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1. Introduction

Suppose P = (V, <) is a partially-ordered set (= poset) on a vertex set V of size n.
For a permutation (= bijection) 7 : V' — V, we say that = has a drop at v if 7(v) < v.
We denote by <ij > the number of permutations 7 on V which have exactly k& drops.
Also we denote by P, the incomparability graph of P. That is, P = (V, E) where the
edge set E consists of all those pairs of vertices {u,v} where neither u < v nor v < u

hold.
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To the best of the authors’ knowledge, the following surprising result first appeared
in [15] (see also [3,4]).

Theorem. For a poset P on n wertices,

3 <1,:> (A;’“) — ) 1)

0<k<n

where xp(\) denotes the chromatic polynomial of P, i.e., xp()\) is the number of ways
to color the wertices of P using colors from a set of X colors so that adjacent vertices
have different colors.

In particular, when P is a chain (= linearly ordered set) on n points, then the <IZ > are
just (}), the usual Eulerian numbers (see [16]). In this case, P consists of n independent
points so that xp(A) = A™. Thus, (1) becomes

2 (5= <2>

a relation that is usually called Worpitsky’s identity (see [16]). In fact, this identity was
used in the analysis of certain juggling patterns [5,3] and it was in this context that the
current paper was motivated.

Note that if we set A = —1 in (1) then the LHS becomes

Py (1) =0 () 3)

<t> e —i) _ {(—m ift =1, @

since

n n! 0 if0<t<n.

On the other hand, the RHS of (1) becomes x 5(—1) which by a classic result of Stanley
[19] is just equal to (—1)™ times the number of acyclic orientations of P. Hence, we have
the

Theorem. /3] The number of drop-free permutations on P is equal to the number of
acyclic orientations on the complementary graph P.

(A nice bijective proof of this appears in [21]).

Our main purpose in this paper is to generalize these ideas to arbitrary weighted di-
rected graphs (=digraphs) D. Previously, in the effort of finding an analog of the Tutte
polynomial for digraphs [23], the deletion/contraction rules were defined for digraphs
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Fig. 1. A simple digraph D and its associated matrix M.

and the (path/cycle) cover polynomial of a digraph was introduced in [9]. Since then, a
number of papers further investigated the cover polynomial relating to various digraph
properties (see [8,10]). In particular, the cover polynomial of a digraph is intimately
related to enumerating various path/cycle vertex covers of a digraph with natural con-
nections to coloring enumerations and rook polynomials (see [6,7,11-14,17,20]). In this
paper, we study digraph polynomials with a perspective somewhat different from that
of the cover polynomial. Our emphasis here is on polynomials that reveal invariants for
enumerating various types of permutations on the vertex set of a given digraph.

In this paper, we will define a binomial drop polynomial Bp(x) for weighted digraphs
and study its properties. A key fact we establish for Bp(x) is a general deletion/contrac-
tion recursion from which these polynomials can be derived. When D is restricted to the
class of simple digraphs (i.e., with all edge weights equal to 0 or 1), the deletion/con-
traction rules are the same as in [9]. However they are different for digraphs with general
edge weights.

2. The binomial drop polynomial

For a digraph D = (V, E), each edge e = (u,v) € E will be indicated by a directed
arc from u to v, i.e., u — v. We will usually assume that |[V| = n. If u = v, the edge
e = (u,u) is called a loop at u. For now, we will assume that D is simple, i.e., all the edge
weights are 0 or 1. (Later, this restriction will be removed.) Thus, the adjacency matrix
M = Mp associated to D is a matrix indexed by the vertices of D with M (u,v) = 1 if
(u,v) is an edge of D and is 0 otherwise. We say that a permutation m on D (really, on
V) has a drop at u if (u,7(u)) € E. In particular, if (u,u) is a loop in D and 7(u) = u,
then this is also drop at u. For 0 < k < n = |V|, we define <],3> to be the number
of permutations on D which have exactly k drops. In particular, <€ > is the number of
drop-free permutations on D, something that we will return to later in the paper. As
noted earlier, when D is the transitive closure of a chain then <€ > = <Z>, the usual
Eulerian number. Thus, <€ > can be viewed as a generalization of Eulerian numbers for
simple digraphs. For example, the digraph shown in Fig. 1 has 4 permutations with 4
drops, no permutations with 3 drops, 10 permutations with 2 drops, 8 permutations with
1 drop, and 4 permutations with no drops, as listed in Table 1.
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Table 1
Table of permutations on D.
k <i)> permutations with k drops
4 2 (abc), (abdc)
3 0 0
2 10 (be), (bde), (ab), (ab)(cd), (abed), (abd), (ac), (ac)(bd), (adc), (adbe)
1 8 identity, (cd), (bed), (bd), (acd), (acbd), (adceb), (ad)(bc)
0 4 (acdbd), (acd), (adb), (ad)

We can summarize this information in the form of a polynomial which we call the
binomial drop polynomial for D, denoted by Bp(x), and defined as follows:

Definition.

Bo(x) = Z<l;:> <x:k) (5)

k

where, as usual, n denotes the number of vertices of D.
In the case of the digraph shown in Fig. 1, we have

+4 +2 +1
BD(x):2<x4 )+10(9€4 >+8(x4 >+4<Z)
=gt 4+ 422+ 3z +2

when expanded out.

The above definition for the binomial drop polynomial can be applied for digraphs
with multiple edges. In this case, suppose e = (u,v) and there are s edges from u to v. If
m(u) = v then this counts as contributing s drops to the number of drops of 7. In Fig. 2
we have an example of a digraph with multiple edges together with its binomial drop
polynomial. More examples for small digraphs can be found in Fig. 5.

We will consider five families of (increasingly general) digraphs:

Py — the family of transitive digraphs, i.e., such that (u,v) € F and (v,w) € F implies
that (u,w) € E. This is the case when D is derived from a poset.

91 — the family of acyclic digraphs.

95 — the family of simple digraphs with loops allowed.

23 — the family of digraphs with multiple edges and loops allowed. This family of
digraphs can be viewed as having positive integral edge weights.

24 — the family of digraphs for which we allow real-valued weights on the edges and
loops.

Clearly, Dy C D C Dy C Dy C Yy
We will see that all of these five families are closed under the operations of deletion
and contraction, something which will be defined in the next section.
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Fig. 2. A digraph with multiple edges.

3. Deletion and contraction in digraphs

In order to manipulate Bp(z), we will first need to define the operations of deletion
and contraction on a digraph D. First, suppose e = (u,v) is a non-loop edge of D (so
u # v). The vertex set for the deleted digraph D \ e is still V' and the edge set is just
E\ e, i.e., we just remove the edge e from E.

The contracted digraph D/e is slightly more complicated. For the vertex set of D/e
we replace the two vertices u and v by a single vertex uv. Any edge in D of the form
(z,u) becomes an edge (z,uv) in D/e. Also, any edge in D of the form (v,y) becomes
an edge (uv,y) in D/e. All other edges incident to either w or v (including loops) are
deleted. If (v, u) happens to be an edge in D, it becomes a loop at uv in D/e. All other
edges (not incident to w or v) in D are retained in D/e (see Fig. 3).

If e = (u,u) is a loop at w in D, then we do the following. For the edge set of the
deleted digraph D\ e, we just remove e. To form the contracted digraph D/e, we simply
delete the vertex u and all edges incident to u (see Fig. 4).

We point out that these definitions of deletion and contraction in a digraph are the
same as those used in our previous papers on path/cycle cover polynomials [9,10].

4. A recursion for Bp(x)

In this section we will derive a recursion for Bp(z) which allows one to express it in
terms of Bp\. and Bp /. for an edge e € E. This is very similar to what happens for the
Tutte polynomial [22] and the path/cycle cover polynomial Cp(z,y) (see [9]). We point
out that in [9] Cp(x,y) was only defined for simple digraphs D € %5. This restriction
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Fig. 4. Deletion and contraction of a loop e = (u,u) in a digraph D.
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Fig. 5. Binomial drop polynomials for small digraphs.

was removed in [10], where Cp(z,y) was defined for all D € %24. In this section, we will
derive recurrences for digraphs in %3 having multiple edges and loops.
We first will prove several useful facts.

Lemma 1. Suppose there are s edges from u to v and one of these edges is denoted by
e (where u is not required to be different from v). For an integer k > 0, the number

of permutations © with k + s drops on D satisfying the condition mw(u) = v is exactly
(")
L)

67
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Fig. 6. Extending the permutation o.

Proof. Let o be a permutation with k drops in D/e. We consider two possibilities.

Case 1: e = (u,v) is a non-loop edge.

Let uv denote the contracted vertex in D/e formed when e was contracted. Thus,
V=V(D)=V(D/e) U{uv}. We can extend ¢ to a permutation = on V as follows (see
Fig. 6). Define

o(uw) if x =w,
v if © = wu,
u if o(x) = wv,

o(x)  otherwise.

Any drop in D/e is still a drop in D. Conversely, any permutation = on V' can be mapped
to a permutation o on V(D/e) by defining

w(v) if y = uv,
oly) =quv if m(y) = u,

7m(y) otherwise.

Case 2: e = (u,u) is a loop.
In this case, V(D) = V(D/e) U {u} and

(z) = {J(x) if © # wu,

U if x = .
This is an easy bijection and the proof of the lemma is complete. O
Now for our first main result.

Theorem 1. Suppose there are s edges from u to v and one of these edges is denoted by
e (where u is not required to be different from v). For any k > 0, we have
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D D\ e® D D
_ D\ /Dje\ [ Dfe o
k k k k—s
where D\ e®) denotes the digraph resulting by removing all s loops from v in D and we
use the convention that <?> =014j<0.

Proof.

(s)
<D \ke > = #{r has k drops in D \ ®}

= #{m has k drops in D\ e and 7(u) = v}

+ #{m has k drops in D \ e and 7(u) # v}

= #{7 has k + s drops in D and 7(u) = v}

+ #{m has k drops in D and 7(u) # v}

= #{m has k drops in D/e} (by Lemma 1)

+ #{m has k drops in D} — #{x has k drops in D and 7(u) = v}

_/DJe N D\ /DJe
O\ k k k—s
using the fact that <Di/e> = 0 if 4 < 0. This completes the proof of Theorem 1. O

Theorem 2. For a digraph D on n vertices, suppose there are s edges from u to v and
one of the edges is denoted by e. Then

(o= () =G 2+ ()
Proof. We apply Theorem 1 to D and D \ e, respectively, to obtain
(=) -+
()
) <Dk/e> +<k—Ds/il>) ) <k—Ds/i1> " <;f_/€s>
(7))

as claimed. O
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We point out that for the case k = 0, the recurrence for <103> (= the number of drop-free
permutations on D), is particularly interesting. From Theorem 1 we find

<D \ e> B {<€> + <D0/e> if e is not a loop,
0 (or+(%
Recall the definition of the binomial drop polynomial Bp(x) from (5):

o -5 (2 (1)

k

(7)

“) if e is a loop at w.

where we assume that D has n vertices. We next show how Bp(z) can be computed
recursively using deletion and contraction.

Theorem 3. The binomial drop polynomial Bp(x) satisfies the following properties:

(i) Suppose there are s edges from u to v and one of the edges is denoted by e (where
u and v are not required to be different). Then

Bp(x) = Bp\e(7) + Bpje(x + 5 —1).
In particular, for s =1, we have
Bp(x) = Bp\e(%) + Bpye(r).

(ii) If D = I,, consists of n isolated points, then

By, (z) = n! (Z) _

where ™ denotes the falling factorial x(x — 1)(x —2)---(x —n+1).
(iii) If D = Dy is the digraph with no vertices, then by convention we set Bp,(x) = 1.

Furthermore, Bp(x) is the only digraph function which satisfies all the Properties (i),
(i) and (iii).

Proof. “="
From the definition of Bp(x) we have

mo =2 (0 ()

S (YN () s
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e W T( W ()
=m0

= BD\E(‘T) +BD/5(ZL'+S — 1)

where the last line follows from the definition of the drop polynomial for the digraph D/e.
This completes the proof in the “=-" direction.

To prove the theorem in the “<=7 direction, suppose that Properties (i-iii) hold
for some unknown function Fp(z) on all digraphs. We will assume by induction that
Fp(xz) = Bp(zx) for all digraphs having fewer than r edges. The induction hypothesis
certainly holds for digraphs with no edges (by (i) and (iii)). We consider a digraph D
which has r edges. If D has s edges from u to v and e is one of these edges where s > 1.
Then by (i) we have by induction:

Fp(z) = Fp\o(z) + Fpje(z + 5 —1)
—Z<D\ >(m+k>+zk:<Dk/e><x+siril>
_ < >(x::k>+zk:<Dk/e>((x+s+s>_<x+k:s—1>)
-2 () (-G )

_Zk:< ><"”+k) by Theorem 1

This completes the induction step and we can conclude that Fp(x) = Bp(x) for all D.
This completes the proof of Theorem 3. O

We point out that because the polynomial Bp(z) can be defined in terms of counting
drops of permutations on D, then the order in which the deletions and contractions
are applied to reduce D to collections of independent sets I does not matter. Ordi-
narily, if one were to define some arbitrary deletion and contraction rules for graphs or
digraphs, the order in which they were applied would matter, and so the resulting poly-
nomials wouldn’t be well defined. However, there are a number of cases where you do get
uniqueness, such as the Tutte polynomial, the path/cycle cover polynomial and (this)
binomial drop polynomial. It would be interesting to develop a more general theory for
this phenomenon (cf. [2]). In Figs. 7 and 8, we show the digraph from Fig. 1 and several
of its deletions and contractions, both with an edge and with a loop. We also list the
corresponding polynomials (which fortunately add up correctly!).
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By(0)=x'+7x*+6x+5i b

By, (0)=x"—x’+5x + x+1 By, (X)=x"+2x"+5x+4

Fig. 7. Deletion and contraction using the edge e;.

Dle,

BD\CZ(x):x4—x3+4x2+x+l BD/QZ(X):)C}""ZX""I
BD,Ez(x+1):x3+3x2+5x+4

Fig. 8. Deletion and contraction using the loop es.

5. Acyclic orientations for acyclic graphs
We have noted earlier that when D is transitive then:

D _
< k;> = #{acyclic orientations of the (undirected) complementary graph D}.
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We will show that this equality holds only if D is transitive. This will follow from
considerations for more general digraphs D. In particular, in this section we will focus
on the family %, the set of digraphs which are simple. Clearly, %5 is closed under deletion
and contraction. If D € 9, has n vertices then we define a (vertex) path/cycle cover C
of D to be a sub-digraph consisting of vertex disjoint (directed) paths and (directed)
cycles which cover all n vertices of D (see [9,10]). We note that in a path/cycle cover C,
each vertex has indegree and outdegree at most 1.

Theorem 4. Suppose that e, ea, ..., e, are distinct edges in D € Do. Then

<D\61\82...\ek>_ 5 <D(§S> )

SC{e1,e2,....ex}

where S ranges over all subsets of path/cycle covers of D and for S = {e;,,e;, ... e },
we define D/S =D/e;, /e, ... [e;. .

It is easy to check that the definition of D/S makes sense when S consists of edges
in a path/cycle cover C of D. It suffices to observe that in this case if e; and e; are two
edges in C, then D/e;/e; = D/e;/e;. We will use the convention that <DI£S> =0if Sis
not a subset of path/cycle cover of D.

Proof. We will prove (8) by induction on k. For the base case k = 1, we have by Lemma 1,

D\el - D D/€1 - D/el
SC{ei}
SCpath/cycle cover

as required.
Now assume that (8) holds for all ¥’ < k for some fixed k > 1. Then

<D\el\0...\ek> _ <D\el\6..\ek1>+<(D\el\..(.)\ek1)/ek>

Z <D(<S>+<(D\el\..(.)\ek1)/ek>

SC{e1,...ex—1}
SCpath/cycle cover

by the induction hypothesis. We now focus on the term

<(D\el \...\ekl)/ek>'

; ©)

Write e, = (u, v) and consider the set S* consisting of those e; which do not start at u
and which do not end at v. That is,

S* ={e; = (ui,v),1 <i < k—1,where u; # u and v; # v}.
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Without loss of generality (by relabeling if necessary) we can write S* = {ej,ea,... e}
for some t < k — 1.

Claim A.

(D\er\ ...\ exr)fex = (Dfer) \ e \ ... \ €

where for an edge (u,v) we define e* = (u*,v*) by

. {u if u# v, . {v if v # u,

ut = and v =

wy if u =, wy if v =,

and wv is the (contracted) vertex arising from the contracted edge er = (u,v).

Proof of Claim A. It is straightforward to check that the map of e = (u,v) to e* = (u*, v*)
is a bijection between the edge sets of (D \ ey \ ...\ ex—1)/er and (D/ex) \ el \ ...\ ef.

Proof of Claim B. “—" follows from the definition of S*. For the “<=" direction, note
that if S C {eq1,...,ex_1,€x} is a path/cycle cover of D and ey € S then for any e; € S,
we have e; = (u;,v;) with u; # u and v; # v. This proves Claim B.

We now go back to the expression (9). We have

(D\er\ ...\ ex—1)/ex
(o)

_ <<D/ek>\e¢\...\e:>

0 (by the def. of S)

- 3 <(D fen)/ T> (by induction)

0
TH{ey,...e; }
T Cpath/cycle cover of D/ey

_ 5 (Dl (Do Ve

SC{e1,...ep—1}
SuU{ey }Cpath/cycle cover of D

by Claim B.
Returning to the main proof, we can now write

<D\e1 \O...\ek> _ > <DéS> . > <D/Zk/S>

SC{e1,...ex—1} SC{e1,...ex—1}

SCpath/cycle cover Su{ey } Cpath/cycle cover
>
B 0
SC{e1,...ex}

SCpath/cycle cover of D

as desired. This proves Theorem 4. O



F. Chung, R. Graham / Journal of Combinatorial Theory, Series B 126 (2017) 62-82 75

Finally, we turn to acyclic orientations. As mentioned earlier, it is known that if D
is transitive then the number of drop-free permutations on D is equal to the number of
acyclic orientations of the complementary (undirected) graph D. In other words, if we let
AO(G) denote the number of acyclic orientations of a graph G, then for any transitive
digraph D, we have

D _
<O> =AO(D). (10)
The next result is an immediate consequence of Theorem 4 and generalizes (10). What
it says that for any acyclic digraph D, the number of drop-free permutations on D is
equal to a sum of the number of acyclic orientations of a (large) collection of subgraphs
of D.

Theorem 5. For any acyclic digraph D,

(o) - > AO(D7/S) 1)

scT*
SCpath/cycle cover of D*

where D* denotes the transitive closure of D and T* = E(D*)\ E(D).

Proof. We note that D*/e is also transitive for any e and therefore <D ;/ “) is equal to
the number of acyclic orientations of D*/e. From Theorem 4 we have

0 ={"s")

-z

SCT*
SCpath/cycle cover of D*

- 3 AO(D/3),
scT*
SCpath/cycle cover of D*

and Theorem 5 follows. O
6. Drops and descents in acyclic graphs

Suppose D = ([n], E) is an acyclic digraph on the vertex set [n] = {1,2,...,n}. By
an arrangement A = (a1,as,...,a,) of D, we mean a rearrangement of the vertices of
D. We will say that A has a descent at i if (a;, a;+1) is an edge of D. Denote by Desp (k)
the number of arrangements of D have exactly k descents. Let us assume that the vertex
set of D is [n] and that the labeling of the vertices of D forms a linear extension of D,
i.e., if (u,v) is an edge of D then u > v. The following lemma is the natural extension
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of the well-known fact that the number of permutations of [n] with &k drops is equal to
the number of arrangements of [n] with k& descents.

Lemma 2. For any acyclic digraph D = ([n], E),

Desp(k) = <ij>, 0<k<n.

Proof. We follow the standard proof for permutations of [n]. Given a permutation 7
on D, we write 7 = (a1,as,...,a;)(b1,b2,...,bs)...(c1,ca,...,¢) in standard form,
namely so that the first element in each cycle is the largest element in that cycle, and
a; < by < ... < c;. We now form the corresponding arrangement A = A(7) by simply

removing the parentheses, i.e., A = (a1,a2,...,a,,b1,b2,...,bs,...,C1,C2,...,¢). It is
now enough to observe that since m(a,) = a;,m(bs) = by,... are not drops of 7, and
(ar,b1),... are not descents of A, then the bijection follows. O

Theorem 6. For any acyclic digraph D = ([n], E),

<§> > AO(D).

Furthermore, equality holds if and only if D is transitive.

Proof. We will construct an injection from the set of acyclic orientations of D = G to
the set of permutations on D. Suppose G is an acyclic orientation of G. We will form
a unique descent-free arrangement A from G. Consider the set S; of sinks in 8, ie.,
vertices with outdegree 0. The vertices of S; form an independent set in 8 Hence, these
vertices form a linearly-ordered set in D. Let s; be the smallest element of S;. This
will be the first element of A. Now, delete s; and all incident edges in G'. In this new
acyclic graph, let S5 denote the set of sinks and, as before, since S is linearly ordered
in D, take the smallest element in Ss and use it as the second element in A. Continue
this process until we have formed an arrangement A of all the vertices of D. Consider
two consecutive elements in A, say a; and a;+1. When a; was selected (as the smallest
element in the chain \S; in D), there were two possibilities. If {a;, a; 11} was an edge in G
then there was no edge between them in D, and so there is no descent in A in going from
a; 0 a;11. On the other hand, suppose that {a;,a;11} is not an edge in G. Then a; was
smaller then all the other sinks at that time, and so, must be smaller than a;41. Thus,
there is no descent from a; to a;4+1 in this case as well. In other words, A is descent-free.
Therefore, by Lemma 2, the corresponding permutation on D is drop-free. To recover
the acyclic orientation G of G from A, we simply do the following. For each edge {z, y}
in G, we orient it from z to y if & occurs before y in A (that is, if * = a; and y = a;
and 7 < j). It is clear from the construction that this will generate the original acyclic
orientation 3 of G from A.
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Suppose now that D is not transitive. Then there exist three vertices u, v and w
such that v > v > w and (u,v) € E, (v,w) € E but (u,w) ¢ E. Consider the two
arrangements

Ar=(1,2,...;,u—lLuw,vo+1l...,.u—Lu+1,...,n)
and
Ay =(1,2,...;,u—1,vuywo+1...,u—Lu+1,...,n).

It is easy to see that they are both descent-free and they both generate the same acyclic
orientation of G = D (since {u,v} and {v,w} are not edges in G). Hence, in this case
there are strictly more drop-free permutations on D than there are acyclic orientations
of D. This proves Theorem 6. O

7. The binomial drop polynomial for weighted digraphs

In this section, we will deal with the most general weighted digraphs D = (V, E) € %4,
namely those digraphs in which each edge e = (u, v) is assigned a real-valued weight w(e),
where u = v is allowed. For a permutation w on D, we can define

drop(m) = Z w(e).

ueV
e=(u,m(u))

We then define

Bor) =3 <x + drop(n’)) 12)

n
™

where, as usual, we assume that D has n vertices, and for an arbitrary «,

(x;a) :%(m—i-a)ﬁ:%(m—i—a)(m—i—a—1)...(x+a_n_|_1)_

First, we show that the binomial drop polynomial obeys a reduction—contraction rule.

Theorem 7. For a weighted digraph D in 9y, the binomial drop polynomial Bp(z) satis-
fies the following reduction—contraction rule: Suppose e = (u,v) is an edge with w(e) = «
(where u = v is allowed). Let D' denote the weighted digraph with all edge weights the
same as those in D, except that the weight of e is now a— 1. Let D/e denote the digraph
formed by contracting the edge e. Then we have

Bp(x) = Bp/(x) + Bpje(r +a — 1) (13)
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Proof. By definition, we have

3 (x + drop(ﬂ)) 5 <x + drop(ﬂ’))

™ 7!

5 (x + drop(w)) -y (m + drop(w’))

m(u)=v 7/ (u)=v

x+na> 3 Z <m+zl>

7/ (u)=v

(
<<x+..n.a...>_<x+...z—1...)>
(

BD(.Q?) — B]y(.’l?)

1\

by a standard binomial coefficient identity. However, there is a natural bijection from
the set of permutations 7 on the vertex set of D with 7(u) = v to the set of permuta-
tions 7" on D/e such that for the (contracted) vertex uv, we have 7" (uv) = 7(v) and
(")~ (uv) = 771 (u). Hence, we can rewrite the above sum as:

BD<$)_BD/(J:):Z(m-f—.;l.le...)

i

_Z x+a—1+drop(n”)
_Tr” n—1

= Bpje(r+a—1).
This completes the proof of Theorem 7. O

We remark that for digraphs in 24 with arbitrary real-valued weights, the preceding
reduction—contraction rule does not constitute a definition for Bp(x). However, for di-
graphs D in 95 with positive integral weights, the definition By, (x) = 2™ for the base
case I, allows one to define the polynomial Bp(z) for all D € Z5. In this reduction/con-
traction recursion, the multiplicity of a chosen edge is reduced by one, rather than having
the edge removed altogether. However, this can be remedied as follows. We first need to
define a sequence of polynomials Bg)(x) for D.

Definition. For k£ > 0, define the sequence of polynomials:

5@ =X (70 (1)

In particular, BgJ)(x) = Bp(x).
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Theorem 8. Suppose that e is an edge or loop in a digraph D € P4 with weight w(e).
Then for k > 0, we have

() + B¥ (2 + w(e)) — B () (15)

k k
BY(z) = BY) oy b7

D\e

Proof. Observe by (14) that if D has no edges, i.e., D = I,, consists of n independent
vertices, then

B () = n! (n i k) (16)

Now suppose D is a weighted digraph with an edge e = (u, v) of weight w(e). Then
&) (N k) B x + drop(m) 3 x + drop(r’)
By (x) BD\e(m>_z7r:( n+k ; n+k

Z <x+ndioz(7r)>+ Z <x+ndioz(7r)>

() ()=
B Z (:13 + dmp(ﬂ’)) B Z (x + dmp(ﬂ’))
il n+k il n+k
x + drop(r) x + drop(n’)
:mz):_v< n+k >_w/(%:—@< n+k )

Z x + w(e) + drop(n") _Z x + drop(n")
2\ n-ltk+l n—1+k+1

!

k k
=BV (@ +w(e) - By (x).

Here, 7

ranges over all permutations of the vertex set V" of D/e in which the two
vertices v and v have been contracted to the single vertex uv, and we use the usual
bijection between permutations = on V with 7(z) = u, 7(u) = v, and 7(v) = y, and

permutations 7" on V" with 7" (x) = wv and 7" (uv) =y. O
Setting k = 0 in Theorem 8, we obtain:
Corollary. Suppose that e is an edge or loop in a digraph D € 94 with weight w(e). Then
Bp(«) = Bp\(2) + Bp), (z + w(e)) — By) (). (17)
As an example of using this expansion to compute Bp(z) for a small weighted digraph,

let D consist of the three vertices {1, 2,3} with edges e; = (1,2) with weight w(e;) = a
and es = (2, 3) with weight w(ez) = b. Then
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Bp(z) = BY () = BY, (x) + BY), (x +a) - BY), ()

_ n) (1) (1)

- BD\El\eQ (.ﬁ) + BD\el/eg (LI} + b) - BD\61/62 (LI))

+BY) | (z+a)+BY , (x+a+b)— B2 (z+a)
D/cl\eg D/61/62 D/61/62

- B(Dl}el\(ig(x) - B(DZ}EI/EQ(:I: + b) + B(DZ}€1/€2<J;)
x x+b x
= 3! 2! — 21
(3)+2(5") -2()
T +a T+a+b T+a
2! 1! - 1!
)5 ()
() _q T +b Lu(®
\3 ' 3 “\3
T T +a r+b r+a+b
pr— 1
() (30305 ) ()

since D \ e; \ ez is an independent set of 3 vertices, D \ e1/e2 and D/e; \ eg are in-
dependent sets of 2 vertices and D/ej /ey is an independent set of one vertex, and we
apply (16).

To compute Bp(x) from its definition in (12), we observe that the permutations
(1)(2)(3), (13)(2) and (132) each have drop value equal to 0, the permutation (12)(3)
has drop value a, the permutation (1)(23) has drop value b, and the permutation (123)
has drop value a+b. Thus, we can immediately see that the value of Bp(z) is as is given
in (18).

A reciprocity formula We note here there is a type of reciprocity that holds for Bp(z).
Namely, for a weighted digraph D, let us define its dual D to be the digraph having the
same set of vertices and with each edge weight w(e) =1 — w(e).

Theorem 9. If a weighted digraph D has n vertices then
Bp(x) = (~1)"Bp(~z — 1). (19)

Proof. From (12) we have

- (772
= %(l‘ +n — drop(m))™
= (—nl!)" (—z —n + drop(m))™

= C w1+ drop(m))
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= (=1)"Bp(-z —1)
where 2™ denotes the rising factorial 2(z +1)(z+2)...(z+n—1). O
8. Concluding remarks

We should remark that Theorem 8 can be thought of as result dealing with square
matrices M with entries taken from some commutative ring # with identity. This is
similar to what was done in [10]. In this case, for an entry e = (u,v), we can form the
deleted matrix M \ e by replacing M (u,v) by 0. To form the contracted matrix M /e,
we first replace row u of M by row v of M, and then delete row v and column v of M.
We then have the corresponding polynomial By (z) satisfying the previously mentioned
definitions and recurrences.

We conclude by mentioning several further directions which could be interesting to
explore.

For example, one could ask if there is a natural analog for Theorem 5 for <€> for
k> 07

In another direction, it would be interesting to know what the complexity of evaluating
Bp(z) is for general digraphs D? For example, Bp(0) is the number of cycle covers of D.
For the case of the Tutte polynomial, we mention the following result of Jaeger, Vertigan
and Welsh [18]:

Theorem 10. The problem of evaluating the Tutte polynomial Te(x,y) of a general graph
G at a point (a,b) is #P-hard except when (a,b) is on the special hyperbola (x — 1)(y —
1) =1 or when (a,b) is one of the eight special points (1,1), (—1,—1), (0,—1), (—1,0),
(i, —1), (—i,i), (4,7°) and (j2,7), where j = e*3' . In each of these exceptional cases, the
evaluation can be done in polynomial time.

In the case of the cover polynomial Cp(z,y) (see [9]), the situation is even worse! In
this case, Bldser and H. Dell [1] have shown that it is #P-hard to evaluate Cp(z,y) for
general digraphs D € 95 (i.e., with multiple edges and loops) at a point (a,b) unless
(a,b) is one of the three special points (0,0), (0,—1) and (1,—1) (and for these three
points, the computation can be done in polynomial time). Presumably, the same result
also holds when restricted to simple digraphs D € %,. It would be interesting to know
when the computation of Bp(x) for « € [0,n] can be done in polynomial time.

It is possible to define a 2-variable drop polynomial Bp(z,y) for weighted digraphs
D which generalizes the polynomial Bp(x) we have defined here in such a way that
Bp(z,1) = Bp(x). The polynomial Bp(xz,y) depends on more subtle properties of D
(such as the cycle structure in D), and is related to the path-cycle cover polynomial
Cp(z,y) of D (see [9,10]). In fact, for simple digraphs D, Bp(x,y) = Cp(x,y). Bp(z,y)
also satisfies analogous reduction/ contraction and deletion/contraction rules as well as
some intriguing reciprocity relations and various symmetric function generalizations (cf.
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Stanley [20], Chow 8], and the authors [10]). We plan to address some of these extensions
in a future paper.
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