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Abstract

We derive generating functions for a variety of distributions of joint
permutation statistics all of which involve a bound on the maximum drop
size of a permutation 7, i.e., max{i—m(i)}. Our main result treats the case
for the joint distribution of the number of inversions, the number of de-
scents and the maximum drop size of permutations on [n] = {1,2,...,n}.
A special case of this (ignoring the number of inversions) connects with
earlier work of Claesson, Dukes and the authors on descent polynomi-
als for permutations with bounded drop size. In that paper, the desired
numbers of permutations were given by sampling the coefficients of certain
polynomials Q. We find a natural interpretation of all the coefficients of
the @ in terms of a restricted version of Eulerian numbers.

1 Introduction

There is an extensive literature on various statistics for S,,, the set of all per-
mutations of {1,2,...,n} (e.g., see [I, 3, @, [7, 8, [T} 12, 13}, (5, 16} (7, 18, [19]).
For a permutation 7 in S, we say that 7 has a drop at i if 7(i) < ¢, and the
drop size is i — w(i). We say that = has a descent at i if w(i + 1) < w(¢). One
of the earliest results [11] in permutation statistics asserts that the number of
permutations in S,, with k drops equals the number of permutations with k
descents. Other statistics for a permutation 7 include the number of inversions
of m (e, [{(4,4) : i < j,m(i) > w(j)}]), and the major index of = (i.e, the sum
of the indices i at which a descent of 7 occurs). Many of these papers study the
distribution of the above statistics and their g-analogs as well as the distribution
of various multivariate statistics.

In this paper, we examine joint statistics of permutations with the additional
constraint on the maximum drop size. Enumeration problems of permutations
with bounded maximum drop size arise in the study of juggling patterns as well
as certain sorting algorithms. In [3], the descent polynomials with bounded
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maximum drop size were studied. In this paper we extend the methods to ex-
amine the joint statistics of inversions, descents and maximum drop size. The
derivation of the generating functions of such combined statistics of permuta-
tions involves an interplay of g-nomial coefficients and various modified versions
of Fulerian numbers.

An outline of the paper is as follows. In Section 2, we will present our
main result dealing with the joint distribution of permutations which have given
numbers of inversions, descents and a bound on their drop size. In Section 3,
we specialize this result by ignoring inversions. This relates to earlier work of
Claesson, Dukes and the authors [3] on the same subject. In Section 4, we will
show how to interpret all the coefficients in the polynomials arising in [3] in
terms of counting certain restricted permutations. Finally, in Section 5, we will
make some general comments and suggest a number of open problems.

2 Inversions, descents and maxdrop

We begin by listing some of the standard terminology we will be using. With
[n] ={1,2,...,n}, we let S,, denote the set of n! permutations on [n]. We say
that m € S,, has a descent at i if w(i) < w(i +1). We let DES(7) = {i € [n] :
mhas a descent at i} and we set des(m) = | DES()|. We say that = has a drop at
i if 7(4) < ¢ and we define maxdrop(m) = max{i — 7w (¢)}. Further, we let inv(m)
denote the number of inversions of m € Sy, i.e., inv(r) = [{i < j:7(i) > 7(j)}.

For a formal parameter ¢, we use the standard definitions for Gaussian co-
efficients:

If we define A™-45(q 4) by

Aglv,des(qjy) _ Z qinv(ﬂ)ydes(ﬂ')
TESy

then a classic result of Stanley [16] shows that

n

z 1—y

! Exp,(2(y — 1))~y

D A=(g,y) [ (2.1)

n>0

Our first result can be thought of as a variant of (2.1)) using ordinary gener-
ating functions rather than exponential generating functions where we include



a restriction on the maxdrop of the permutations as well. To state it, we first
need a few definitions. For a power series P(z) = >, -, p(n)z", the notation

[0 : 25Y]P(z) denotes the truncated sum > n<iP(n)z", while [o : 221 P(z) de-

notes the sum »_, -, p(n)2" and [0 : 2!]P(z) denotes the single term p(n)z*

We define
nk q’ Z qlnv () des(ﬂ')

TESn &
where S, = {m € S, : maxdrop(w) < k}.

Theorem 2.1. For k > 1, the generating function for B,, i satisfies

Fy,
By = Bi(q,y.2) ZBnqu =Gy
n>0
where
k+1
k+1 j : .
Gi=Guta ) =1-3 |7 } o)y — 1129,
j=1 q

inv,des __ inv7des inv, des
A =A (qy,2) =Y AMIS(q,y)2",

n>0

Fi, = Fi(q,y,2) = [0 : 25F](A™9 . Gy,).

Note that A"V:4es is not the usual power series of Stanley for inversions and
descents.
For example, for k = 1, we have

1—gz
1—(1+q)z—qly—1)z2

Bi(g,y,2) =
Proof. We will consider

Bur(gy+1)= Y ¢ (y+ 1)t

TESn &

Z Z I(T7 DES(’]T))qinV(W)ydeS(Tr)

TESn,k TC[n]

i C
I(T,S){l ifT CS,

0 otherwise.

where

For 7 € S,,, define
t(m) = max{i : whas descents at n —i,n —i+1,n—i+2,..., and n — 1},
and define ¢(7) = 0 if m7(n — 1) < w(n). Thus, we have

m(n—t(r)) >an—t(r)+1) > - >n(n),



for ¢(w) > 0. Now, for 7 with maxdrop(m) < k, we have w(n) > n—k. Therefore,
mn—t(m)+j)>n—k+t(r)—jfor 0 <j <t(nm).

Hence, we can write

B ( y+1 Z qlllV(Tl')(y_"_ 1)des(7‘r)

TESn k

Z Z S DES ) 1nv(7r)y|S|

TESn,k SC[n
k+1

=> Y > IT.DES(m)g™™yTTT (2.2)

=1 7€S, Kk TCN[n—1
t(ﬂ'):ifl
For m € Sy, let @ denote the “reduced” permutation on [n — t(7) — 1]. That is,
the images 7(j),j € [n — t(m) — 1], have the same relative order as the images
7(j),J € [n — t(m) — 1], (so the number of descents and inversions of 7 and 7
on this interval are the same). Note that for 7 € S,,, the number inversions
occurring at position 4 (i.e., the number of u < i with m(u) > (7)) is exactly
n—m(i) —|{j:n(4) > n(i) for j > i}| . For example, for i = n, the number of
inversions occurring at position n is just n — w(n).

Continuing (2.2)), we have

[U : 22k+1]Bk(Q7y + la Z)
=Bi(q,y+1,2) — [o: 2= [Br(g,y + 1,2)
- Z B"vk(q?ijl)Zn

n>k+1
k+1

=3 > 3 > IT.DES(R))gm ™y T

n>k+1i=1 w€Sn 1 TC[n—i]
t(m)=i—1

k+1
= > i( > Y I(T,DES(7))g™™ Tz"—i>

n>k+1i=1 TESn—i,k TC[n—1i]
% < E qz7 1a,yz 1 z)
a1<az<...<a;€{0,1,....k}

where, a1 < as < ... < a; are determined by 7 by the identification

{m(n —t(n)),7(n—t(x) = 1),...,7(n)} ={n—a1,n—aq,...,n—a;}.



Thus, we have

[0 22k+1]Bk(Qa Y+ ]-a Z)

k+1
Z Zani,k((Ly"‘ ].)Zn_i< Z q 7 1a]yz 1 z)
k)

n>k+1i=1 a1<as<...<a; €{0,1,...,
k+1 k
= [0 : 224 (y—l S Baigy+1,2)2"7 | (H (1+q7yz) — 1))

i=1 =0

Comparing the coefficients of 2™ for n > k + 1, we can conclude that

k
[0: 22" UB(¢q,y+1,2) = [0 : zz’““}( Br(q,y+1,2 (H 1+q¢yz) — ))
Consequently, we have

[o: z>k+1}<Bk(q,y+1 z <1y (f[ (1+¢yz) 1))) 0
j=0

or, equivalently,

>k+1 _ _ . — =
o2 }<Bk(q,y,Z)<1 1)~ (H 1+ ¢%( )z2) 1))) 0
3=0

which can be written as

[o: 22’““](Bk(q,yyz)Gk(q,y,Z)) =0 (2.3)
by choosing
k
Grla.y.2) =1 (-1 ([Ja+d -2 - 1), (2.4)
j=0
We now set
Fk(q;:l/vz) = [J Z_ ](Bk(qayv )Gk(Q7yvz)) (25)

Since F}, only has powers of z at most k, and therefore

[0 : 25¥Br(q, y, 2) = [0 : 25F]A™ (g, y, 2)

because permutations on [n] cannot have drops of size k or larger when n < k.

Thus, (2.5 can be written as

Fila.,2) = o =5} (A™(q, 5, 2)Gi (0.9, 2)). (2.6)



From (12.3]), we have
Bk(qa Y, Z)Gk(Qa Y, Z) = Fk(qa Y, Z)

and we conclude that
B _ B
G
Finally, we can transform G, into the desired form using the following stan-
dard formula for Gaussian coefficients (e.g., see [9]):

ﬁ(l +¢it) = zn:q(i) m .
i par q

Applying (2.4)) transforms Gy, to

k
Gr(g,y, k) =1— (y— 1)~ (H 1+ ¢ (y—1) 271)
7j=0
k+1
k+1 g ; ;
=1-2 [ : ] By —1)i71
=L J g
as desired. This proves the theorem. O

Let us now specialize Theorem by setting y = 1. In this case we have

Gily=1 = Gr(q,1,2) =1~ [k + 14z

Also,
Ao (g ylyey = 37 g™ =[]
TESy
since
Hn)= > ¢ =(0+q+¢+...+¢"HHn-1)=[n]!. (27
TESH
Consequently,

(Ainv,des . Gk)|y=1 = (Z[n]q'zn>(1 - [k + l]qz)

n>0

This implies that for 1 < j < k, the coefficient of 27 is

[k +1gld — 1g! = [flg! = ((k +1q = [1]g) [ — 1]¢!
=4q [k+ L —jlgli — 1!

Plugging these expressions into (2.1) with y = 1 yields



Corollary 2.2. The generating function for inversions and mazxdrop is given
by

- Z?:l @l +1—jlgli —1g! &

. 1
Hiz)= Y ™ = (28)
= 1—[k+1]yz
TESn Kk
For example, for k = 1, (2.8) yields
. 1—gqz
H _ inv(m) n _
1(2) g e : 1-(1+49q)z
n>0
7r€§n,1

=1+ Z(l + q) 2"t

n>0

which implies that for n > 1, the number of 7 € S, with j inversions and
maxdrop(m) < 1 is just (";1)

We can give an alternative proof of Corollary [2.2] as follows. Let us think of
the term ¢’ in the multiplier below as being associated with the choice of 7(n)
with n — w(n) = i. For n > k, we can write

Z qinv(fr)
TESh Kk
=(1+q+¢*+...¢"Hi(n—1) (since w(n) >n — k)

= [k + 10y R+ 1

This implies that the generating function Hy(z) for the Hy(n) is given by

Hy(z) = Y Hy(n)2"

n>0

[k 4 1]4! 281
— pym g W et 2
2l

1- Z?:1 @k +1—glli — 1y &
1—[k+1]z

which proves ([2.8).

3 Descents and maxdrop

In this section, we specialize by ignoring inversions. This in fact was the
main focus of an earlier paper of Claesson, Dukes and the authors [3]. We first
need a few definitions.

We will let () denote the usual Eulerian number [10]. It is a standard fact
that (}) enumerates the number of permutations in S, which have k descents



(and also which have k& drops). The n** Eulerian polynomial E,,(y) is defined

by
En(y) =) <Z>y’“ = >yl

k=0 TES,

Thus, we have

‘Ainv,des(%y’z)'q:1 _ Ainv’des(l,y,z) _ Z ydeS(ﬂ)Zn — Z En(y)2".
n>0 n>0
TESH

On the other hand,

Mkt L
Gk<q,y,z)|q=1=Gk<1,y,z>=1—2( ' >(y_1>“z]

=N

_y— [+ (y -1kt

= 1 .

Consequently,
E+1
inv,des n kE+1 o
(A4 G g=1 = (ZEn(y)z ) : (1 Z< ; )(y 1) 123)

n>0 7j=1

from which it follows (after a modest computation) that

Filg=1 = [0 : 2=F)(A™9 . G| g=1

k
=1+ <(Et(y) -y (k j 1> (y— l)let_1(y)> 2

j=1

and so, we have the generating function (also see [3])

Z ydes(m) ,n — L+ Zf:l ((Et(y) B Z?‘:l (kjl)(y - 1)j_1Et—1(ZU))Zt.

B+l el 1.
n>0 1=>0 ( ;r Yy — 1)1z
TESh K

For example, when k = 1, this becomes

1—-2
des(m) ,n __
E Y =
= 1—-2z—(y—1)22

TESn,1

=1424+04+9)22+ 1 +3y)22 ++1 +6y+yH)2 +...

Yy (;)W (3.1)

n>0i>0



Thus, if we let <?>[k} denote the number of © € S,, which have ¢ descents and

maxdrop(m) < k, then <7;>[1]
bijective proof of this fact that the reader may like to find!).

As it happens, Anders Claesson and Mark Dukes [5] earlier had come across
these permutations in their work on a class of sorting algorithms, and they
noticed that the same type of restricted permutations arose in the analysis of

certain juggling patterns [2]. In addition to seeing that <?>[1] was just the

coefficient of u? in the polynomial (1 + )", computation suggested that <7>

is just the binomial coefficient (};) (there is a nice

. (2]
was the coefficient of u?* in the polynomial

(14 u+2u? +u® +u*)(1 4+ u + u?)" 2,

and even further, that <"> was the coefficient of u** in the polynomial

i/[3]
(14 u 4 2u? + 4u® + du® + 4u® + 4u° + 2u” + w8 + ) (1 + u + u® + )" 3!

Following these clues, Claesson, Dukes and the authors [3] were able to confirm
these conjectures with the following general theorem.

Theorem 3.1. Let <?>[k]
maxdrop(mw) < k. If n > k, then <?>[k} is equal to the coefficient of uF+17 in

the polynomial

denote the number of m € S, with i descents and

Po(u)(1+u+...+uf)nFk
where

k L
Py(u) = ZEkfj(UkH)(ukH -1y Z ( ) u=®.
j=0

s=j J

Forn <k, <Tib>[k} = <?> (the usual Eulerian number) is equal to the coefficient
of u*+t V7 in the polynomial Py(u).

The first few polynomials Pj(u) are given in Table

Table 1:

Py (u)
1
14+ u
1+u+2u+ud+u?
14w+ 2u? + 4u® + 4u* + 4u® + 4ub + 20" + ud +°
1+ u+ 2u? + 4u® + 8ut + 11w’ + 11u’ + 140" + 16us+
+14u° + 1100 + 11wt + 8ul? + 4u!? + 20t 4+ 415 + 16

=W N = O

In Table (1] we have indicated in bold the coefficients in the Py (u) which are
guaranteed by the theorem to be Eulerian numbers. However, we had no idea



at that time what the other coefficients of Pj(u) might mean, if anything. Of
course, since they are positive integers, one could suspect that they did have a
nice interpretation. It turns out that this suspicion was correct. This will be
the topic in the next section.

4 Interpreting all the coefficients of P;(u).

It will be convenient to introduce the polynomials Qy(u) = u* Py (u) for k > 0.
Thus, Qr(u) is given explicitly as

k ) k s
Qu(w) = 3 By s(uh )+ — 1)1y <)“k
=0

s=1

We show the the first few Qg (u) in Table

Table 2:

Qr(u)
1
u + u?
w? +ud 4 2ut +ub + b
wd + ut 4+ 2u® + 4l + 47 + 4ud + 4u® + 200 + w12
ut + u® + 2u8 + 40" + 8ud + 11u® 4 11ul® 4+ 14u!! 4 16u!2
+14u'® + 11w + +1105 + 8uld + 4ul” + 2018 + 19 4+ 20

=W N = O

We show the same Qp(u) as in Table |2 but this time with the coefficients
arranged in a (k+1) x (k+1) array Cy. The (4, 5) entry Ci(4, j) of C, corresponds
to the coefficient of u**t1i+J for 0 < ¢,j < k. Thus, we can write

Qk(u): Z C«k(i,j)u(k+1)i+j

0<i,j<k

We now introduce a “stretched” polynomial Qy(u) defined by
k k
Qk(u) = ZE}C,J' (uk+2)(uk+2 _ 1)] Zuk-i-l—s
j=0 y

It follows (see [3]) that Q. (u) can also be written as

Qe = 3 Culi, ulk+iei+

0<i,j<k

10



Table 3:

J J J J
0 0 1 01 2 0123
i 0 1] 0[0 1 0[0 0 1 0[0 0 0 1
i 11 0 i 1)1 2 1 1/1 2 4 4
Co 201 .0 0 i 204 4 2 1
Cy 3/1. 000
Cs
J Cs
0 1 2 3 4
0[0 0 0 0 1
11 2 4 8 11
i 211 14 16 14 11
3/11 8 4 2 1
411 0 0 0 0

Thus, Q(u) differs from Qg (u) in that 0’s are inserted in positions correspond-
ing to u<k+2)i, for 0 <i < k+ 1. For example,

Qo(u) = u,

Q1(u) = u* +u?,

Qa(u) = u® +u® + 2u® +u” + 4P,

Qs(u) = u* +u® + 2u” + 4u® 4 4u° + 4u' + 4u'? + 203 4w 4 u!O

Representing the coefficients of Qy(u) in an array Cj, = (C_’k (2'7‘7'))7 for0<i<k
and 0 < j < k + 1, we see that C} is formed from Cj by adding an initial
column of 0’s as shown in Table 44 The following key fact relating Q1 to Qx
was proved in [3]:

Theorem 4.1 ([3]).
Qrpr = Q- (L+u+t- - +ut). (4.1)

Note that the symmetry and unimodality of the coefficients of Q. (u) and Cj,
follow from this result (applied recursively). In particular, we have Ci(i,j) =
Crlk—i,k—j) for 0<i,j<k.

As we noted earlier, when n = k, the condition that maxdrop(n) < k for 7 €
Sy, is automatically satisfied. In this case Cy(i, k), the coefficient of u(kt1)itk
in Q(u) is just the Eulerian number (¥) = <§>[k].

7

Let us define the “restricted” Eulerian number <T>] for 1 < j < m, to be the
number of 7 € S, with des(7) = i and with w(m) = j. It is clear for example

11



Table 4:

0 1 0 1 2 01 2 3 01 2 3 4
0[0 1] 0[0 0 1 00 0 0 1 0f0 0 0 0 1
110 1 0 110 1 2 1 110 1 2 4 4
Co 210 1 0 0 210 4 4 2 1
C1 3/0 1.0 00
Cy
Cs
0 1 2 3 4 5
0[00 0 0 0 1
110 1 2 4 8 11
210 11 14 16 14 11
310 11 8 4 2 1
410 1 0 0 0 0

that <mj1>m+1 = <T> since the only possible descents in any m € S,,,4+1 with
m(m+1) = m+1 occur at places i for 1 < i < m —1. Thus, the entries Cj (i, k)

forming the right-most column of C} can be replaced by the restricted Eulerian

E+1
number <k:.'1> .
It turns out that all the entries of C) can be expressed as restricted Eulerian

numbers.

Theorem 4.2. For k >0,

-
Quwy = > <kj1>j w(E+ D+ (4.2)

0<i,j<k

Proof. We will proceed by induction on k, using (4.1)). For k = 0, Equation (4.2])

certainly holds, since Qp(u) = 1 and <(1)>1 = 1. (Check for kK = 1 if you are
nervous about just using the case k = 0!). Assume that holds for some
k > 0. Notice by that each coefficient of Qp41(u) is a sum of k + 2
consecutive coefficients of Qy(u). However, each block of k + 2 consecutive
coefficients of Qy.(u) contains exactly one of the 0’s in the first column of the
corresponding array Cj. Hence, each coefficient of Q41 (u) will be a sum of
k + 1 consecutive coefficients of Q(u).
There are two cases.
(a) The (k+ 2)-block of coefficients of Qy(u) starts with one of the left-hand

12




0’s , i.e., with Cj (7,0). Then the sum of the entries is
k+1 k+1 j
= /.. k+1
> o =3 ("1
7=0 j=1

by the induction hypothesis.

However, each 7 € Sj42 with des(7) =i+ 1 and w(k+2) = 1 corresponds to
a unique 7’ € Si41 with des(n’) = ¢ by defining 7/(t) = 7(t)—1for 1 <¢ < k+1.
(The additional descent in 7 occurs at the place k + 1.) Thus,

k+1 <I€ 1>j <k 2>1
Z, ) 1+ 1
j=1

which is what we need. - -
(b)  The (k+ 2)-block of coefficients of Q(u) starts with Cy(4,r) for some r,
where 1 < r < k + 1. Thus, the coefficient sum is now

k1 D Sk
g . +E . .
- 7 . 1+ 1
j=r Jt+1

However, we can argue as before that each m € Si1o with des(w) = k + 1 and
7(k+2) = r corresponds to a unique 7’ € Si41 counted in one of the two sums.
Namely, define

(s) = {77(3) if m(s) <,
m(s)—1 ifw(s)>r.

It is easy to check that des(n’) = des(w) if m(k+1) < r and des(n’) = des(w) —1
if 7(k 4+ 1) > r. This implies that

35 k+1j+55 k+1\"  Jk+2\"
=\ i SNt/ Nitl/

Since these arguments hold for all 0 < ¢ < k, our induction is complete, and the
theorem is proved. O

We next deal with the case when the maxdrop(w) < k condition comes into
play.

Theorem 4.3.

-kt
Qrw)(1+u+u?+-- +ub) = Z Z <n—]|€—1>

0<i<n 0<j<k

D+ (4.3)
(k]

13



Proof. We will proceed by induction on n > k. Equation holds for n = k
by Theorem [£.2} Suppose holds for some n > k (when k > 0 is fixed). The
coefficients of the powers of u in the product Qg (u)(1 +u + ...+ u*) are sums
of k + 1 consecutive coefficients of Qx(u). Again, these are two cases.

(a)  The coefficient sum is
> ()
j=0 vl k)
n+1>”+1

In this case, it is not hard to see that each 7 counted by < C

3
counted by exactly one of the terms <?>[T;}_k+] in the sum so that we have

k <n>n—k+j < 1>n+1
j=0 ¢ [k] ¢ (k]
(b) The coefficient sum is

k n—k+j r—1 n—k+j
(0, tZliiy,
=\ ) —o T g

J=r J

is in fact

for some 7, 1 < r < k. We claim this sum is equal to

i+1/y
As before, for 7 € S,11 with des(m) = i + 1, 7(n +1) = n —k + r and
maxdrop(w) < k, we define 7’ € S,, by

o (s) = m(s) ifw(s) <n—k+r,
o w(s) =1 ifw(s) >n—k+

It is easy to check that if 7(n) < n—k-+r then des(w ) = des(7) and maxdrop(n’) <
k, so that this 7’ is represented by the term < i1 > 1n the second sum. On the
other hand, if m(n) > n — k +r then des(n’) = ( ) — 1 and maxdrop(n) < k,
so that this 7’ is represented by the term <TZ>7:€ in the first sum. Since these
maps are invertible then we have for all 7,0 <17 <

k n n—k+j r—1 n n—k+j n+ 1 n—k+dr
24 20 +1 “\i+1 ’
j=r (K] §=0 [k] (k]

as desired. This completes the proof of Theorem [.3] O

14



5 Concluding remarks

The fact that Qx(u) and Ry ,(u) = Qr(u)(1 +u + ...+ uF)"~* are symmetric
raises some interesting bijection questions. For example, since C (i, j) = Ci(k—
i,k — j), then we have

1 J+1 1 k—j+1
FEINT PRIV hcii<k
k k—1

Is there an obvious bijective proof of this equality? Perhaps more interesting is
the symmetry of R, ;(u). Since Qi(u) has degree k(k + 1) in u, then R, ,(u)
has degree k(k + 1) + (n — k)k = (n + 1)k in u. The first nonzero term of

Ry, 1 (u) is w* (which has a coefficient <"31>Z:}r1 = 1). Also, the last nonzero

term of R, 1,(u) is u™+tV* which also has a coefficient 1. By Theorem E this
coefficient of u("+1* is <"j1>;§17kﬂ where (n+ 1)k =(k+1)i+j,0<j <k
That is, if j = (n+ 1)k (mod (k+1)),0<j <k, and i = LMJ then

k+1
Tl+1 n+1l—k+j
SRR
LA

More generally, the coefficients of u” and u” must be equal where r + 1’ =
(n+2)k. Thus, forr = (k+1)i+4, 7 =(k+1)i +4,0<¢,j <kand
r+1" = (n+2)k, we have

n+1 n+l—k+j nt1 n+1—k+j’
< . > _ ("t . (5.1)
L) LA

For example, for k=2n=4,r=4=3-1+1andr =8=3-2+

2, we have
<?>?2] = <g>?2] = 7. We list the corresponding permutations in Table

Table 5:
1 2 3 4 5 1 2 3 4 5
1 2 3 5 4 3 2 1 4 5
1 2 5 3 4 4 2 1 3 5
1 3 5 2 4 2 1 4 3 5
1 5 2 3 4 — 31 4 2 5
2 5 1 3 4 1 4 3 2 5
3 5 1 2 4 4 3 1 2 5
5 1 2 3 4 4 1 3 2 5
4 5
D (S

Is there an obvious bijection which proves (5.1)7 Even for the simple case
for the two sets of permutations shown in Table it is not clear what the
correspondence should be!
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More generally, we believe that there should be many similar results for
analogs to maxdrop such as the maximum descent (maxdes), the maximum
value of the number of inversions (maxinv), the maximum value of the major
index (maxmayj), etc., (e.g., see [I9]). These have not yet been explored but we
hope to return to some of these questions in the future.
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