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Abstract

In studying the scalability of optical networks, one problem which arises involves coloring the verticesnetube with
as few colors as possible such that any two vertices whose Hamming distance is atameosblored differently. Determining
the exact value of (), the minimum number of colors needed, appears to be a difficult problem. In this note, we improve the
known lower and upper bounds gf (n) and indicate the connection of this coloring problem to linear codes.
0 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

An n-cube (om-dimensional hypercube) is a graph whose vertices are the vectorsodingensional vector
space over the fieldF(2). There is an edge between two vertices ofitf@ibe whenever their Hamming distance
is exactly 1, where the Hamming distance between two vectors is the number of coordinates in which they differ.
Givenn andk, the problem we consider is that of finding(n), the minimum number of colors needed to color
the vertices of the-cube so that any two vertices at (Hamming) distance of at mbstve different colors. This
problem originally arised in the study of the scalability of optical networks [2].

It was shown by Wan [4] that

n+ 1< x(n) < 2M0%0+D] 1)

and it was conjectured that the upper bound is the truth yisn) = 2/10%1+D1,
Kim et al. [1] showed that

2n < xz(n) < 2%+ )
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The upper bounds in (1) and (2) are fairly tight. In (1), the upper and lower bounds coincidemwhgns an
exact power of 2, and the same is true for (2) whés a power of 2. However, the upper bounds in (3) and (4) are
not very tight. In fact, whe = 2 and 3, they are already different from those of (1) and (2). A natural approach for
getting an upper bound fof; (n) is to find a valid coloring of the-cube with as few colors as possible. We shall
use this idea and various properties of linear codes (to be introduced in the next section) to give tighter bounds for
generak which imply (1) whenk =2 and (2) wherk = 3.

and

2. Main results
We show the following.

Theorem 1. Let 1 = |k/2] andlet (")) denote Y/ (}). Then, when k is even, we have

t
2 (lz) i Ln/(tl+ D] (21) <,;+_ ;- U; iJ) el < 2Hos (s
i=0

and when k is odd, we have

" n—1 1 n—1\(n—-1-—1¢ n—1—1 Llog(("z))J+2
2(Z< i >+m( t )( r+1 _{ 1 J)) Xp(n) <2772

i=0

Note that since

210G, (5~ D)1 +1 _ pllogn)+1 _ pllogy(n+1)]
and
21082((575)1+2 _ pllogy(n—1)]4+2 __ oflogyn1+1

the inequalities (1) and (2) are direct consequences of this theorem. In general, the bounds in this theorem improve
previous ones (3) and (4), especially, the upper bounds are much better. In fact,
k(k+2>

flogy nl
(k+ l><k 2 2) "o peaonn,

ollog (= 1))J+1 O(k)’

2llog((15)1+2 _ , Ok)

Since
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our lower and upper bounds are close in some sense.

We first prove the lower bounds.

Given a valid coloring of the:-cube with parametens andk usingm colors, letS;, 1 <i < m, be the set of
vertices which are colored Note that each vertex of thecube is a binary string of lengtth and for any two
verticesu = u1uz...u, andv =v1vz...v, in §;, theirHamming distanced (u, v) = |{i: u; # v;}| is at leask + 1.
Therefore, for each, S; forms a binary(n, |S;|, d;)-code for somel; > k + 1. (A binary(n, m, d)-code is a set of
m binary strings of length such that the least Hamming distance between any two strings in thedsi]is Let
A(n, d) denote the largest siz& such that a binaryn, M, d)-code exists. Sincd (n, d) is decreasing i, we
have

m

m
2'=3 IS1< ) Al d) <mA(n k+1).
i=1 i=1

Thus, we have

A k+1)
Moreover, it follows from Johnson bound [3] that
on
Yizo () + Grny (DGt — LD
Whenk = 2¢, by (5) we obtain
" n 1 n\(n—t n—t

w2 ;0 <,> TESY (r) (r +1° L - 1J>

Whenk = 2r + 1, we note the relatiod (n, 2t + 1) = A(n + 1, 2t + 2) (see [3]). Then by (5) again,
2 2 2

Amk+1) Am,20+2) Amn—1,2+1)
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To show the upper bounds, let us first recall some concepts about linear code.

The set of alln-dimensional vectors ovesF(2) forms ann-dimensional vector space, which we denote by
V. (2). A codeC C V,(2) is called dinear codeif it is a linear subspace df,,(2). Moreover,C is called an, m]-
code if it has dimensionn. If C also has minimum distancé then it is called arin, m, d]-code. The square
brackets will automatically refer to linear codes. Anx n matrix G is called agenerator matrix of an[n, m]-code
C if its rows form a basis foC. Given an[n, m]-codeC, an(n — m) x n matrix H is called gparity check matrix
for C if ¢ € C impliescH" = 0. From coding theory, we know that specifying a linear code by using its generator
matrix and using a parity check matrix are equivalent. For a vect¥V(n), thesyndrome of x associated with a
parity check matrixH is defined to beynd(x) = xH .

We next explain that if a linedn, m, k + 1]-code exists, theg; (n) < 2",
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Given an[n, m, k + 1]-codeC, thestandard array of C is a 22~ x 2™ table where each row is a (left) coset of
C. This table is well defined since elementgbform an Abelian subgroup ifi2(n) under addition (and the cosets
of a group partition the group uniformly). The first row of the standard array confaitself. The first column of
the standard array contains the minimum weight elements from each coset. These areosetlledders. Each
entry in the table is the sum of the codeword on the top of its column and its coset leader. Since each pair of distinct
codewords has Hamming distance at ldastl, each pair of elements in the same row also has Hamming distance
at leastk + 1. Thus, coloring each row af’s standard array by a different color would give us a valid coloring.
The number of colors used i§2", which is the number of rows a@f’s standard array. Thereforg; (n) < 2"~".
It is a basic fact from coding theory that all elements in the same row of the standard array have the same
syndrome and different rows have different syndromes. Therefore, we can use its parity checkthtataglor
each vector € Vo(n) with synd(x) =xH.
Now, we want to construct a lineft, n — p, k + 1]-code where

—l1og.(1+ n—1 n n—1 T n—1 +1=|10 n—1 41
P=1% 1 72 R VI = 1%% k-1 '
To do so, we employ the following result from [3].

Lemmal. If H isan (n —m) x n matrix where any d — 1 columns of H are linearly independent and there exist
d linearly dependent columnsin H, then H isthe parity check matrix of an [n, m, d]-code.

By Lemma 1, it suffices to build ap x n matrix H with the property that + 1 is the largest numbeksuch that
anyd columns ofH are linearly independent and there exdisiependent columns. Thig is actually the parity
check matrix of anin, n — p, k + 1]-code.

Now, we describe a procedure for constructing & n parity check matrixd by choosing its column vectors
sequentially. The first column vector can be any non-zero vector. Suppose we already haWeohise¢ctors so
that anyk of them are linearly independent. Tlie+ 1)th vector can be chosen as long as it is not in the span of
anyk — 1 vectors inV. In other words, since we are working over the fi@E(2), the new vector cannot be the
sum of anyk — 1 or fewer vectors irV . The total number ofinallowable vectors is at mos)) + (5) + - -+ (, ;)

(this is an increasing function @j. Consequently, as long :@ + (’2) +--+ (kil) < 2P — 1 then we can still add
a new column tad . Note that

n—1 n—1 n—1
e 2P _ 1.
( 1)+<2)+ +<d—2><
Therefore, g x n parity check matrixd can be constructed. It follows that

xp(n) < 27 = 200G+,

This inequality holds regardless éfbeing odd or even and thus proves the upper bound for the levase.
However, wherk is odd we are able to do better.

Notice that if we add an even parity bit to each vectoefn — 1) then we get half oV2(n). Adding an odd
parity bit would give us the other half. Whenis odd, we just proved that we can color tie— 1)-cube using

n—2
a = 210221+ colors so that if two vertices have the same color then their distance is at I€astm this, we
can obtain a coloring of the-cube as follows. We first add an even parity bit to each vertex ofithe 1)-cube,
color them using: colors, and then add an odd parity bit and color them using a completely different et of

colors. This is clearly a coloring of thecube using 2 = 2'°%((:-2)1+2 colors. What remains to be shown is that
this coloring is valid with parametersandk.

For any vertex: of then-cube, letx’ be the vector obtained fromby deleting the parity bit just added. By the
way we constructed the coloring, if two verticesindy of then-cube have the same color thé¢x’, y') > k, and
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the same type of parity bit (even or odd) was added to them to gety. Itis clear that ifd (x’, y") > k + 1, then
d(x,y) > k+1.1fd(x',y") =k, then sincek is odd,x’ andy” must have had different bits added. Consequently,
d(x,y) =k + 1. In other words, if two vertices andy of the n-cube have the same color thétx, y) > k + 1,

and so we had a valid coloring with paramete@ndk. This completes the proof of the theorem.

3. Concluding remarks

The key for us to get a good coloring is to find a good parity check matrixhenk is even. As we saw, the
proof of Theorem 1 implicitly gave us an algorithm to constriGtbut it is still not very constructive. However,
in the case& = 2 (and thus in cask = 3) we can explicitly construct . To do this, consider the Hamming code
H>(r), whichis a[2" — 1,2" — 1 — r, 3]-code. Its parity check matri¥ (r, 2) has dimensions x (2" — 1). Let
r = [logy(n + 1)1, so that 2 — 1 > n. If we remove the last’2— 1 — n columns ofH (r, 2), then we get a parity
check matrix of arin, n — [log,(n + 1)1, 3]-code. This code gives us a coloring of thxe&ube with parameters
and 2 using 8°%+D1 colors. This proves the upper bound of (1).

Instead of theJohnson bound we used, we could have used other known upper bounds ord) to give us
lower bounds fory;(n) (e.g., thePlotkin bound, the Elias bound or the Linear Programming bound). However,
applying these other bounds doesn’t seem to give us significantly better results.
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