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Maximally Nontransitive Dice
Joe Buhler, Ron Graham, and Al Hales

Abstract.We construct arbitrarily large sets of dice with some remarkable nontransitivity
properties. In a sense made precise later, each set exhibits all possible pairwise win/loss rela-
tionships by summing different numbers of rolls. The proof of this fact relies on an asymptotic
formula for the difference between the median and mean of sums of multiple rolls of dice.
This formula is a consequence of a suitable Edgeworth series (an asymptotic refinement of the
central limit theorem), for which we give a detailed sketch of a proof in the final section.

1. INTRODUCTION. Nontransitive triples of dice have been known since (at least)
1959 and are, along with many generalizations, a perpetually fascinating topic; see
[5, 8, 10, 13, 15], and the many references therein. Indeed, during the course of writing
this paper a number of new papers and results emerged, including the Polymath project
[13]. One of the simplest examples of a nontransitive triple of dice is due to Moser
[12], and can be written as

A = [2, 6, 7], B = [1, 5, 9], C = [3, 4, 8], (1)

where [x, y, z] denotes the die with equally likely values x, y, and z. These dice will
be called the “magic-square” dice since their values, suitably ordered, are the rows of
a magic square. Note that a physical realization of these dice can be constructed by
putting each of the three values on two faces of a cubical die.

The nontransitivity of A, B, and C could be written as

A > B, B > C, and C > A,

where A > B means that the probability that a roll of A exceeds a roll of B is strictly
larger than the reverse, i.e., P(A > B) > P(B > A). Curiously, it turns out that the di-
rection of nontransitivity is reversed if the dice are rolled twice so that

A[2] < B[2], B[2] < C[2], and C[2] < A[2],

where A[2] denotes the sum of two successive rolls of A, etc.
It is convenient to make some definitions. For us, a die X is a bounded integer-valued

random variable; this is equivalent to a probability distribution on a finite set of integers.
The dominance indicator W (X,Y ) between dice X and Y is the sign of the difference
P(X > Y ) − P(Y > X ) between their respective winning probabilities, i.e.,

W (X,Y ) := sgn (P(X > Y ) − P(Y > X )) = sgn (P(X ≥ Y ) − P(Y ≥ X )),

where

sgn(x) :=
⎧⎨
⎩

1 if x > 0
0 if x = 0

−1 if x < 0.
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Figure 1. Tn, for all n.

Roughly, ifW (X,Y ) = 1 (or −1), then X (or Y ) would be the winner in a long run of
head-to-head rolls of the dice. If X1, . . . ,Xk is a set of k dice, then the antisymmetric k
by k matrix

T = [
W (Xi,Xj )

]
k×k ,

with entries in {0, ±1}, is a tournament if all entries off the diagonal are nonzero,
i.e., there are no ties between any two of the dice. A tournament gives a choice of
a “winner” between each pair of dice, and is sometimes visualized as an orientation
of (i.e., a choice of direction on each edge of) the complete graph on the dice. The
usual convention is that if Xi dominates Xj, then the arrow between i and j points
toward j.

If n is a positive integer, then X[n] denotes the sum of n successive rolls of X . A
probabilist would call this a sum of IID (independent and identically distributed) copies
of X . If a set of k dice Xi is fixed, then

Tn = [
W (Xi[n],Xj[n])

]
k×k

is a tournament if there are no ties between Xi[n]. It might seem that if m and n were
close (and large), then Tm and Tn would be very similar tournaments, and even that Tn
might be constant for large enough n.

The magic-square dice in (1) give an example since, as it happens, there are no ties
between A[n],B[n],C[n], for any n > 0. The resulting tournaments Tn are depicted in
Figure 1.

The sequence of tournaments has a limiting value, in the sense that Tn = T3 for all
n ≥ 9. However, there are 8 = 23 possible tournaments on a set with three elements,
and it is natural to ask whether there are dice that realize all of those tournaments. In
fact, such sets exist, though it is not entirely trivial to find them; explicit examples will
be given later.

However, much more is true: For any positive integer k, there are k dice such that the
corresponding Tn include all of the 2k(k−1)/2 possible tournaments, and each tournament
occurs for infinitely many n. In particular, for these sets of dice, there is no limiting
tournament.

Theorem 1. For all k > 0, there is a set of k dice Xi such that for every one of the
2k(k−1)/2 tournaments T on Xi there are infinitely many n such that

T = [
W (Xi[n],Xj[n])

]
k×k .

This wildly oscillating nontransitivity may seem surprising or even shocking, but
the variety of examples of nontransitive dice in the literature, as well as [5] and [13],
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indicate that nontransitivity might not be all that rare. Perhaps the real surprise is not
so much that such a thing could be true, but that it is not particularly hard to prove, as
will be seen below.

Various ideas about tournaments have been motivated by dice. It is known that any
tournament can be realized by appropriate dice, and “efficient” examples are known
for small k (see [1–3]). The existence of sets of dice for any tournament is of course
implied by the above theorem, though a construction of a set that realizes all pos-
sible T as n varies is not likely to give a particularly efficient construction for a
specific T .

2. FACTS ABOUT DICE. It is convenient to fix notation about dice and then state a
very special case of the asymptotic refinement of the central limit theorem. This reduces
the proof of Theorem 1 to a geometric problem involving hypercubes in k(k − 1)/2-
space. Two further preliminary results follow: A description of how properties of dice
behave when taking sums, and an explicit construction of dice with specified “shift and
span.” If X is a die, as above, then there is a finite set of integers x, called the “values”
of X , and a probability px > 0 associated to each x, such that the px sum to 1. We say
that the probability of a roll of X taking the value x is px. The mean or expected value
of X is

μ1 = μ1(X ) = E(X ) =
∑
x

px x,

where the sum is over all values x of X . The sum X + Y denotes the result of rolling
X , rolling Y , and adding; expectation is additive in the sense that E(X + Y ) = E(X ) +
E(Y ). The means of the magic-square dice given earlier are all equal to 5, so in some
sense the head-to-head competition between them appears to be fair. On the other hand,
if X and Y have distinct means, then it can be shown, e.g., using the central limit the-
orem, that the dominance indicatorW (X[n],Y [n]) has a fixed value from some n0 on-
wards.

If X has mean 0, then we simplify the notation by introducing a single-argument
dominance indicator:

W (X ) := sgn(P(X > 0) − P(X < 0)).

If A and B are the magic-square dice above, let X = A− B, so that the dominance
indicator W (A,B) is equal to W (X ). The positive values of X are 1, 2, 5, 6, and the
negative values are −2, −3, −7, where all values have probability 1/9 except that 1
and −3 have probability 2/9. The mean of X is 0, and

W (X ) = sgn(5/9 − 4/9) = sgn(1/9) = 1.

(This confirmsW (A,B) =W (X ) is 1, as represented in Figure 1.)
The kth moment of X (sometimes called a central moment if the mean is 0) is

μk = μk(X ) = E(Xk) =
∑

px x
k.

The variance of a mean-zero random variable X is μ2, and its standard deviation is
σ (X ) = √

μ2(X ).
To avoid trivialities, dice here will always be assumed to have at least two values.

Then the span of a die X is defined to be the largest integer b such that the values of
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X are contained in a coset of the set bZ of integer multiples of b. This means that b
is the largest integer such that there exists an a such that all values x are in a+ bZ
(or, equivalently, x ≡ a mod b). The spans of the magic-square dice A andC above are
equal to 1, but the span of B is 4 because all three values are congruent to 1 modulo 4,
i.e., 1, 5, and 9 all lie in 1 + 4Z. The integer a is called the shift of X , and is only
well-defined modulo b.

We remind the reader that the greatest common divisor (gcd) g of a set of integers xi
(not all zero) can be defined in several equivalent ways, including the largest integer g
such that all xi lie in the set of integer multiples gZ of g, or the largest positive integer
that divides all of the xi, or the unique positive integer g such that the set of all integer
linear combinations of the xi is equal to gZ. In particular, the span b of X as above is
the gcd of the set of all x− a, where a is the shift and x ranges over all values.

The first theorem in this section is the key ingredient of the proof of Theorem 1. It
reduces the proof of whether a set of k dice is maximally nontransitive to a question in
k(k − 1)/2-dimensional geometry.

Theorem 2. Let X be a die with shift a, span b, and first and third moments equal to 0.
Then there is an n0 such that if n ≥ n0 and na is not congruent to 0 or b/2 modulo b,
then W (X[n]) := P(X[n] > 0) − P(X[n] < 0) is nonzero and has the same sign as
1/2 − {na/b}, i.e.,

W (X[n]) = sgn (1/2 − {na/b}),

where {na/b} denotes the fractional part of na/b.

The theorem is equivalent to saying, for n ≥ n0, thatWn :=W (X[n]) has the same
sign as b/2 − (na mod b) if na mod b is neither 0 nor b/2. Here, na mod b denotes
the unique integer congruent to na modulo b that lies in the interval [0, b), so that
na mod b = b{na/b}.

Note that the sign ofWn for large n, which might be called the “asymptotic domi-
nance indicator,” depends only on na mod b in the sense that for large enough n,Wn is
constant on congruence classes modulo b.

Theorem 2 is an asymptotic refinement of the central limit theorem. It is nontrivial to
extract a proof of this from the literature on asymptotic statistics, so in the final section
an overview of a proof will be given.

The next preliminary result is a straightforward statement of how moments, shifts,
and spans behave when taking the sum of dice.

Theorem 3. (a) If two independent dice have their first and third moments equal to
zero, then so does their sum.
(b) The span of the sum of two dice is the gcd of their spans, and the shift of a sum is
the sum of the shifts.

Proof. The proof of (a) is an enjoyable calculation that will be left to the reader; note
that independence E(XY ) = E(X ) E(Y ) is necessary.

To prove the statement about the span of a sum X + X ′, where X and X ′ have shifts
a and a′ and spans b and b′, respectively, observe that by the earlier remarks

bZ =
∑
x

(x− a)Z, b′Z =
∑
x′
(x′ − a′)Z,
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where x and x′ range over all values of X and X ′, respectively. The span b′′ of X + X ′
is defined by

b′′Z =
∑
x,x′

(x+ x′ − a− a′)Z =
∑
x

(x− a)Z +
∑
x′
(x′ − a′)Z = bZ + b′Z.

The last sum is gZ, where g is the gcd of b and b′, finishing the proof that the span of
the sum is the gcd of the spans. The sum a+ a′ is obviously a shift of X + X ′. �

Note that part (b) applies even if the dice are equal, and by induction it follows that
X[n] has span b and shift na mod b.

The final preliminary result gives an explicit construction of the dice that will be
useful in the sequel. Curiously, it suffices to consider dice that only have three values.

Theorem 4. Given integers a and b, with b positive, there is a die X with shift a, span b,
and μ1(X ) = μ3(X ) = 0.

Proof. Assume, without loss of generality, that 0 ≤ a < b. Set

x1 = a, x2 = a− 2b, x3 = a+ 3b.

These will be the three values of an X with the desired properties.
The vector cross-product [1, 1, 1] × [x21, x

2
2, x

2
3] = [x23 − x22, x

2
1 − x23, x

2
2 − x21] is or-

thogonal to [1, 1, 1] and [x21, x
2
2, x

2
3]. The vector

v =
[
x23 − x22
x1

,
x21 − x23
x2

,
x22 − x21
x3

]

is therefore orthogonal to both [x1, x2, x3] and [x31, x
3
2, x

3
3], and it is easy to use x21 <

x22 < x23 to show that all coordinates of v are positive. Normalizing, by dividing by the
sum of the coordinates, gives a probability distribution on the three integers xi, which
gives an X with the desired properties. Indeed, a is obviously a shift, and the span is
the gcd of −2b = x2 − a and 3b = x3 − a. �

3. CONSTRUCTING DICE. Theorem 2 suggests that we may be very interested
in whether {na/b} is above or below 1/2, where a is the shift and b is the span of
a die. Moreover, the dominance indicator is unknown for the boundary cases where
{na/b} is 0 or 1/2, so we are uninterested in those n.

It is convenient to introduce notation to capture this information by defining

S(x) :=
⎧⎨
⎩

1 if 0 < {x} < 1/2
0 if {x} = 0 or 1/2

−1 if 1/2 < {x} < 1.

Thus, S(x) encodes which half of the unit interval [0, 1] the fractional part {x} lies in.
The boundary cases 0 and 1/2 are outliers that we hope to avoid. If v ∈ Rk is a real
vector, then we let Sk(v ) denote the result of applying S to each coordinate, i.e.,

Sk((v1, . . . , vk)) := (S(v1), . . . , S(vk)) ∈ {−1, 0, 1}k .

Vectors whose coordinates lie in {±1}k are said to be sign vectors; there are 2k such
vectors.
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Figure 2. Nonsaturation vs. saturation in the plane.

Definition. If v ∈ Rk is a k-vector, then we say that v saturates if the set

{Sk(nv ) : n ∈ Z}
contains all sign vectors.

Consider the plane, i.e., k = 2. If v is a nonzero vector in R2, then the points nv , for
integers n, lie on a line through the origin. Define the “color” of a vector v , neither of
whose coordinates are integers or half-integers, to be S2(v ). Thus, the four sign-vectors
are the four possible colors for such v . The plane can be tiled by squares of size 1/2 that
are (the closures of) the open squares on which S2(v ) is defined and constant. A vector
v in the plane saturates if all four colors can be realized as S2(nv ) as n ranges over all in-
tegers. For instance, if v = (1/4, 1/4), then the color is defined for multiples nv of v by
odd integers n. (All multiples nv for even n hit the boundaries, so we ignore them.) Odd
multiples have the shape (m+ 1/4,m+ 1/4) or (m+ 3/4,m+ 3/4) for some integer
m. Thus, v does not saturate in the plane since the colors S2(1/4, 3/4) and S2(3/4, 1/4)
are not hit. On the other hand, ifw = (1/4, 3/8), then it is easy to check that, for odd n,
S(nw) is one of the four points in Figure 2, and therefore w saturates in R2.

In k-space, a vector saturates if its multiples nv hit each one of the 2k “colors” of
open half-hypercubes whose closures tile k-space.

Remark. It is a standard fact that the multiples of an irrational number v are dense
modulo 1 in the sense that if I is any open subinterval of [0, 1), then there is some
integer n such that {nv} = nv mod 1 lies in I. An n-dimensional generalization says
that if a vector v in Rk has irrational entries that are linearly independent over Q, then
the images of nv inRk/Zk are dense in the sense that they intersect every open subset of
[0, 1)k. In our case, the entries are rational and the sequence nv is periodic with period
(dividing) the lcm (least common multiple) of the denominators of the coordinates. So,
the sequence of nv cannot be dense. However, we are not interested in denseness, but
rather merely that the nv hit translates of all of the open half-size hypercubes that tile
the unit square.

Before applying these ideas to dice, it is convenient to prove a simple criterion for
saturation.

Lemma 1. If a vector v inRk has rational coordinates whose denominators (expressed
in least terms) are distinct powers of 2, each at least 4, then v saturates.

Proof. The proof is by induction; the case k = 1 is clear.
Assume that vectors in Qk satisfying the condition saturate, and let v be an element

of Qk+1 where vi = ai/bi, in least terms, for 1 ≤ i ≤ k + 1. The ai are odd, and the bi
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are distinct powers of 2, each at least 4. For notational ease, we will assume that the vi
are ordered so that the bi are decreasing; in particular, b1 is the largest power of 2, and
b1 ≥ 2b2.

It suffices to consider the case a1 = 1. Indeed, choose an odd integer r such that
ra1 ≡ 1 mod b1, so that ra1 = 1 + sb1 for some integer s. Since the truth of the lemma
for rv implies the truth for v , and S(nra1/b1) = S(n/b1 + s) = S(n/b1), it suffices to
assume that a1 = 1.

The last k coordinates of v ′ = (v2, . . . , vk) satisfy the hypotheses of the lemma and
by induction v ′ saturates in Rk. Therefore, for 0 < n < b2 ≤ b1/2, the vectors

Sk+1(nv ) = (S(n/b1), S(nv2), . . . , S(nvk+1))

= (1, S(nv2), . . . , S(nvk+1))

hit all sign vectors whose first component is 1. (Note that S(nv ′) is periodic of period
b2 since all of the denominators of vi, for i ≥ 2, are powers of 2 that are at most b2.)
Similarly, for b1/2 < n < b1/2 + b2,

Sk+1(nv ) = (S(n/b1), S(nv2), . . . , S(nvk+1))

= (−1, S(nv2), . . . , S(nvk+1))

hits all sign vectors whose first component is −1. This finishes the proof of the
lemma. �

Finally, we are ready to apply these ideas to our dice questions. Let X1, . . . ,Xk be
dice with shifts ai and spans bi, and with first and third moments equal to 0. The tour-
nament that they determine, when rolled n times, could be written as

Tn = [
W (Xi[n],Xj[n])

]
k×k = [

W (Xi j[n])
]
k×k ,

where Xi j = Xj − Xi. By Theorem 3, each Xi j[n] has first and third moments equal
to 0, and has span bi j := gcd(bi, b j ), and shift nai j := n(ai − a j ). The statement that
Xi[n] dominates Xj[n] is equivalent toW (Xi j[n]) = 1, which is in turn is equivalent, by
Theorem 2, to

0 <

{
nai j
bi j

}
<

1

2

for large enough n.
Thus the assertion that all tournaments T occur as Tn for some n becomes a question

about saturation in K-space, where K = k(k − 1)/2 is the number of pairs of dice.
Roughly, this comes from thinking of k by k antisymmetric matrices as aK-dimensional
vector. Define a K-tuple v , indexed by pairs i, j with 1 ≤ i < j ≤ k by

v = (vi j ), vi j = ai − a j
b j

, 1 ≤ i < j ≤ K,

The dice are maximally nontransitive exactly when this vector saturates in RK , since
this implies that all tournaments occur as Tn, for some n.

Thus, the proof of Theorem 1 follows from the specification of a suitable set of ai, bi.
The idea of the proof can perhaps best be visualized by an example for small k.

Let k = 5, and K = 10, and choose ai and bi as in the following table:

ai : 20 21 22 23 24

bi : 25+4+3+2+1 25+4+3+2 25+4+3 25+4 25.
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The 10-tuple v = [(ai − a j )/bi] has components

21 − 20

25+4+3+2
,
22 − 20

25+4+3
,
22 − 21

25+4+3
,
23 − 20

25+4
,

23 − 21

25+4
,
23 − 22

25+4
,
24 − 20

25
,
24 − 21

25
,
24 − 22

25
,
24 − 23

25

= 1

214
,

3

212
,

2

211
,

7

29
,

3

28
,

1

27
,

15

25
,

7

24
,

3

23
,

1

22
.

The expressions in least terms show that the hypothesis of Lemma 1 hold, and therefore
that these dice are maximally nontransitive.

Proof of Theorem 1. Fix k and, for notational convenience, index vectors from 0 to
k − 1 rather than 1 to k. Let t(i) = 1 + 2 + · · · + i = i(i+ 1)/2. Set ai = 2i, and bi =
2t(k)−t(i) for 0 ≤ i < k. We claim that the K-tuple with coordinates

vi j = 2 j − 2i

gcd(2t(k)−t( j), 2t(k)−t(i) )
= 2 j−i − 1

2t(k)−t( j)−i
, 0 ≤ i < j < k,

satisfies the hypotheses of Lemma 1.
The smallest denominator is 2t(k)−t(k−1)−(k−2) = 4. The proof of distinctness is by

contradiction. Suppose that two of the denominators are equal, i.e., t(k) − t( j) − i =
t(k) − t( j′) − i′. Then, t( j′) − t( j) = i− i′; if (without loss of generality) j′ > j, then
the left-hand side is at least j′ and the right-hand side is at most i, but this is a contra-
diction since j′ > j > i.

By Lemma 1, this proves saturation, which shows that

Tn = [
W (Xi[n],Xj[n])

]
k×k = [

W (Xi j[n])
]
k×k

realizes all possible tournaments. Since the spans are rational numbers, the tournaments
are periodic in n, which proves that each tournament occurs infinitely often.

This finishes the proof of Theorem 1, i.e., the existence of maximally nontransitive
dice. �

Remarks.

1. It would be interesting to allow ties, i.e., to show that all “partial tournaments”
could be realized by a suitable set of dice.

2. One measure of the size of a set of k maximally nontransitive dice is the size
of the lcm N of the spans bi of the k dice. Not surprisingly, our construction
is not optimal. For instance, for k = 3, the largest denominator in the above
construction is 2t(3)−1 = 32, whereas a computer search shows that there are
three maximally nontransitive dice with span 10, and that N = 10 is in fact
the best possible size for k = 3. Similarly, for four dice the smallest N satisfies
64 < N ≤ 512 (the upper bound comes from using the construction in the
proof). A computer search shows n = 68 is possible, and that this is best
possible. Roughly speaking, these examples suggest that nontransitive sets of
dice exist almost as soon as there is room enough for them to exist.

4. A FIRST-ORDER LATTICE EDGEWORTH EXPANSION. The only truly
nonelementary fact used in the proof of Theorem 1 is the formula in Theorem 2 giv-
ing the sign of the dominance indicator for large n. This formula follows from a very
special case of the so-called “Edgeworth expansion at the mean for bounded lattice
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random variables.” It is not easy to extract a proof of this from the literature, and in fact
only slightly less nontrivial for a novice to extract a succinct statement of the theorem.
We first found a statement implying the formula in [9], and there are many sources for
general Edgeworth expansions such as [6] or [7]. The purpose of this final section is to
sketch a proof of the theorem, giving all of the steps, leaving out any of the proofs that
the supposedly negligible terms are in fact negligible for sufficiently large n.

It is convenient to restrict to random variables with mean 0, and to scale so that the
span is 1. From now on, X is a random variable with finitely many values all of the
form x = a+ j, where the shift a is fixed and j ranges over a finite set of integers. The
goal is to approximate the cumulative distribution function of an IID sum of n copies
of X by an expression of the form

P(X[n] < 0) = 1

2
+ 1√

2πn

( {na} − 1/2

σ
− μ3

6σ 3

)
+ o(1/

√
n). (2)

Applying this to −X and subtracting will allow us to determine the sign of

Pr(X[n] > 0) − Pr(X[n] < 0) = Pr((−X )[n] < 0) − Pr(X[n] < 0)

assuming that the term multiplying 1/
√
2πn is nonzero and n is large enough.

The probability generating function (PGF) of X is a function of a complex variable z
defined by

F (z) = E(zX ) =
∑
x

pxz
x = za

∑
j

pa+ jz
j,

where j = 	x
. Note that z−aF (z) is a finite Laurent series:
z−aF (z) =

∑
x

pxz
x−a =

∑
j

pa+ jz
j.

Applying Cauchy’s famous theorem from complex analysis gives

pa+ j = P(X = a+ j) = [z j] z−aF (z) = 1

2π i

∮
C(r)

z−aF (z)
z j

dz

z
,

where [z j]z−aF (z) denotes the coefficient of z j in the polynomial z−aF (z), and the con-
tour γ can be chosen to be a counterclockwise circleC(r) of radius r around the origin.

The set of negative values x is the set of {a} + j, where j ranges over negative inte-
gers. Therefore,

P(X < 0) =
∑
j<0

p{a}+ j = 1

2π i

∮
C(r)

(
z+ z2 + z3 + · · · ) z−{a} F (z)

dz

z

= 1

2π i

∮
C(r)

z1−{a} F (z)
1 − z

dz

z
,

where the radius r is taken to be less than 1 to insure that the geometric series converges.
The independence of the summands in X[n] can be used to verify that the PGF of

X[n] is F (z)n. Applying the preceding formula to X[n] gives

P(X[n] < 0) = 1

2π i

∮
C(r)

z1−{na} F (z)n

1 − z

dz

z
.

Expand the contour outward to the unit circle except for a small semicircular divot
centered at, and to the left of, 1, as in Figure 3.
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Figure 3. A notched contour.

This contour follows the unit circle counterclockwise from z = eiε to z = e−iε fol-
lowed by a clockwise small circular arc back to eiε. For very small ε, the integrand
around the notch is close to −1/(z− 1), and the contour is basically a small clockwise
semicircle; Cauchy’s theorem implies that the value of the integral over the divot is
very close to 1/2. Taking the limit as ε goes to zero gives

P(X[n] < 0) = 1

2
+ 1

2π i

∮
z1−{na}F (z)n

1 − z

dz

z
,

where the contour is the unit circle punctured at z = 1, with the “principal value inter-
pretation” at the puncture, which means that the value is the limit, as ε goes to 0, of the
counterclockwise integral along the unit circle from eiε to e−iε.

Anticipating a change of variables z = eit , let f (t ) be the characteristic function
(CF) of X :

f (t ) = F (eit ) = E(eitX ) =
∑
x

px e
itx. (3)

Making that change of variables, and doing some algebraic juggling, leads to

P(X[n] < 0) = 1

2
− 1

2π i

∫ π

−π

ei(1/2−{an})t f (t )n
t/2

sin(t/2)

dt

t
,

where the principal value interpretation is used at t = 0, i.e.,

∫ π

−π

:= lim
ε→0

(∫ −ε

−π

+
∫ π

ε

)
.

Expanding each of the exponential functions in (3) gives

f (t ) = 1 +
∞∑
k=1

μk(it )k

k!
= 1 − μ2t

2 − iμ3t
3/6 + · · · .
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This suggests that the largest contribution to the integral will come from a small neigh-
borhood of the origin of size O(1/

√
n), where

f (t/(σ
√
n))n = exp(n log(1 − t2/n− iμ3t

3/(6σ 3n3/2) + · · · ))

 exp(−t2 − iμ3t

3/(6σ 3√n) + · · · ).

Transform this integral as follows:
� Make a substitution t → t/(σ

√
n) in the integral, and restrict the integral to an in-

terval of size O(1/
√
n) in which the power series for exp(n log( f (n))) converges.

� Ignore all power series terms, which are O(1/n).
� Extend the interval of integration to the real line.

Note, for instance, that the power series

t/(2σ
√
n)

sin(t/(2σ )
√
n)

= 1 − t2

48μ2n
+ · · · 
 1

disappears. The end result of these steps is

P(X[n] < 0) = 1

2
− 1

2π i

∫ ∞

−∞
exp

(
i(Ct − Dt3)√

n

)
e−t

2/2 dt

t
,

where

C = 1/2 − {an}
σ

, D = μ3

6σ 3
. (4)

Expand the imaginary exponential, ignore O(1/n) terms, and use the fact that an odd
function integrates to 0 under the principal value interpretation. The result is

P(X[n] < 0) = 1

2
− 1

2π i
√
n

∫ ∞

−∞

(
1 + iCt − iDt3

)
e−t

2/2 dt

t

= 1

2
+ 1

2π
√
n

∫ ∞

−∞
(−C + Dt2) e−t

2/2 dt.

The identities

∫ ∞

−∞
e−t

2/2dt =
∫ ∞

−∞
t2e−t

2/2dt =
√
2π,

are well known; the first is equivalent to the fact that the normal density ϕ(t ) =
e−t

2/2/
√
2π is a probability density, and the second follows from the first by an easy

integration by parts. Applying these gives

P(X[n] < 0) = 1

2
+ 1√

2πn
(−C + D) + o(1/

√
n). (5)
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Heuristic proof of Theorem 2. Let Y be a die with shift a, span b, and first and third
moments equal to 0. Then, (5) applies to X = Y/b. Note thatW (X[n]) =W (Y [n]). The
only change in the equation in Theorem 2 when X is replaced by −X is that a and μ3

change signs in the definitions ofC and D. Subtract these two expression to get

P((−X )[n] < 0) − P(X[n] < 0) = {−na/b} − {na/b}
σ

+ o(1/
√
n).

In Theorem 1, it is assumed that a is not 0 or b/2 modulo b, which implies that {na/b}
is neither 0 nor 1/2 and that the first term on the right-hand side of the above equation
is nonzero. If n is large enough so that the o(1/

√
n) term is less than the first term, then

the sign of the left-hand side is the same as the sign of the right-hand side. Noting that

{na/b} − {−na/b} = 1 − 2{na/b} = 2 (1/2 − {na/b}),
the statement of Theorem 2 follows immediately. �

Remarks.

1. It is not hard to show that if all of the lattice corrections are 0, e.g., if all dice
have span 1, then there is an asymptotic dominance relation that is constant
from some n0 onwards. In other words, the “infinitely-often” nontransitivity in
the theorem can occur only for dice with nontrivial lattice correction factors! In
particular, the differences of the magic-square dice all have span 1, and without
further fuss we know that they have a limiting tournament.

2. The only details needed to turn the above argument into a proof are several,
perhaps slightly tedious, estimates. In fact, the energetic reader could use the
above template to prove a general Edgeworth expansion for lattice variables.
This proof is “constructive” in the sense that explicit bounds on the errors can
be given, with one exception. The compactness of [ε, π] implies that there is
some bound B = B(ε) such that | f (t )| ≤ B < 1 on that interval, which implies
that high powers of the characteristic function are small. However, making this
explicit requires more work, and it seems that this is best done by finding an
explicit c such that | f (t )|2 < ct2 for |t| < π .

3. The details can be found in [4] which works through all of these details and
gives explicit and (reasonably) effective bounds on the errors in Theorem 2.
That paper was partially motivated by a question from this paper: When does
asymptopia actually arrive for some explicit set of dice?

4. If the term multiplying 1/
√
2πn in (2) is 0, then a more general version of

Theorem 2, using the first nonzero term in the Edgeworth expansion, exists;
for some details see [11].

5. The dice X , Y , and Z with respective PGFs

16t2 + 7t−8 + 2t12

25
,

11t−9 + 33t + 6t11

50
,

6t−11 + 33t−1 + 11t9

50

have span 10, and are maximally nontransitive. In fact all eight possible tourna-
ments on {X[n],Y [n], Z[n]} occur for n = 1, 2, 3, 4, 6, 7, 8, 9 and it is possible
to use the results in [4] to show that the n0 in Theorem 2 is n0 = 1, so “asymp-
topia” arrives instantly.
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