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Abstract

We consider the problem of finding optimal “jumping” patterns from 1 to N where
there is a cost associated with each jump. This will be done for two cost functions, in
the first case the cost of jumping from a to b will be (1 − qb)/a for 0 < q < 1, while
the second cost function will be b/a. For the first cost function we will show that all
the jump lengths, except possibly the last jump, are between

√
2 and 19/4. This will

imply that the number of jumps in this case is of order Θ
(

min(lnN,− ln ln 1
q )
)
. For the

second cost function we will give some basic properties including bounds for the total
cost of jumping from 1 to N .
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1 Introduction

Because of the tremendous increase in bandwidth in recent years, group-oriented broadcast
services are becoming increasingly popular. These group broadcast network services, such
as teleconferencing and pay-per-view TV, have a large number of subscribers and a cen-
tral group controller (GC) that periodically broadcasts messages to all subscribers over an
insecure channel. To guarantee that confidential information can be accessed only by the
group members, a group key shared by all members of the group is needed. Messages sent
by the GC will be encrypted with the group key and each subscriber will use the group key
to read the messages.

For security reasons, the GC must maintain the group keys dynamically. For example,
premium TV stations might stop subscribers from watching their encrypted content if they
do not pay their subscription fees. However, when subscribers change frequently, the method
for updating the group keys whenever a subscriber joins or leaves may be prohibitive. Li [3]
suggested rekeying be done only periodically instead of immediately after each membership
change (the rekeying period can be set by the security requirements). After a period of time,
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the GC will generate some new keys as necessary and send encrypted messages to notify
the remaining subscribers of the new keys. The rekeying cost is defined as the number of
rekeying messages to be sent to accomplish this.

A natural problem which comes up is how to manage the keys so that the rekeying
cost will be minimized. In the literature, a key tree structure is believed to be an efficient
way to maintain the keys [3]. In a key tree structure, the GC is represented by a root,
and the subscribers are represented by leaves. Associated with every node of the tree
is an encryption key. The key associated with the root is used by the GC to broadcast
confidential messages, also called the Traffic Encryption Key. All the other keys associated
with non-root nodes are used to encrypt the rekeying messages, also called Key Encryption
Keys. Each subscriber possesses all the keys along the path from the leaf representing the
subscriber to the root.

Zhu et al. [5] introduced a new model based on some very popular network services.
For those network services, they can only serve at most n subscribers and many customers
wait to be served. After a period of time, the system will kick out a current subscriber
with probability p. So, in this new model, the number of subscribers joining is assumed to
be equal to the number of subscribers leaving during a batch updating period and every
current subscriber has a probability p of being replaced by a new subscriber.

The rekeying cost in this model is defined as the total expected number of rekeying
messages which have to be sent after the batch updating period. For a key tree structure T ,
each node v is associated with a key, Keyv, which is possessed by all the leaves under this
node. We denote the number of leaves under v by N(v). After a batch period, Keyv will
change with probability 1− (1− p)Nv . So there are dv(1− qNv) expected rekeying messages
required to update the key Keyv, where dv is the number of children of v and q = 1 − p
(for the detailed sending procedure of the rekeying messages, see [2]). So, the rekeying cost
is
∑

v∈V d(v)(1 − qNv) where the sum is taken over all the nodes in T . It is convenient to
remove the factor dv from the formula by associating the weight w(e) = 1− qNv with each
edge e = (v, u), where v is the parent of u. Then the cost of the tree T is C(T ) =

∑
e∈E w(e).

The key tree management problem under this model is then to find a tree T with minimum
weight. The minimum possible cost of such a tree with n leaves is defined as OPT (p, n)

To obtain a lower bound for the optimal tree cost, Li et al. [2] rewrote the cost function
C(T ) in another form. Suppose tree T has n leaves. We distribute the weight of C(T ) to
each leaf, and assign each leaf u a weight c(p, u), which represents the cost per leaf. Then
c(p, u) =

∑
e∈p(u,r)w(e), where p(u, r) is the (unique) path from u to the root r. Let p(u, r)

be u = p0, p1 . . . pk−1, r = pk. Using this we can rewrite c(p, u) as

c(p, u) =
k−1∑
i=0

1− qNpi+1

Npi

.

We now see that c(p, u) is uniquely determined by the sequence of numbers {Np0 , Np1 , . . . , Npk
},

where Np0 = 1 and Npk
= n. It is easy to see that the minimum value of c(p, u) will give a

lower bound of minimum value of

OPT (p, n) ≥ nmin c(p, u).
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Li et al. [2] gave a lower bound for c(p, u) when p → 0 (equivalently, as q → 1). In
this paper, we reconsider the problem of bounding c(p, u) by thinking of the Npi as giving
a “jumping pattern”. To better understand the behavior of the jumps we will remove the
integer restriction, but we point out that the lower bound given by the real numbers will
also give a lower bound in the case with integer restriction.

For a given value 0 < q < 1 (q = 1−p), we want to minimize the cost of going from 1 to
N (possibly ∞), where “moves” are jumps from a to b. Analogously to the c(p, u) cost we
will let the cost of a jump from a to b be given by (1− qb)/a. So if our sequence of jumps
is given by the (real) numbers 1 = a0 < a1 < a2 < · · · < ak < N = ak+1 then the total cost
of moving from 1 to N is given by

F (q,N ; a1, a2, . . . , ak) =
1− qa1

1
+

1− qa2

a1
+ · · ·+ 1− qak

ak−1
+

1− qN

ak

=
k∑
i=0

1− qai+1

ai
. (1)

We will denote the minimal cost of jumping from 1 to N by

F (q,N) = min
k

min
1<a1<a2<···<ak<N

F (q,N ; a1, a2, . . . , ak). (2)

We will proceed as follows. In Section 2 we will give some basic properties of F (q,N)
that follow from showing that the ratio of two consecutive terms of any jump sequence is
bounded (this fact which will be established in Section 3). In Section 4 we consider a cost
function associated with the limiting case of q = 1 and establish some basic properties of
optimal jump sequences for that case. Finally we give some concluding remarks in Section 5

2 Basic properties of jump sequences

From the definition of jump sequences given in the introduction it is not clear what, if
anything, can be said about consecutive jumps. Our main result is to show that with the
exception of the last jump (i.e., the jump to N), that these jumps are both upper and lower
bounded.

Theorem 1. Let 1 < a1 < a2 < · · · < ak < N be an optimal jump sequence for a given
value of q and N . Then for i = 0, 1, . . . , k − 1

√
2 ≤ ai+1

ai
<

19
4
.

In addition, if N ≤ 2 or q < e−1/e then the optimal thing to do is to jump straight from 1
to N . On the other hand if N ≥ 5 and q ≥ 0.9 then there will be at least one intermediate
jump between 1 and N .

3



The proof of Theorem 1 will be given in Section 3. In this section we will give some
consequences of this result. The first consequence is that the bound on jumps gives a natural
lower bound for the cost. Namely, F (q,N) is at least as much as the cost of the first jump.
This gives us the following result.

Corollary 2. Let N ≥
√

2, and 0 ≤ q < 1, then F (q,N) ≥ 1− q
√

2.

Optimal jumping patterns have a natural recursive relationship. This is helpful as it
allows us to reduce the problem of how to make a jump to the problem of how to jump
from 1.

Proposition 3. Let 1 < a1 < a2 < · · · < ak < N be an optimal jump sequence associated
with q and N . Then for any 1 ≤ i ≤ k, the sequence 1 < ai+1/ai < ai+2/ai < · · · < ak/ai <
N/ai is an optimal jump sequence for q′ = qai and N ′ = N/ai.

Proof. The proof follows by noting that the cost function is optimal, and can be rewritten
as

F (q,N) =
k∑
j=0

1− qaj+1

aj
=

i−1∑
j=0

1− qaj+1

aj
+

k∑
j=i

1− qaj+1

aj

=
i−1∑
j=0

1− qaj+1

aj
+

1
ai

k∑
j=i

1− (qai)(aj+1/ai)

(aj/ai)
(3)

The second term in (3) is the cost function of the jump sequence associated with 1 <
ai+1/ai < ai+2/ai < · · · < ak/ai < N/ai for q′ = qai and N ′ = N/ai. If this were not
optimal we could replace it with the optimal cost function thus lowering F (q,N), but this
of course contradicts that we started with an optimal jump sequence.

One consequence of this is that we can recursively construct F (q,N) by finding the first
jump. In the special case when N =∞ we get the following recursive relationship.

Corollary 4. The function F (q,∞) satisfies the following recursive relationship

F (q,∞) =


1 if q < e−1/e;

min√
2<a<19/4

(
1− qa +

1
a
F (qa,∞)

)
otherwise.

Perhaps the most important consequence of Theorem 1 is that it gives a natural bound
on the number of jumps that can be taken. In particular it can be shown that the number
of jumps from 1 to N is Θ

(
min(ln(N),− ln

(
ln(1

q )
)
)
)
. So if we fix N and let q→1 then

the number of jumps is of order ln(N). While if we fix q and let N→∞ then the number
of jumps is of order − ln

(
ln(1

q )
)

(which is still finite, and indeed has a bounded maximum
jump value).
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Corollary 5. Let N < ∞ and q < 1, and let k be the number of intermediate terms that
are visited in the optimal jump sequence from 1 to N . Then

k ≥ min
(
0.64 ln(N)− 1.04,−0.65 ln

(
ln(

1
q

)
)
− 1.46

)
,

k ≤ min
(
2.89 ln(N)− 1,−2.88 ln

(
ln(

1
q

)
)
− 1.88

)
.

Proof. If 1 < a1 < a2 < · · · < ak < N is the optimal jump sequence then it follows from
Theorem 1 that

√
2
k ≤ ak ≤ (4.75)k. To find a lower bound we note that by Theorem 1

we must continue jumping until either (4.75)k > N/5 or q(4.75)k
< 0.9. Solving for k in the

first equation we have that k >
(

ln(N)− ln(5)
)
/ ln(4.75) > 0.64 ln(N)− 1.04. Solving for k

in the second equation we first have that (4.75)k ln(q) < ln(0.9) or (4.75)k > ln(0.9)/ ln(q),
so that k >

(
ln
(

ln(10/9)
)
− ln

(
ln(1

q )
))
/ ln(4.75) > −0.65 ln

(
ln(1

q )
)
− 1.46

To find an upper bound we note that by Theorem 1 it is possible to continue jumping
as long as (

√
2)k−1 < N/2 and q(

√
2)k−1 ≥ e−1/e. Solving for k in the first equation we have

that k <
(

ln(N)− ln(2)
)
/ ln(
√

2) + 1 < 2.89 ln(N)−1. Solving for k in the second equation
we first have that (

√
2)k−1 ≤ 1/

(
e ln(1

q )
)
, so that k ≤

(
− ln

(
ln(1

q )
)
− 1
)
/ ln(
√

2) + 1 <

−2.88 ln
(

ln(1
q )
)
− 1.88.

3 Proof that jumps are bounded

In this section we will give the proof of Theorem 1. We will break the proof into a series
of claims that will establish the upper and lower bounds as well as some special cases. The
main technique is to compare costs of different sequences and show that one is always better,
the difficulty will usually lie in showing what happens when q is close to 1 which requires
we be careful with our analysis since the costs of all jumping sequences are near 0. We will
first start with an observation which will be useful for proving the special cases.

Observation 1. For a fixed q if the optimal jump sequence of length m beats the optimal
jump sequence of length m+1, then the optimal jump sequence of length m beats the optimal
jump sequence of length ` for each ` ≥ m+ 1.

This observation follows by noting that for the optimal jump sequence of length ` the
associated cost of the first m+ 1 terms is bounded by the total cost but is also at least as
large as the cost of the optimal jump sequence of length m+ 1. The result then follows.

Claim 1. If N ≤ 2 or q < e−1/e then the optimal thing to do is to jump from 1 straight to
N .

Proof. From Observation 1 it suffices to show that the cost of jumping from 1 straight to
N is better than the cost of jumping from 1 to x to N for all 1 < x < N . Now suppose
that N ≤ 2, then this is equivalent to showing that

1− qN

1
<

1− qx

1
+

1− qN

x
or 0 < 1− xqx + (x− 1)qN .
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We need to show hx(q) = 1− xqx + (x− 1)qN is positive in the range. Start by noting that
hx(1) = 0, it therefore suffices to show that h′x(q) < 0 for q < 1 to establish the result. A
calculation shows that

h′x(q) = −x2qx−1 +N(x− 1)qN−1 = xqN−1
(
N − N

x
− xqx−N

)
.

Now since x−N < 0 then qx−N > 1 and we have

N − N

x
− xqx−N < N − N

x
− x ≤ N − 2

√
N < 0,

where the last step is a simple minimization problem and uses N ≤ 2.
Now suppose that q < e−1/e, then it is easy to check that xqx ≤ −1/e ln q < 1. So

0 < 1− xqx + (x− 1)qN is easily satisfied.

Claim 2. If N ≥ 5 and q ≥ 0.9 then there will be at least one intermediate jump between
1 and N .

Proof. It suffices to show jumping from 1 to 2 to N gives a lower cost then jumping from
1 to N . This will hold if

1− qN

1
>

1− q2

1
+

1− qN

2
or 1− 2q2 + qN < 0.

Since 1 − 2q2 + qN ≤ 1 − 2q2 + q5 it suffices to show this holds when N = 5. Let f(q) =
1−2q2 +q5, we have that f(0.9) = −0.02951 while f(1) = 0 and f ′′(q) = −4+20q3 ≥ 10.58
for 0.9 ≤ q < 1. Combining these establishes the result.

We now turn to establishing the upper and lower bound. By Proposition 3 it will suffice
to show that the bounds hold for the first jump.

Claim 3. If an optimal jump sequence starts 1 < a < b < · · · then b > 2.

Proof. Since we are making an intermediate jump, by Claim 1 we may assume that q ≥
e−1/e > 0.69. Now suppose b ≤ 2, comparing the costs of jumping from 1 to b and from
jumping 1 to a to b we have that the first sequence has lower cost if

1− qb

1
<

1− qa

1
+

1− qb

a
.

[All other terms associated with the cost are equal and drop out.] This is equivalent to
(a− 1)qb− aqa + 1 > 0. Since we assumed b ≤ 2 and a− 1 > 0 it suffices to show this holds
when b = 2, i.e., it suffices to show

f(a) = (a− 1)q2 − aqa + 1 > 0 for 0.69 ≤ q < 1, and 1 < a < 2.

We have
f ′(a) = q2 − qa − a ln(q) qa and f ′′(a) = − ln(q) qa(2 + a ln(q)).
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For the range given for a and q it is easy to check that f ′′(a) > 0, since we also have that
f(1) = 1 − q > 0 it suffices to show that f ′(1) > 0 and the result follows. Plugging in we
have

g(q) = f ′(1) = q2 − q − q ln(q).

Since g(1) = 0 to show this is positive we again do a similar trick. Namely by calculus we
have

g′(q) = 2q − 2− ln(q) and g′′(q) = 2− 1
q
.

Since g′(1) = 0 and g′′ > 0 in the range of q we are interested in the point is minimal, i.e.,
g(q) > 0 for 0.69 < q < 1 and so the result follows, in particular skipping over a lowers the
cost which is a contradiction.

Claim 4. If an optimal jump sequence starts 1 < a < b < · · · then a ≥
√

2.

Proof. Again we may assume q ≥ 0.69. Now suppose that a <
√

2, comparing the costs of
jumping from 1 to a to b with jumping from 1 to

√
2 to b we have that the second sequence

has lower cost if
1− q

√
2

1
+

1− qb√
2

<
1− qa

1
+

1− qb

a
.

[Again all other terms drop out.] By Claim 3, it again suffices to show this holds for b = 2,
and so we want to show

f(a) = a
√

2(q
√

2 − qa) + (
√

2− a)(1− q2) > 0 for 0.69 ≤ q < 1, and 1 < a <
√

2.

Using calculus we have

f ′(a) =
√

2(q
√

2 − qa) − a
√

2 ln(q) qa − 1 + q2 and f ′′(a) = −
√

2 ln(q) qa(2 + a ln(q)).

Again we have that f ′′ > 0 in the range that we are interested in. Since f(
√

2) = 0 it
suffices to show that

g(q) = f ′(
√

2) = −2 ln(q)q
√

2 − 1 + q2 < 0.

Since g(1) = 0 to show that this is negative we again use calculus to get

g′(q) = 2q − 2
√

2 ln(q)q
√

2−1 − 2q
√

2−1 and

g′′(q) = 2− 2
√

2(
√

2− 1) ln(q)q
√

2−2 − (4
√

2− 2)q
√

2−2.

Since g′(1) = 0 and g′′ < 0 (the term with the ln(q) makes an insignificant contribution and
the other terms then easily give a negative term) in the range that we are interested in the
result follows, showing we would never take a first jump below

√
2.

For the upper bound we will break it into two cases, namely when q is “small” and when
q is “large”. Of course we already know by Claim 1 that there are no intermediate jumps
for q < e−1/e and so the upper bound holds vacuously in that range.
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Claim 5. If q ≤ 0.88 then an optimal jump sequence makes at most one intermediate jump
between 1 and n, and further such a jump is bounded above by 4.75.

Proof. By Claim 1 we can assume q ≥ 0.69. To show that there is at most one intermediate
jump it suffices to show that the optimal cost of two intermediate jumps will never beat the
optimal cost of one intermediate jump. To find the optimal two intermediate jump sequence
and one intermediate jump sequence we minimize

q(x, y) =
1− qx

1
+

1− qy

x
+

1− qN

y
and r(z) =

1− qz

1
+

1− qN

z

respectively. In particular we need,

qy(x, y) =
− ln(q)qy

x
− 1− qN

y2
=
− ln(q)
xy2

(
y2qy − x(1− qN )

− ln(q)

)
= 0,

r′(z) = − ln(q)qz − 1− qN

z2
=
− ln(q)
z2

(
z2qz − 1− qN

− ln(q)

)
= 0.

Given that we know q ≥ 0.69 and the shape of the curve t2qt there will be two possible
solutions for y and z, since we are trying to minimize we will want to find the first such
solution in each case. In particular since x > 1 it follows that we have y > z.

We then have that the one jump sequence always beats out a two jump sequence if for
any x and y we can find a z so that

1− qx

1
+

1− qy

x
+

1− qN

y
>

1− qz

1
+

1− qN

z
,

or rearranging (
1− qx

1
+

1− qy

x
+

1
y

)
−
(

1− qz

1
+

1
z

)
> qN

(
1
y
− 1
z

)
︸ ︷︷ ︸

<0

.

So it is certainly sufficient to show that the left hand side is > 0. This reduces it down to
the case N =∞. By using a computer algebra system it can be checked that this will hold
for q ≤ 0.88.

Finally, the optimal jump will be the first solution to z2qz + (1− qN )/ ln(q) = 0 which
will certainly occur before the solution to z2qz+1/ ln(q) = 0. Plotting (4.75)2q4.75 +1/ ln(q)
in the range 0.69 ≤ q ≤ 0.88 we see that it is positive indicating that the solution occurs
before 4.75, i.e., the optimal jump has length bounded above by 4.75.

In Claim 5 we needed to show that if 1 < x < y < N was an optimal jump sequence
with two intermediate jumps and 1 < z < N was an optimal jump sequence with one
intermediate jump then z < y. Its seems reasonable that this should generalize as follows.
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Conjecture 1. If 1 < a1 < · · · < am < N is an optimal jump sequence with m intermediate
jumps and 1 < b1 < · · · < bm+1 < N is an optimal jump sequence with m+ 1 intermediate
jumps then bi < ai < bi+1 for i = 1, . . . ,m.

Claim 6. If an optimal jump sequence starts 1 < b < · · · and q ≥ 0.88 then b < 4.75.

Proof. Now suppose that an optimal jump sequence starts by jumping from 1 to b where
b > 4.75. Then we claim that it is better to start by jumping from 1 to 2 to b. This last
statement holds if

1− q2

1
+

1− qb

2
<

1− qb

1
.

[Again all other terms drop out.] Rearranging, this will be equivalent to showing 0 <
2q2 − qb − 1. It suffices to show that this last statement holds for b = 4.75, i.e., it suffices
to show

g(q) = 2q2 − q4.75 − 1 > 0 for 0.88 ≤ q < 1.

Note that g(0.88) = 0.00393 . . . > 0 and g(1) = 0. Since g′(q) = 4q − 4.75q3.75 and
g′′(q) = 4 − 17.8125q2.75 we have that the graph is concave down for our range of q, the
result then follows. This shows that we would never jump more than 4.75 in an optimal
jump sequence.

4 The limiting case as q→1

As q→1 then F (q,N)→ 0 (i.e., since all jumps now have cost 0). So for this limiting case
we should consider a different type of cost function. To determine which cost function, we
start by recalling q = 1− p and note that 1− qx = px+O(p2) by the binomial theorem. So
that (1) becomes

F (q,N ; a1a2, . . . , ak) =
k∑
i=0

1− qai+1

ai
= p

k∑
i=0

ai+1

ai
+O(p2).

The obvious candidate is to use the first order term as our new cost function, i.e., so that
the cost of a jump from a to b will be given by b/a. Given a sequence of jumps, the total
cost of moving from 1 to N will be given by

G(N ; a1, a2, . . . , ak) =
a1

1
+
a2

a1
+ · · ·+ ak

ak−1
+
N

ak

=
k∑
i=0

ai+1

ai
, (4)

and we will denote the minimal cost of jumping from 1 to N by

G(N) = min
k

min
1<a1<a2<···<ak<N

G(N ; a1, a2, . . . , ak). (5)
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4.1 Jumping along the reals

We begin by noting that by the arithmetic-geometric mean inequality, for any jump sequence
we have

G(N ; a1, a2, . . . , ak−1) ≥ k k

√
a1

1
a2

a1
· · · ak−1

ak−2

N

ak−1
= k

k
√
N,

with equality holding if and only if a1/1 = a2/a1 = a3/a2 = · · · . Note that for any N > 1
the function f(x) = xN1/x is concave up for x > 0 and so has a unique minimum which
occurs at f(lnN) = e lnN .

Proposition 6. When jumping along the reals we have that

G(N) = min
{
blnNcN1/blnNc, dlnNeN1/dlnNe} = e lnN +O

( 1
lnN

)
.

While the optimal jumping patterns are formed by geometric sequences with ratio e1+o(1).

Proof. The form of G(N) and the formation of a geometric series with a ratio of either
N1/blnNc = elnN/blnNc = e1+o(1) or N1/dlnNe = elnN/dlnNe = e1+o(1) follows from the
statements preceding the proposition. It remains to verify the asymptotic behavior. So
suppose that blnNc = lnN − α then we have

blnNcN1/blnNc − e lnN =
(

lnN − α
)
elnN/(lnN−α) − e lnN

= e lnN
(
eα/(lnN−α) − 1

)
− αe eα/(lnN−α)

= e lnN
(

α

lnN − α
+O

( 1
lnN2

))
− αe+O

( 1
lnN

)
= O

( 1
lnN

)
.

A similar statement holds for when dlnNe = lnN + α, the proof now follows.

4.2 Jumping along the integers

We will let GZ(N) denote the minimal cost for the case of when we restrict jumps to the
integers. Clearly, GZ(N) ≥ G(N) = e lnN + O(1/ lnN). However, with the restriction of
jumping only on the integers we should expect the cost to go up. In this section will look
at the asymptotic behavior of GZ(N). First though we will introduce an important integer
sequence, and some of its properties, that will play a role in the behavior of the function.

Lemma 7. Let a(n) be the integer sequence such that a(0) = 1 and a(n) = be·a(n−1)+0.5c
for n ≥ 1 (i.e., to get the next term multiply by e and round). Then the following holds:

• a(n) = bγen + 0.5c for γ = 1.098002099366832827899136351 . . .

• lim
n→∞

( n∑
i=1

a(i)
a(i− 1)

− e ln
(
a(n)

))
= α = 0.014357537447198206167909857 . . .
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This sequence, which starts {1, 3, 8, 22, 60, 163, 443, 1204, 3273, 8897, . . .}, is A024581 in
the OEIS. Essentially what it does is try to best approximate jump lengths of e where after
every jump forward we reset (as compared to taking the nearest integer to powers of e which
would be the sequence {1, 3, 7, 20, 55, 148, 403, 1097 . . .}).

Proof. For the first part we let b(n) = a(n)/en. We first show that this sequence converges.
For n ≥ 1,

|b(n)− b(n− 1)| =
∣∣∣∣a(n)
en
− a(n− 1)

en−1

∣∣∣∣
=

∣∣∣∣be·a(n− 1) + 0.5c
en

− e·a(n− 1)
en

∣∣∣∣
= e−n

∣∣be·a(n− 1) + 0.5c − e·a(n− 1)
∣∣ ≤ 1

2
e−n,

where the last step follows from noting that no number is more than 1/2 away from the
nearest integer (this is what the inside of the absolute value is expressing). This implies the
sequence is Cauchy and so must converge. Let γ = limn→∞ b(n). Then note that for any n

∣∣b(n)− γ
∣∣ ≤ ∞∑

k=n+1

∣∣b(k)− b(k − 1)
∣∣ ≤ ∞∑

k=n+1

1
2
e−k =

1
2e
−(n+1)

1− 1
e

<
0.3
en
.

Multiplying both sides by en, this implies that
∣∣a(n)− γen

∣∣ < 0.3. Since a(n) is an integer
and γen is less than 0.3 away it must be that a(n) is the nearest integer to γen. From this
it can be shown that 1.05en < a(n) < 1.15en.

For the second part let

c(n) =
n∑
i=1

a(i)
a(i− 1)

− e ln
(
a(n)

)
,

and consider the following

c(n)− c(n− 1) =
a(n)

a(n− 1)
− e ln

(
a(n)

a(n− 1)

)
≤ e·a(n− 1) + 0.5

a(n− 1)
− e ln

(
e·a(n− 1)− 0.5

a(n− 1)

)
=

1
2a(n− 1)

− e ln
(

1− 1
2e·a(n− 1)

)
≤ 1

2a(n− 1)
+

1
a(n− 1)

≤ 3e
2en

.

(Here we used the fact that for 0 ≤ x ≤ 1/2e that − ln(1 − x) ≤ 2x.) On the other hand
it is easy to see that c(n) is increasing, i.e., since x − e lnx has a minimum value of 0 at
x = e, so c(n) − c(n − 1) ≥ 0. Combining we have

∣∣c(n) − c(n − 1)| ≤ 3e/2en from which
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the convergence of c(n) easily follows. This shows that c(n) converges to α with an error
of order e−n, a little more careful analysis can show that the error is at most 0.05e−2n.

The numerical approximation for γ and α can be found by the computing the corre-
sponding terms for sufficiently large n.

Theorem 8. When jumping along the integers we have that

GZ(N) ≤ e lnN + α+O
( 1

lnN
)
,

where α is the constant introduced in Lemma 7.

Proof. We construct an approximate optimal sequence for N by letting ` = bln lnNc and
then take the first ` terms from the integer sequence from Lemma 7 to form the initial part
of the sequence, a(1), a(2), . . . , a(`). From the proof of Lemma 7 we have that 0.38 lnN ≤
a(`) ≤ 1.15 lnN , i.e., we have that a(`) = Θ(lnN). Now starting at a(`) find the optimal
jump sequence jumping to N along the real numbers and then round each term to the
nearest integer, to form the rest of the sequence. We denote this remaining part of the
sequence by b(0) = a(`), b(1), b(2), . . . , b(k), b(k + 1) = N .

We now need to bound the cost of the jump sequence a(1), . . . , a(`), b(1), . . . , b(k).
From Lemma 7, the first part of the jump sequence has cost bounded by e ln(a(`))+α−

o(1). It is also easy to adapt the proof of Proposition 6 to see that the cost of the optimal
jump sequence along the reals from a(`) to N is e ln

(
N/a(`)

)
+ O(1/ lnN). It remains to

show that the error from rounding the terms to the nearest integer is of order O(1/ lnN).
By Proposition 6 we know that the sequence b(i) = ba(`)βi+0.5c where β ≈ e. A simple

calculation shows that ∣∣∣∣β − b(i+ 1)
b(i)

∣∣∣∣ ≤ β + 1
2b(i)

≤ β + 1
a(`)βi

.

From this it follows that the error we get from rounding to the nearest integer is bounded
by

k∑
i=0

∣∣∣∣β − b(i+ 1)
b(i)

∣∣∣∣ ≤ ∞∑
i=0

β + 1
a(`)βi

=
β(β + 1)
a(`)(β − 1)

= O
( 1

lnN
)
.

Looking at the statement of Theorem 8, a natural question to ask is whether we need
the α term. Clearly, by the definition of α we know that for every N = a(i), i.e., every N
which shows up in the specified integer sequence, we have that the total cost of jumping to
N is < e lnN + α. On the other hand, the smallest N 6= a(i) and with cost of jumping to
N below e lnN + α is N = a(212) + 1, or,

129131838405193758085942165745133954363794242640795892824156404845230986861655497052850982185.

Using this along with the rate of convergence to α we have the following result, which
indicates that if α is not the correct term for Theorem 8, it is close.
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Proposition 9. Except for the first approximately 211 terms from the sequence a(i),

GZ(N) > e lnN + α− 1
10180

.

5 Concluding remarks

In this paper we have looked at the problem of jumping from 1 to N while minimizing costs.
When jumping along the reals we saw that each jump was bounded between

√
2 and 19/4.

If we relate this back to the problem of key tree management this seems to indicate that
if v is a parent of u then the number of descendants of v is between

√
2 and 19/4 times

greater than the number of descendants of u (except possibly the root). This agrees well
with the known fact that every internal node of an internal key tree (except possibly the
root) has degree 2, 3 or 4 (see [2]).

The jumping sequence gives a rough approximation for the optimal tree with the depth
of the tree being the number of jumps. We saw that the number of jumps for N fixed and
q approaching 1 is of order lnN while for q fixed and N large is of order − ln ln 1

q .
The constants given in Theorem 1 are not optimal. One interesting problem would be to

know what the best constants are, in particular what are the best upper and lower bounds
for the jumps.

Our analysis has focused on two different cost functions involved with jumping from a to
b, i.e., (1− qb)/a and b/a. There are many different possible cost functions and it would be
interesting to see what combinatorial properties different cost functions have. The authors
will be looking at this problem in a future work.
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