A note on marking lines in [k]"
In honor of Rick Wilson’s 65th birthday

Steve Butler* Ron Graham!
Abstract
In [k]" = [k]x[k]x --- x[k], a coordinate line consists of the collection of points

where all but one coordinate is fixed and the unfixed coordinate varies over all possi-
bilities. We consider the problem of marking (or designating) one point on each line
in [k]™ so that each point in [k]™ is marked either a or b times, for some fixed a or b.
This is equivalent to forming a strategy for a hat guessing game for n players with k
different colors of hats where the number of correct guesses, regardless of hats placed,
is either a or b.

If welet s > 0 and ¢ > 0 denote the number of vertices marked a and b times
respectively, then we have the following obvious necessary conditions: s+t = k™ (the
number of points) and as + bt = nk™ ! (the number of lines). Our main result is to
show for n < 5, and k arbitrary, that these necessary conditions are also sufficient.

1 Introduction

In a hat guessing game there are n players and on each player a hat will be placed on his or
her head of one of k£ colors. Each player can then see all other hats but his or her own and
then each player independently and simultaneously must guess the color of the hat they are
wearing. There are some other variations on this game, such as players might only see some
subset of the other players, or they may also be allowed to pass on their guess, but for our
purposes we will stay in this simplified setting.

Before hats are placed on the players the players are allowed to get together and form
a strategy. The strategy they form will vary with the goal they are trying to achieve. For
instance, they might want to guarantee that at least [n/k| of the players guess correctly, or
that the correct guesses are proportional to the various hat colors which have been placed.
More information about hat guessing games and strategies can be found in [2].
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A way to describe a strategy in the game is by marking coordinate lines in [k]*. A
coordinate line in [k]™ is a set of k points in which n — 1 of the coordinates are fixed and the
remaining coordinate takes on all k possible values (this is a special case of a “combinatorial
line” which is allowed multiple unfixed coordinates but they move together). By marking a
line we mean to designate a point on that line.

In particular, the points in [k]", i.e., (z1, 2z, ..., 2x), correspond to the k™ different pos-
sible placement of hats. Namely, where the first player has the hat of type x1, the second
player has the hat of type x5, and so on. A strategy must describe how each player will guess
in each possible situation that player might be in. The ith player sees all hats but their own,
and therefore know that the placement lies on the line (z1,...,z;_1, %, Zi41,. .., T,), Where
the « € {1,2,...,k}, and the strategy then is to pick the point on the line where the ith
entry is the guess of the player, i.e., to mark the line. Each possible line will have exactly
one point on that line marked, and the number of times that a point is marked corresponds
to the number of correct guesses that will be made when that corresponding placement of
hats occurs.

(This type of marking of points corresponds to a deterministic strategy, that is we do not
allow for randomness in guessing. However, it is not difficult to allow for randomness. This is
done by instead of marking a designated point on the line we give a probability distribution
to the points on that line (i.e., assign nonnegative weights with sum one to the points on the
line). In this setting the sum of the weights for the lines passing through a point is then the
expected number of correct guesses that will be made when that corresponding placement
of hats occurs. For our purposes in this note we will be working only with deterministic
strategies.)

H. Iwasawa [3] posed the question about forming a strategy so that the number of correct
guesses is either a or b, regardless of how the hats are placed on the players. In general, if we
let s > 0 denote the number of placements that will have a correct guesses and t > 0 denote
the number of placements that will have b correct guesses then we must have the following
necessary conditions:

s+ t = k" the total number of points in [k]";
as + bt = nk"! the total number of lines in [k]".

Theorem 1 (Buhler, Butler, Graham and Tressler [1]). When there are n players and k = 2
colors of hats then there is a strateqy so that the number of correct quesses is either a or b
(equivalently, there is a way to mark the lines in [2]™ so that each point is marked either a
times or b times) if and only if there are nonnegative integers s and t so that s+t = 2" and
as + bt = n2" 1L

In other words, the necessary conditions are also sufficient in the special case when k = 2.
An open problem mentioned at the end of the Buhler et al. paper [I] is to then decide if
the necessary conditions are always sufficient for arbitrary k. In this note we will give some
support to this. Our main result is the following.



Theorem 2. When there are n < 5 players and k colors of hats, k arbitrary, then there is
a strategy so that the number of correct guesses is either a or b (equivalently, there is a way
to mark the lines in [k]™ so that each point is marked either a times or b times) if and only
if there are nonnegative integers s and t so that s +t = k™ and as + bt = nk" .

Another alternative way to state Theorem [ is that if G} is the bipartite graph with
vertices the points and lines of [k]" and edges consist of pairs of points and lines such that
the point lies on the line, then there is some subset of edges such that the degree of a vertex
corresponding to a line is 1 and the degree of a vertex corresponding to a point is a or b.

Throughout this note we will use the notation [a, b|} as a shorthand for a realization of a
marking of the lines [k]™ where each point is marked either a or b times; we will also assume
that a <b.

2 Proof of Theorem

In this section we will establish Theorem 2l We will first show how to build “larger” markings
from a given marking, which will allow us to reduce the number of cases that need to be
considered. We then establish it in a few general cases and finally clean up the few remaining
cases that will remain.

Inflated markups

We first look at some various ways that markings can be inflated to give markings in larger
cases. This will allow us to reduce down to a smaller number of base cases, namely those
that cannot be found by inflating some smaller marking.

Proposition 3. Given [a, b} then we also have the following:
(a) [a+ 1,0+ 17,
(b) [a, Lb]™ for all £ > 2.

Given [0, b]} then we also have the following:
(c) [0,0]}, for all £ > 2.

Proof. First we note that in [k]*, the number of lines equals the number of points, and so it is
possible to mark the lines in such a way that each point is marked exactly once. One way to do
this is to mark the line (yy,...,%i—1,*, Yit1,-- -, Yx) at the point (y1,...,¥i—1,b,Yit1,- .-, Yk)
where b is chosen so that

Y1+ o+ Yy tbty+otyp =4 (mod k).

Clearly, each line marks a unique point, while on the other hand the point (yi,...,yx) is
marked by the line where the y; + -+ 4y, (mod k) entry is allowed to vary, so each point
is marked at least once and hence exactly once.
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Next we note that [k]* x [k]* = [k]"** and we can combine the respective markings
together, i.e., we mark (z1,...2j_1,%,Zj41,...,%n, Y1, - .., Yx) as dictated by the line in the
smaller [k]", namely as (z1,...%;_1,%,Tjt1,...,%,) is marked in [a, b]}, and similarly, we
mark (Y1, .-, Yns Y1y - - - s Yi1, % Yir1, - - -, Yx) as dictated by the line (y1, ..., ¥i—1, %, Yiz1, - - - Yk)
in the [k]* as given above. Each point in [k]"** will be marked either a or b times from the
lines dictated by [k]™ and exactly once from the lines dictated by [k]*, so each point will have
been marked either a + 1 or b+ 1 times giving the desired [a + 1,b + 1]

For the second property, we observe that [k]™ = [k]¢ x [k]¢ x --- x [k]*. We will find it

convenient to describe points in [k]* by (w,...,w,) where w; = (xgi), . ,xf)), and let

_ zgi) +-t :L"Z) if w; does not contain *; and
Y(w;) = , i i
* if w; does contain .

We can use this to define a map ¥ : [k]* — [k]" by

U ((wr,...,wn)) = (V(wr), ... ¥(w,)).

This map can be used to determine how we mark lines in [k]**. For a line in [k]* given by
(%)

(w1, ..., w,) and where z;” = %, we apply W to find the corresponding line in [k]", namely,

(w(wl)v s 7¢(wi—1>7 */7 w(wi—l—l)v e 7w(wn>)

Using the marking [a, b]} we now determine how to mark this line, suppose that we mark it
so that " = ¢, then, we mark our original line by choosing {tg-l) so that

2V 4. —i—x?) =c¢ (mod k).

With this convention it is easy to see that for every time the point (¢(wy),...,¥(w,)) is
marked in [k]", the point (wy,...,w,) is marked ¢ times in [k]**. Namely, if the point is
marked by a line where it is the ith entry that varies in [k]" then in [k] it is marked by the
lines where we vary each of the £ entries in w;. This gives us the desired [¢a, £b]{".

For the third property, we observe that we have [0, n]} for any ¢. To see this it suffices to
find ¢"~! points no two of which are on the same line. These points are then marked on all
lines that pass through them, as a result we will have marked all lines and have the [0, n]}.
One way to do this is as

(1,29, . .., Tp_1,01 + -+ 251 (mod £)),

i.e., where x1,...,x,_1 are arbitrary and the last entry acts as parity term. To check that
no two of these points are on the same line we only need to make sure that they differ
in at least two coordinates. If they differ in at least two of the xy,...,x,_; then we are
done. Otherwise, they differ in one of z,...,z,_1 and so they must also differ in the last
coordinate (the parity) entry and so differ in two entries.



Now starting with [¢k]™ we can subdivide it into ¢" smaller subcubes of side length k£ and
using the [0, n]} we can select out "' of these subcubes so that each line in [(k]™ passes
through exactly one of these subcubes. Finally, using the marking [0, ]} we mark each one
of these selected subcubes. Every line will be used exactly once and each point inside of the
selected subcubes will be marked either 0 or b times while each point outside of the selected
subcubes will be marked 0 times. This gives our desired [0, b]}. O

Some markings

We now turn to the problem of finding some simple markings.
Proposition 4. If (b— a) } (kb —n) and a < n/k <b then we have |a, b}

Proof. Taking our necessary conditions in the introduction and solving for s and ¢ we have

kb — —k
s = n gt and t = i a kL
b—a b—a

By our assumptions we have that s = pk"~! and ¢ = ¢k ! for nonnegative integers p and ¢,
where the necessary conditions give p + ¢ = k and ap + bqg = n.

Instead of producing a rule for marking lines, we can equivalently give a rule for which
line(s) mark a given point (being careful to ensure that each line is used exactly once). One
way to indicate which line is marking a given point is by indicating which is the non-fixed
coordinate of the line which marks the points. To do this we will first group the points into
k sets P; for 1 < i < k, where P; contains all points of the form

(X1, T2,y Tp1, Tp) with 1 + -+ -+ 2, =¢ (mod k).

Each P; has exactly k"' points and further among the points in P; no two lie on a line
(using the same argument as in Proposition [3).

Now for P; with 1 <17 < p we will let the points in P; be marked by the lines which vary
in the entries 1+ (i — 1)a < j < ia; while for P; with p+1 <7 < p+ ¢ we will let the points
in P; be marked by the lines which vary in the entries pa+1+(i—p—1)b < j < pa+ (i—p)b.

Clearly, each point has been marked either a or b times. It only remains to check that
we have used each line exactly once. Since the total of markings equals the total number of
lines we can do this by checking that no line was used more than once. Clearly we cannot
have used the same line twice in a single P; since no two points in P; lie on the same line.
Similarly we cannot have used the same line in P; as in P;, with j # 4, since they must vary
in different entries. Therefore, no line could have been used twice. O

As a special case we have the following.

Corollary 5. If n < k then we have [0, 1]}.



More generally, we would like to have [0, b]? whenever the necessary conditions are sat-
isfied. This is more difficult since Proposition Ml will usually not apply. We do however have
the following case.

Proposition 6. If 1 < n < 2k and nk is even then we have [0, 2]}.

Proof. By our assumptions, we will satisfy the necessary conditions. If n is even, then we
satisfy Propositiondland we are done. So we may now assume that n is odd, i.e., n = 2N +1,
for some N. But we still need that s = (4 —n)k(™~1 /2 is even, so we can conclude that k is
even, i.e., k = 2K for some K. Further, we have k >n/2= N +1/2 and so k > N + 1.

Let Fy ={0,...,K — 1} and F; = {K,...,2K — 1} (i.e., we partition 0,...,k — 1 into
a first and second half). We now collect the points into n groups. Further, for each group
of points we indicate which lines will mark these points by boxing the corresponding set of
entries that would vary to produce the line. In the table f; represents an element of Fj, f;
represents an element of I} and x; is arbitrary.

Ty Ty Ty Ty Tpes Tyl with fo+> ;=0 (mod k)

fi T3 Xy X5 o Ty Tpei with f1 +> 2, =0 (mod k)

fo T T4 Ty s Tn—2 Tn—1 Wlth f() —+ Z T, = P1 (mod k’)

fi 1w Ts ot Ty Tpo with f1 + > 2; =p;  (mod k)

fo x w2 a3 ce Tpla Ty with fo + > x; =p, (mod k)

fi v oxy wy xy w5 oo [xpo| [Ta_1 with f1 +> x; =py_1 (mod k)

1 Ty XT3 Ty Ty Tpeo | Tpt with fo+> 2; =K (mod k)
Where we choose pi,...,py_1 so that 0,p,...,py_1, K are all distinct modular k (since

k > N + 1 this is possible). In particular, no point will appear on more than one line since
it cannot differ in the first entry or satisfy two modular conditions simultaneously.

In each line the modular condition can be viewed as putting a parity entry for z,,_; and
so for the first entry we have K = k/2 choices, and then for the next n — 2 entries we have
k choices for each entry giving us a collection of (1/2)k*~! points on each line. Since there
are n lines (which can be counted by the location of the first entry which can vary) we have
a total of (n/2)k*~! points in our above list, and each point is marked by two lines.

It now suffices to show that no line marks more than one point to finish showing that
this gives our desired [0, 2]7. We note that any for any set of points for which the sum of the
entries is fixed, no two of them can lie on a single line (this takes care of pairs of consecutive
lines starting at the top). Further, if the first entries do not match and it is not the first
entry which varies then these cannot be the same line (this takes care of pair of consecutive
lines starting one line down from the top).

Since we must vary in the same entry the only possibility that remains to check is that
the same line occurs in the first and last group as given above. In order for this to happen
we would need to have two points

(fo,l’l,...,l'n_l) with f0+2$250 (mod k’),
(fo, 1, xpmr) with fi4+> 2, =K (mod k),
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and where all of the z; match. Taking the difference this would imply

f(l)_foEK

But fo, f6 € Fo ={0,1,..., K — 1}, and the elements that can occur in Fy — Fy (mod k) are
{0,1,...,K =1, K+ 1,...,2K — 1}, in particular this does not contain K. So this cannot
happen. O

(mod k = 2K).

Finishing off the remaining cases for n <5

We still have several cases left. In Table [I] we list markings for n < 10 which do not already
follow from what we have done above or which would follow from a smaller case (i.e., using
Proposition [3)).

‘ n ‘Remaining cases ‘
2
3
4 1[0,3]3, [L,4];
5 | 10,3]3, [1,4]3, [1,3]3, [L,5]3
6 | [1,5]3, [0,5]3, [1,6]5
7 1103]3, [1,7]5, 1,54, [1,7]3, [0,5]5, [1,6]5,
[0,6]5, [1,3]6, [L.4]¢, [1,5]¢, [1,7]
8 [ 10,3]5, [0,5]5, [1,6]5, [L,4]g, [1,5)5, [L, 7],
[0,7)%, [L,8]7
9 [ [L,9]1, [0,5]5, [L,6]5, [L,5], [1,7]6, [L,9]5,
[0,7)%, [L,8]7, [1,35, [L,5]5, 1,905,
[0,4]3, for p prime
10 | 0,913%, [1,10]5°, 1,913 [1,7]", [L,9]¢°, [1, 10",
[0, 70", [1,8]7°, [L,5]¢", [1,9)", [1,9]5°, [0,3]g",
[1,4]8%, [1,10]3°, [O,3]§2 for p prime

Table 1: The remaining cases for marking lines for n < 10.

(In generating this table we have taken advantage of the fact that if & < n there are only
finitely many cases. For k > n, the number of points is more than the number of lines and
therefore it follows that a = 0, i.e., we are in the case [0,b]?. By Proposition B(b) if b and n
are not relatively prime then we can deduce it from a simpler case. Also, by Proposition [3](c)
if we have [0, b]; then we are done. What remains is then easily worked out.)

To finish the remaining cases for small n we will make use of the following proposition.

Proposition 7. If there is a filling of the cells of a kxk array with 1,2,...,n — 2,01, 09
such that:



e cach cell has either a or b distinct elements;

e 0, occurs exactly once in each column;

® 0y occurs exactly once in each row

e i occurs exactly once in each diagonal (allowing wraparound) for 1 <i <mn —2;
then we can produce a marking for [a,b]}.

To see why this is true, recall that in Proposition d] we first grouped the points into
several large sets by using a parity term, and then described which lines marked each set of
points. We will now use something similar, but instead of using one parity term we will use
two parity terms. In general, we will have k? groups of points which can be expressed as

(5617---7%—2,%+"'+In—2+éy\$1+"'+$n—2 +j) = (21,...,%Tn_2, 5i, 2j).

=% =,

We will find this convenient to place these groups into a kxk array as

(xla"'axn—Qazlazl) (xla"'axn—2921922) (xla"'axn—ZazlaZk)
(xla"'axn—QaZ%Zl) (xla"'axn—2922922) (xla"'axn—ZaZQaZk)
(x17---7xn—272k721> (xlu"'7xn—272k722) (x17"‘7xn—272k72k)

Finally, we need to describe which lines will mark each set of points. To do this we again
will indicate the entry(s) which vary to make the line which will mark the point. We will
indicate this with 1,2,...,n — 2, 01,09 where ¢ indicates we vary the ith entry, o; indicates
we vary the first parity term and o indicates we vary the second parity term. For example,
if we want to find a marking for [0, 3]3 we can mark the entries as follows:

1701702

2,0'1,0'2 1,2,0'1 .
1,2,0'2

So for example the set of points of the form (z1, x5, 33, 35) will be marked by lines which
vary in the entries corresponding to zy, xo and >, while the set of points of the form
(1,9, X9, X1) will not be marked by any lines.

Clearly, if we use the marking as indicated above we will mark every point either 0 or
3 times. What we need to make sure of now is that every line was marked once and only
once. One way to do this is to make sure we have the correct number of lines present and
that no line was used twice. To the first issue, the number of lines which have some fixed
entry which varies is k"~!. Since there are k"2 points in each group then we need to have
each entry show up k times as being used to mark a set of vertices.



To make sure that no line is marked twice we consider how the same line could occur in
markings of two different set of points and then exclude all of these possibilities. Because of
the parity terms we can, as in Proposition 4] rule out the possibility of the same line being
marked twice in a given set of points. So we need to worry about marking the same line
using two different sets of points. If it is the same line being marked then we must have that
the same entry is varying and so we have three general cases.

e We vary the first parity term, i.e., (x1,...,2,_2,%,%;). This can occur if we let the
first parity term be arbitrary. Therefore, we must avoid having oy occur more than
once in a given column.

e We vary the second parity term, i.e., (z1,...,2,—2,2;,*). This can occur if we let the
second parity term be arbitrary. Therefore, we must avoid having o, occur more than
once in a given row.

e We vary one of the other entries, i.e., (z1,...,2Zi_1,%, Tit1,. .., Tn_2, X4, 2;). This can
occur if the parity terms are both shifted by the same amount. For example

($17 e 1, Ky Ty e T2, 2, Ej) = ($17 co Wi,k =L T, T, Mg, 2j+z)-

Therefore, we must avoid having ¢ occur more than once in a given diagonal (where a
diagonal wraps around the array).

It is now easy to check that the example we gave above will produce a marking for [0, 3]3.
In Table 2l we produce some arrays satisfying Proposition [l which cover the remaining cases
for n < 5, finishing the proof of Theorem 2 Additional examples are given in the appendix.

1,2,01,00] 1] 1 L,o1,00] 1,23 | 1,2,3 1,2,3,011,2,3,05 | 1
09 o1 2 2,0’1,0’2 2 01 09
09 2 o1 3,0’1,0’2 09 3 01
(a) [1,4]3 (b) [0,3]3 (c) [1,4]3

1,2,3]1,2,3] 05 | 1 1,2,3,00,00| 1 | 1] 1
01 o |o2]| 1 09 o] 212
2 2 g1 | 02 09 2 01 3
02 3 3 | o1 09 3|3 |01

(d) [1,3]3 (e) [1,5]3

Table 2: Arrays satisfying Proposition [7.

We can also use Proposition [7l to establish some general cases. For example, the following



array shows we always have a marking for [1,n]"_;:

1,...,n—2 1 1 1 1 1
02 o1 2 2 2 2
02 2 o1 3 3 3
(o) 3 3 g1 4 4
lop n—2n—-2\n—-2\n—-2\---10;

Similarly, the following array shows we always have a marking for [1,n — 1]7_,:

1,....n—=2,01|1,....n—2,09 1 1 1 1
2 g1 09 2 2 2
3 3 01 g2 3 3
4 4 4 01 g2 4
Oy n—2 n—2n—2\n—-2\|--- |0y

3 Conclusion

We have shown that for n < 5 that it is possible to mark the lines in [k]" so that each
point in [k]|™ is marked either a or b times whenever the obvious necessary conditions hold.
Combining this with the known result for & = 2 in Buhler et al. [I] gives support for the
following.

Conjecture 1. There is a marking of the lines in [k]" so that each line marks exactly one
point and each point gets marked either a or b times if and only if there are nonnegative
integers s and t so that s +t = k™ and as + bt = nk" L.

One way to work on this would be to keep showing that this holds for some larger values
of n (for instance, the only remaining case to establish the result for n = 6 is [0,5]¢). For
small cases it is possible to do this by computer, i.e., to rewrite the problem as a SAT problem
and then test if it can be satisfied. However, as k and n increases the size of the SAT problem
grows large and becomes prohibitive to determine using that method. Some new methods
and ideas will likely be needed to establish the conjecture

Instead of trying to establish the conjecture in general one might consider the problem
of showing that it holds for the special case [0,b]. This would show, for example, that the
conjecture holds for all k£ > n.

Another variation to consider is instead of marking lines, we can mark planes or higher
dimensional subspaces. So we can define a plane by saying that all but two coordinates are
fixed and the two non-fixed coordinates can be arbitrary. We then mark one point on each
plane and consider the problem of marking planes so that each point is marked either a or
b times.

10



As an example, consider the following marking of points for planes in [2]*.

plane point plane point plane point
(0,0,%,%) | (0,0,0,0) (0,%,%,0) | (0,1,1,0) (%,0,%,0) | (0,0,1,0)
(0,1,%,%) | (0,1,0,0) (0,%,%,1)1(0,0,1,1) (%,0,%,1) | (1,0,1,1)
(1,0,%,%) | (1,0,0,0) (1,%,%,0) | (1,1,1,0) (,1,%,0) | (0,1,0,0)
(1,1,%,%) | (1,1,0,0) (1,%,%,1) ] (1,1,0,1) (%,1,%,1) | (0,1,1,1)
(0,%,0,%) | (0,0,0,1) (%,0,0,%) | (0,0,0,1) (%,%,0,0) | (1,0,0,0)
(0,%,1,%) | (0,0,1,0) (,0,1,%) | (1,0,1,1) (%,%,0,1) | (1,1,0,1)
(1,%,0,%) | (1,0,0,1) (%,1,0,%) | (0,1,0,1) (%,%,1,0) | (1,1,1,0)
(1,%,1,%) | (1,0,1,0) (x,1,1,%) | (0,1,1,1) (¢,%,1,1) | (1,1,1,1)

A quick check shows that each point has been marked either 1 or 2 times. As with marking
lines we have some necessary conditions, namely if s > 0 and ¢t > 0 are the number of points
marked @ or b times then s+ ¢ = k™ (the number of points) and as + bt = (5)k"? (the
number of planes).

Problem 2. Are the necessary conditions for marking planes also sufficient?
One can even consider marking higher dimensional spans, but any insights made into

solving this problem for planes would likely generalize to higher dimensional spans as well.
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Appendix: More arrays satisfying Proposition [7|

T,o1,02 | 3,4,5 | 1,2,01 Lo,o2 ] 1,2,3 | 1,2,3
3,4,5 2,3,01 | 1,2,02 4,5,6 2,3,01 | 4,01,02
4,5, 09 5,6, 02 4,5,6
(a) [0,3]% (b) [0,3]3
1 1 1 1 1 o2
1,2,01,02 4,5,6,7 | 1,2,3,01 oy | 2 2 2 2 2
3,4,01,02 3 | o2 3 3 3 3
4,5,6,7 5,6,7,01 | 1,2,3,02 4 4 1,2,09 4 4 4
4,5,6,7 1,2,3,02 5 5 5 3,4, 02 5 5
(C) [074]2 o1 | o1 o1 o1 5,01,02 | 01
(d) [1,3]§
1 1 1 1 1 ) 1,2,3,01 | 1,2,3,02 1 1 1 1
oy | 2 2 2 2 2 2 4,5,6,01 | 4,5,6,02 | 2 2 2
3 |o2| 3 3 3 3 3 3 o1 oy | 3 3
4 4 | o9 4 4 4 4 4 4 o1 | o | 4
515 ] 5 123,02 5 5 5 5 5 5 | o1 | o2
o1 | o1 | o1 o1 4,5,01,02 | o1 o2 6 6 6 6 | o1
(e) [1,4]§ (f) [1,4]§
1,001,002 i 1 i T 1]1]1
1,2,3,01,02 | L,2,3,45 | 1 1] 1] 1 o2 2,3, 01 2 2 2222
2 4,5,6,01,02 | 6 2 2 2 o2 2 4.5 01 3 3 3 3 3
3 3 o1 o2 | 3 3 o2 3 3 6,7,01 | 4 4 4 4
4 4 4 | o1 | o9 4 o9 4 4 4 o1 5 5 5
5 5 5 5 o1 | o9 o9 5 5 5 5 | o1 6 6
o9 6 6 6 6 | o1 o9 6 6 6 6 6 | o1 7
(g) [17 5]2 o2 7 7 7 7 7 7 | o1

(h) [1,3]2 (a perturbation will also give [1,5]3)
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