 and X # 1, which is equivalent
to

QN)? = —Q(\) (28)
for all A with A = 1, A # 1. This proves Theorem 7. 0

To complete the proof of (2), suppose that QQ(x) satisfies (28).
Define P(z) = —Q(x). Then by (28), P(z) satisfies

P2 = P(V?, for all \" = 1,\ # 1.
Now we can apply Theorem 3 to P(x). This implies that

Q(x)za(l_xn) -

1—=x

for some a where =0 or 1 and 0 < a < n — 1. Of course, we can always
normalize Q(z) to have o = 0. Interpreting the coefficients of Q(z) in terms
of the multiset S, we have proved Theorem 6. ([l

In particular, the two examples {0,0,1, 1,2} and {0,1,2,3,4} presented at
the beginning of the section are examples of the only two kinds of augmented
sum sequences!

We point out that is not difficult to produce polynomials which satisfy (28)
which have irrational or complex coefficients. For example, the following
polynomials are balanced :

1, 1 /=375 ) _
5% (2 : (x r©—x+1 (mod 5);

1 1 /3
éxlo— (5 ﬁ(xg—x8+x7+x6+x5—x4—x3—x2+$—1)) (mod 11).
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10 Concluding remarks.

There are a number of questions we haven’t addressed in the previous sec-
tions. For example, what are the possible simple sum sequences? These are
sum sequences S having multiplicity A = 1, i.e., each element of Z/nZ has
a unique representation as a sum of two distinct elements of S7 We saw
two examples of such sets in the introduction, namely S = {0,1,2} (mod 3)
and S = {0,1,2,4} (mod 6). It turns out that these are all there are (up to
cyclic shifts)! This follows easily from our characterization of those P(x) € Z
together with the constraint that for these sets to exist, n must be an even
triangular number.

Another problem which arises is to characterize those sum sequences that
have no repeated elements, i.e., are actual subsets of Z/nZ. For example,
all of Z/nZ for any odd n is such a set. It is not hard to show that these
together with {0, 1,2,4} (mod 6) are all there are of these, as well.

Of course, a natural direction to explore is to address these same questions for
finite abelian groups. For sum sets this has already been started in [11, 12, 1],
for example. However, it remains to be explored for sum sequences. For
example, consider the group Zs x Zs with the four elements (7, j), i,7 = 0 or 1.
Then the infinite family of sequences consisting of 4¢% + ¢ copies of three of
these elements together with 4¢> 4+ 5t 4+ 1 copies of the fourth element (in
some order) is a sum sequence for this group for any value of ¢ > 1.

While there are relatively few augmented sum sequences for Z/nZ, there may
be more for other abelian groups. For example, if G has odd order then the
sequence consisting of a copies of G' but with one element of G removed is
an augmented sum sequence for G. In fact, there is no reason to restrict our
attention to abelian groups. For example, for S5, the permutation group on
the set {1,2,3}, the sequence S = (s, $2, 53, 54) = (id, (1,2),(1,2,3), (1, 3,2))
is an example of a simple sum sequence for S3. That is, every element of S5
can be represented uniquely as s;s;, © < j. (where the product is composition
of permutations). We think that these more general questions are quite
interesting and we hope to return to some of them in the near future.
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