After establishing some notational conventions which will be used throughout
the book, we will begin with the notion of a differentiable manifold. These
are spaces which are locally like Euclidean space and which have enough
structure so that the basic concepts of calculus can be carried over. In this
first chapter we shall primarily be concerned with the analogs and implications
for manifolds of the fundamental theorems of differential calculus. Later,
in Chapter 4, we shall consider the theory of integration on manifolds.

From the notion of directional derivative in Euclidean space we will
obtain the notion of a tangent vector to a differentiable manifold. We will
study mappings between manifolds and the effect that mappings have on
tangent vectors. We will investigate the implications for mappings of
manifolds of the classical inverse and implicit function theorems. We will
see that the fundamental existence and uniqueness theorems for ordinary
differential equations translate into existence and uniqueness statements for
integral curves of vector fields. The chapter closes with the Frobenius
theorem. which pertains to the existence and uniqueness of integral manifolds
of involutive distributions on manifolds.

PRELIMINARIES

1.1 Some Basic Notation and Terminology  Throughout this text we
will describe sets either by listings of their elements, for example

{a;, ..., a,.
or by expressions of the form
{x: P},
which denote the set of all x satisfying property P. The expression a € 4
means that a is an element of the set 4. If a set 4 is a subset of a set B (that
is, a € B whenever ae A), we write 4 € B. If A < Band B < 4, then A4

equals B, denoted A = B. The negations of €, < and = are denoted by ¢,
¢, and ## respectively. A set A is a proper subset of Bif A < Bbut 4 # B.
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We will denote the empty set by . We will often denote a collection

{U,: « € A} of sets U, indexed by the set A simply by {U,} if explicit mention

of the index set is not necessary. The union of the sets in the collection

{U,: «€ A} will be denoted | U, or simply U U,. Similarly, their
acd

intersection will be denoted () U, or simply N U,.

xed

U U, = {a: a belongs to some U,}.

acd

N U, = {a: a belongs to every U,}.

aeAd

The expression f: A — B means that f is a mapping of the set 4 into the
set B. When describing a mapping by describing its effect on individual
elements, we use the special arrow —; thus “the mapping m — f(m) of A
into B means that fis a mapping of the set 4 into the set B taking the element
m of A into the element f(m) of B. If U < 4, then f | U denotes the restriction
of fto U, and f(U) = {b e B: f(a) = b for some a€ Ui 1If C < B, then
fUC)={aeAd: fla)e C}. A mapping [ is one-to-one (also denoted 1:1),
or injective, if whenever a and b are distinct elements of 4, then f(a) # f(b).
A mapping f'is onto, or surjective, if f(4) = B.

If f: A— Band g: C — D, then the composition g > f is the map

g f(BNC)—>D
defined by gof(a) = g(f(a)) for every aef~H(B D C). For notational
convenience, we shall not exclude the case in which (BN C)= 2.
That is, given any two mappings fand g, we shall consider their composition
g o f as being defined, with the understanding that the domain of g o f may
well be the empty set.

The cartesian product A x B of two sets A and B is the set of all pairs
(a, b) of points a€ A and beB. If f1A—>C and g: B— D, then the
cartesian product f X g of the maps [ and g is the map (a, b) = (f(a), 2(b))
of A X Binto C X D.

We shall denote the idenrity map on any set by “id.’

A diagram of maps such as

L}

A

B — C
is called commutative if g o f = h.
We shall always use the term function to mean a mapping into the real

numbers.
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Let d > 1 be an integer, and let

~*=1{ara=(a;,...,a,) where the a, are real numbers}.

Then ~* is the d-dimensional Euclidean space. In the case d = 1, we denote
the real line > simply by . The origin (0,....0) in Euclidean space of
any dimension will be denoted 0. The notations [a.6] and (a,b) denote as
usual the intervals of the real line a <t <banda<r<b respectively.
The function r;: =% — 7= defined by

ri{a) = a,,

where a = (a;, ..., a,) € =4 is called the ith (canonical) coordinate function

on =4 The canonical coordinate function r, on
by r. Thus r(a) = a for each a € ™. If f: X — " < then we let

ﬁ:ri:.ﬁ

where f; is called the ith component function of f.
Iff: = — = andre | then we denote the derivative of far t by

d

| . \
d_f :limf(t+/1) f(l)'

(f)=
dr ft 4 dr |, i h
Itfo=r— = ifl1<i<n andifr = (ry,....t,)€ -7 then we denote
the partial derivative of fvith respect to r, ar t by
of | : oo, gt + Nt o000t — f(r
a (f)=—jj|=11mf(l el t Rl ) f().
or, oril, -0 h

It pe 2, then B,(r) will denote the open ball of radius r about p. The
open ball of radius r about the origin will be denoted simply by B(r). C(r)
will denote the open cube with sides of length 2r about the origin in -7
That is.

Clry=1{lay ... a)= " a| < rforall i}

We shall use = to denote the complex number field and . " to denote
complex n-space.

. - cIorze for I <P < onl

Unless we indicate otherwise, we shall always use the term neighborhood
in the sense of open neighborhood. If 4 is a subset of u topological space.
its closure will be denoted by 4. [t 7 1s a function on a topological space .,
the supporr of 4 is the subset of X defined by

supp ¢ = o (7 = [0,

We use the Kronecker index
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If o = (%, .....%) is a d-tuple of non-negative integers, then we set
[l] = z Cl’[:
al =ty
and
5" ot

orr  arte A

If «w =1(0,...,0), then we let

DIFFERENTIABLE MANIFOLDS

1.2 Definitions Let U = -7 be open, and let /2 U — ~. We say that
fis differentiable of class C* on U (or simply that f is C*). for & a non-
negative integer. if the partial derivatives 0fjdr*exist and are continuous on U
for [#] < k. In particular. fis C*if f iscontinuous. If 2 U -— -7, then fis
differentiable of class C* if each of the component functions f, = r, « fis C*
We say that fis C7 it it is C* for all A > 0.

1.3 Definitions A /ocally Euclidean space M of dimension d Is a
Hausdorfl topological space M for which each point has a neighborhood
homeomorphic to an open subset of Euclidean space ~ . It 7 is a homeo-
morphism of a connected open set U < M onto an open subset of =9,
« is called a coordinate map. the functions x, = r, - 5 are called the coordinate
functions, and the pair (U,z) (sometimes denoted by (U.xp.... . x,)) IS
called a coordinate system. A coordinate system (U, 7) 1s called a cubic
coordinate system 1f (U) s an open cube about the origin in = It me U
and ~(m) = 0, then the coordinate system is said to be centered ar m.

1.4 Definitions A differentiable structure # of cluss CH(l <k < x)
on a locally Euclidean space M is a collection of coordinate systems
{(U,. ,): = € A} satisfying the following three properties:

(d) U []1 = s)\’[.

FENS
(b) 9,09, is CFforallz, pge A
(¢) The collection # is maximal with respect to (b); that is, if

(U,o) is a coordinate system such that 7> 2,7% and ¢, = o7} are
C* for all o € 4, then (U,7) € 7.
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If F#,=1{(U,,o,): »€A} is any collection of coordinate systems
satisfying properties (a) and (b), then there is a unique differentiable struc-
ture # containing #,. Namely, let

F ={(U9): oy, band g, ¢ tare C* for all ¢, € % }.

Then # contains #,, clearly satisfies (a), and it is easily checked that #

satisfies (b). Now .# is maximal by construction, and so # is a differentiable
“structure containing # . Clearly # is the unique such structure.

We mention two other fundamental types of differentiable structures on
locally Euclidean spaces, types that we shall not treat in this text, namely,
the structure of class C® and the complex analytic structure. For a
differentiable structure of class C, one requires that the compositions in
(b) are locally given by convergent power series. For a complex analytic
structure on a 2d-dimensional locally Euclidean space, one requires that the
coordinate systems have range in complex d-space L ¢ and overlap holo-
morphically.

A d-dimensional differentiable manifold of class C* (similarly C* or complex
analytic) 1s a pair (M,#) consisting of a d-dimensional, second countable,
locally Euclidean space M together with a differentiable structure # of
class C*. We shall usually denote the different.able manifold (M,#) simply
by M, with the understanding that when we speak of the “differentiable
manifold M™ we are considering the locally Fuclidean space M with some
given differentiable structure #. Our attention will be restricted solely to
the case of class €', so by differentiuble we will always mean differentiable
of class C*. We also use the terminology smooth to indicate differentiability
of class . We often refer to differentiable manifolds simply as manifolds,
with differentiability of class C* always implicitly assumed. A manifold
can be viewed as a triple consisting of an underlying point set, a second
countable locally Euclidean topology for this set. and a differentiable
structure. If X is a set, by a manifold structure on X we shall mean a choice
of both a second countable locally Euclidean topology for X and a differ-
entiable structure.

Even though we shall restrict our attention to the C* case, many of our
theorems do, however, have C* versions for & < oo, which are essentially
no more complicated than the ones we shall obtain. They simply require that
one keep track of degrees of differentiability, for differentiating a C* function
may only yield a function of class C*1if | < k < <.

Unless we indicate otherwise, we shall always use M and N to denote
differentiable manifolds, and MY will indicate that M is a manifold of
dimension 4.

1.5 Examples

(a) The standard differentiable structure on Euclidean space = is obtained
by taking # to be the maximal collection (with respect to 1.4(b))
containing (=%,i), where i: = ¢ - = s the identity map.



(b)

(c)

(d)

(e)

(t)
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Let " be a finite dimensional real vector space. Then " has a natural
manifold structure. Indeed. if {e,} is a basis of V, then the elements of
the dual basis {r,} are the coordinate functions of & global coordinate
system on V. Such a global coordinate system uniquely determines a
differentiabl: structure # on . This differentiable structure is inde-
pendent of the choice of basis, since different bases give C* overlapping
coordinate systems. In fact, the change of coordinates is given simply
by a constant non-singular matrix.

Complex n-space .." is a real 2n-dimensional vector space, and so,
by Example (b), has a natural structure as a 2n-dimensional real
manifold. If {e;} is the canonical complex basis in which e; is the
n-tuple consisting of zeros except for a 1 in the ith spot, then

—— ——

{fer ... e, v —leg, ...~ —le,

is a real basis for . 7, and its dual basis is the canonical global
coordinate system on .. ".

The d-sphere is the set
o 1
St=tae -1 S ar =1}
i—=1

Let n=1(0,...,0,1) and s = (0,...,0, —1). Then the standard
differentiable structure on S* is obtained by taking # to be the maximal
collection containing (§* — n. p,) and (S* — s.p,), where p, and p,
are stereographic projections from n and s respectively.

An open subset U of a differentiable manifold (M,# 4;) 15 itself a
differentiable manifold with differentiable structure

F={U, U, -, \ U, NU): U, o) eF 4)

Unless specificd otherwise, open subsets of differentiable manifolds will
always be given this natural differentiable structure.

The general linear group Glin,* ) is the set of all n X n non-singular
real matrices. If we identify in the obvious way the points of ~ ** with
n % n real matrices, then the determinant becomes a continuous func-
tion on . Gl(n,~ ) receives a manifold structure as the open subset
of " where the determinant function does not vanish.

Product manifolds.  Let (M, .7 ) and (M, ,#,) be differentiable
manifolds of dimensions «, and , respectively. Then M, X M,
becomes a differentiable manifold of dimension d, + d, . with differen-
tiable structure # the maximal collection containing

WU X Vs o, Xyt Uy XV —

S = (U p) €F 0 (Ve ) €750
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1.6 Definitions Let U = M be open. We say that f1 U— - Is a
C* function on U (denoted fe C*(U))if f= ¢~ is C” for each coordinate
map ¢ on M. A continuous map y: M -—> N is said to be differentiable
of cluss C* (denoted y € C*(M,N) orsimply y€ C*)if g <  is a C* function
on y~*domain of g) for all C* functions g defined on open sets in N.
Equivalently, the continuous map y is C* ifand only if ¢ < e r71is C” for
each coordinate map 7 on M and ¢ on N,

Clearly the composition of two differentiable maps is again differentiable.
Observe that a mapping y: M — N is C” if and only if for each m € M there
exists an open neighborhood U of m such that ¢ | Uis C”*,

THE SECOND AXIOM OF COUNTABILITY

The second axiom of countability has many consequences for manifolds.
Among them, manifolds are normal, metrizable, and paracompact. Para-
compactness implies the existence of partitions of unity, an extremely
useful tool for piecing together global functions and structures out of local
ones, and conversely for representing global structures as locally finite
sums of local ones. After giving the necessary definitions, we shall give a
simple direct proof of paracompactness for manifolds. and shall then derive
the existence of partitions of unity. It is evident that manifolds are regular
topological spaces and their normality follows easily from this and the
paracompactness. We shall leave the proof that manifolds are normal as an
exercise. For the fact that manitolds are metrizable, sce [13].

1.7 Definitions A collection {U,} of subsets of M is a cover of a set
Waoe Mt Wa JU,. Itisan open cover if each U, 1s open. A sub-
collection of the U, which still covers is called a subcover. A refinement
{Vy) of the cover {U,} is a cover such that for each / there is an # such that
Vi< U, . A collection {4} of subsets of M is locally finite it whenever
m & M there exists a neighborhood MW7, of »m such that W', m .1, % = for
only finitely many =. A topological space is paraconipuct 1t every open cover
has an open locally finite refinement.

e

1.8 Definition A partition of unity on M is a collection {7,: /€ l} of
C” functions on M such that

(a) The collection of supports {supp =,: i €/} is locally finite.

(b) X 2p)=1forall pe M, and () > 0 for all peMandiel
359
A partition of unity {y,: i €/} is subordinate 1o the cover {U,: » € 4} if for
each / there exists an = such that supp ¢, = U,. We say that it is subordinate
to the cover (Ut i €1} with the same index set as the partition of unity 1f
supp ¢, < U, for each il
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1.9 Lemma Let X be a topological space which is locally compact
{each point has at least one compact neighborhood), Hausdorff, and second
countable (manifolds, for example). Then X is paracompact. In fact, each
open cover has a couniable, locally finite refinement consisting of open sets
with compact closures.

PROOF We prove first that there exists a sequence {G,: i =12, .1
of open sets such that

55 1s compact,
(1) le < GZ'__] .
s
X=UG,.
i=1
Let {U;:7=1,2,...} be a countable basis of the topology of X
consisting of open sets with compact closures. Such a basis can be
obtained by starting with any countable basis and selecting the sub-
collection consisting of basic sets with corapact closures. The fact

that X is Hausdorft and locally compact implies that this subcollection
is itself a basis. Now, let G; = U, . Suppose that

Gk: (/’TIU"'UL’/Y]“.

Then let/, ., be the smallest positive integer greater than j, such that

G—k — U U,,
i1
and define
Jhe1
Goa=U U
i1

This defines inductively a sequence {G,;} satisfying (1).

\ \
\\ \\ \ \
\ \ \ \
Gx G| -1 G; G -1
I / ]
/ / / /
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Let {U,: € A} be an arbitrary open cover. The set G, — G,y is
compact and contained in the open set G, ; — G,,. For each_i_é 3
choose a finite subcover of the open cover {U, N (G — G, y):
v A} of G, — G,_,, and choose a finite subcover of the open cover

{U, N G3: o € A} of the compact set G, . This collection of open sets is
easily seen to be a countable, locally finite refinement of the open cover
{U,}. and consists of open sets with compact closures.

1.10 Lemma  There exists a non-negative C* function ¢ on = which
equals 1 on the closed cube C(1) and zero on the complement of the open cube
C(2).

PROOF We need only let ¢ be the product

() G=(her) - Uery,

where # is a non-negative ' function on the real line which i1s | on
[—1,1] and zero outside of (—2.2). To construct such an A, we
start with the function

i fe_m >0
(2) S = lo 1 <0

which is non-negative, C*, and positive for # > 0. Then the function

_ I
S0+ (= 1)

1s non-negative, C*, and takes the value 1 for r > 1 and the value zero
for t < 0. We obtain the desired function /# by setting

(4) h(t) =gt + 2)g(2 — 1).

(3) 2(1)

1.11 Theorem (Existence of Partitions of Unity)  Ler M be a differ-
entiable manifold and {U,: « € A} an open cover of M. Then there exists a
countable partition of unity {g,;:i=1,2,3,...} subordinate to the cover
{U,} with supp g, compact for each i. If one does not require compact supports,
then there is a partition of uniry {v,} subordinate to the cover {U,} (that is,
supp ¢, < U,) with at most countably many of the o, not identically zero.

PROOF Let the sequence {G,} cover M as in 1.9(1), and set G, = &.
For p e M, let i, be the largest integer such that p e M — G_lp . Choose
an z, such that p € U, ', and let (V,7) be a coordinate system centered

at p such that V' < U, 0 (G, 2 — G—z-p) and such that 7(}") contains

the closed cube C(2). Define

[; °T on V'

(1) Yy = (

0 elsewhere
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where ¢ is the function 1.10(1). Then v, is a C* function on M which
has the value 1 on some open neighborhood W, of p, and has compact
support lying in V' < U, N (G, 4 — G_,D) For each i > 1, choose a
finite set of points p in M whose corresponding W, neighborhoods

cover G, — G,y . Order the corresponding y, functions in a sequence

v, j=1,2,3,.... The supports of the y, form a locally finite family
of subsets of M. Thus the function
(2) Y = lej

is a well-defined C* function on M, and moreover p(p) > 0 for each
pEM. Foreachi=1,2,3, .. define

¥
¥
Then the functions {g,:i=1,2,3,...} form a partition of unity
subordinate to the cover {U,} with supp ¢, compact for each /. If we
let ¢, be identically zero if no ¢, has support in U, , and otherwise let
¢, be the sum of the ¢, with support in U, , then {¢,} is a partition of
unity subordinate to the cover {U,} with at most countably many of the
¢, not identically zero. To see that the support of ¢, lies in U_, ob-

serve thatif & isa locally finite family of closed sets, then | 4 = 4.
e/ As/

Observe, however, that the support of ¢, is not necessarily compact.

Corollary Let G be open in M, and let A be closed in M, with A < G.
Then there exists a C* function o: M — = such that

(@) 0L o(p)<I1forallpeM.
(b) o(p)=1ifped.

(c) supp ¢ < G.

PROOF There is a partition of unity {¢,y; subordinate to the cover
{G,M — A} of M with supp ¢ < G and suppy < M — A. Then ¢
is the desired function.

(3) P =

TANGENT VECTORS AND DIFFERENTIALS

1.12 A vector ¢ with components ¢, ...., 1, at a point p in Euclidean
space R? can be thought of as an operator on differentiable functions.
Specifically, if f is differentiable on a neighborhood of p, then v assigns to
f the real number ¢(f) which is the directional derivative of f in the direction
v at p. That 1s,

(1 v(f)=vl—a£ + 4w g

'q :
ory i, orql,
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This operation of the vector v on differentiable functions satisfies two
important properties,

e(f + Ag) = o(f) + 2e(g),
e(f gy =f(pi(g) + glpe(f),

whenever [ and g are differentiable near p, and 2 is a real number. The
first property says that ¢ acts linearly on functions, and the second says that
vis aderivation. This motivates our definition of tangent vectors on manifolds.
They will be directional derivatives, that is, linear derivations on functions.
The operation of taking derivatives depends only on local properties of
functions, properties in arbitrarily small neighborhoods of the point at
which the derivative is being taken. In order to express most conveniently
this dependence of the derivative on the local nature of functions, we intro-
duce the notion of germs of functions.

(2)

1.13  Definitions Let me M. Functions f and g defined on open sets
containing m are said to have the same gern at m if they agree on some
neighborhood of m. This introduces an equivalence relation on the C*
functions defined on neighborhoods of m, two functions being equivalent
if and only if they have the same germ. The equivalence classes are called
germs, and we denote the set of germs at m by £, . If fis a C* function on
a neighborhood of 1, then f will denote its germ. The operations of addition,
scalar multiplication, and multiplication of functions induce on F, the
structure of an algebra over ~ . A germ f has a well-defined value f(m1) at m1.
namely, the value at m of any representative of the germ. Let F, < F be
the set of germs which vanish at . Then F,, is an ideal in £, , and we let
F,* denote its kth power. F, *is the ideal of £, consisting of all finite linear
combinations of k-fold products of elements of F, . These form a descending
sequence of ideals £, > F, = F:o>F32>> -

1.14  Definition A rangent vecior v at the point m € M is a linear deriva-
tion of the algebra F, . Thatis, forallf.ge F and 1 e ™,

(a) olf +7g) = v(f) + /e(g).
(b) o(f - g) = f(m)e(g) + glmv(f).

M,, denotes the set of tangent vectors to M at m and is called the rangent
space to M at m. Observe that if we define (¢ + w)(f) and (2)(f) by

(t +w)(f) = v(f) + w(f)

(Ao)(f) = A(v(f))
whenever v, w e M,, and 2 € -, then ¢ 4+ w and Av again are tangent vectors
at m. So in this way M, becomes a real vector space. The fundamental

property of the vector space A, , which we shall establish in 1.17, is that
its dimension equals the dimension of M. This definition of tangent vector

(1
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is not suitable in the C* case for | < k < . (We will discuss the C* case
further in 1.21.) We give this definition of tangent vector for several reasons.
One reason is that it is intrinsic; that is, it does not depend on coordinate
systems. Another reason is that it generalizes naturally to higher order
tangent vectors, as we shall see in 1.26.

1.15 If ¢ is the germ of a function with the constant value ¢ on a neighbor-
hood of m, and if ¢ is a tangent vector at m, then v(c) = 0, for

v(e) = cr(l),
and
c(1) = (1 1) = le(1) + Le(l) = 2e(L).

1.16 Lemma M, isnaturally isomorphic with (F,/F,2* (Thesymbol *
denotes dual vector space.)

pROOF If ¢ € M, , then ¢ is a linear function on F,, vanishing on £, *
because of the derivation property. Conversely, if £e(F,JF,5*, we
define a tangent vector v, at m by setting t,(f) = (- f(m)}) forfe F,.
(Here f(m) denotes the germ of the function with the constant \alue
f(m). and { } is used to denote cosets in F,,/F,* .) Linearity of v, on F,,
is clear. Tt is a derivation since
rofeg) = /({f- g — fim)g(m)})
= /({(f — f(m))(g — g(m)) + f(m)(g — g(m))
+ (f ~ f(m))g(m)})
= (({(f — f(m))(g — g(m))}) + fer)/(ig — glm);)
+ gm)/({f — f(m)})
= f(m)r,(g) + gumvs(f).
Thus we obtain mappings of M, into (F,, F,*)*. and vice versa. [t
is casily checked that these arc inverses of each other and thus are
iso morphisms.

1.17 Theorem dim (F,/F,*) = dim M.

mi

The proof is based on the following calculus lemma [31].

Lemma If g is of class C* (k > 2) on a convex open set U about p in .

then for each g € U,

d
() glg) —gp)+§

25 (rdq) — rdp))

iip

M
+ 3 () = )t — )|
[ o0

81 a) dt.

In particular, if g€ C”, then the second swmmation in (1) determines an
element of F 2 since the integral as a function of q is of class C7.

‘1'* (q—pl)
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PROOE OF 1.17 Let (U,») be a coordinate system about m with co-
ordinate functions x;,...,x; (d=dimM). Let feF,. Apply
(1) to fo ¢, and compose with ¢ to obtain

=1 or,

i wlm

VAR , : _
f=Y=—"— (x,—=x(m)+ 2 (x, = xtm)(x; — x,(m)h
) i
on a neighborhood of n1, where h e C*. Thus

d o =1y | N

f = Zgg—l—)! (x, — x,(m)) mod F,*.
i1 arz Yot

Hence {{x; — x;m)}:i=1,...,d} spans F,/F,*  Consequently

dim F,,/F,* < d. We claim that these elements are linearly independent.

For suppose that

d
a;(x; — x(m)) e F .
=1

¢

Now,

< d
Say,—xm) =Y a (= reim)).
! i=1

I

Thus
d
z ai(ri - rl((‘p(m))) € F‘i(m) .
(=1

But this implies that

i (E al'(rz - ’U-(’{/((’”)))) =0
ari T{m)
forj=1,....d. which implies that the ¢, must all be zero.

Corollary dim M,, = dim M.

1.18 In practice we will treat tangent vectors as operating on functions
rather than on their germs. 1f f is a differentiable function defined on a
neighborhood of m, and v € M,, , we define

(1) c(f) = v(f).
Thus (/) = v(g) whenever f and ¢ agree on a neighborhood of m, and
clearly
CU A =)+ g (e ),
v(fg) = fmp(g) + gmr(f),

where f+ Zg and f- g are defined on the intersection of the domains of
definition of fand g.

(2)

1.19 Definition Let (U,7) be a coordinate system with coordinate
functions x;,...,x,,and let me U. For each ie(l,...,d), we define
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a tangent vector (0/0x,)|,, € M,, by setting

KRRV iw]
el Jo =25

i 1 (m)

(1

for each function f which is C* on a neighborhood of m. We interpret (1)
as the directional derivative of fat m in the x, coordinate direction. We also
use the notation

J 0
2) LA P
aX- m ‘axi

i

)

nm

1.20 Remarks on 1.19

(a) Clearly {(9/0x,)],,)(f) depends only on the germ of fat m. and (a) and
(b) of 1.14 are satisfied; so (3/0x,)],, is a tangent vector at m. Moreover,

{0/0x) | i =1, ., d'is a basis of M, . Indeed, it is the basisof M,
dual to the basis {{x; — x;(m)}: i = l.... . d} of F,/F,?since
9 | (x, — x,m) =9, .
a'\‘Z e
(by tveM, , then
< 0
vo= > p(x)— | .
i; a.\'[ m

Simply check that both sides give the same results when applied to the
functions (x; — x,(m)).

(¢) Suppose that (U.,7) and (V,y) are coordinate systems about m,
with coordinate functions x, ,. ... xgand vy, ..., y,respectively. Then
it follows from remark (b) that

0

oy,

J

d a.\’L-

i=1 a_\'j

.
0x, |,

e

e 1

Observe that (9/dx,) depends on + and not only on x;. In particular,
if x; were equal to y, , it would not necessarily follow that ¢/dx, equals
9/0y, .
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(d) If we apply Deﬁnmon 19 to the canonical coordinate system
Py, .. ..rgon - then the tangent vectors which we obtain are none

other than the ordmar\ partial derivative operators (d/0r,).

1.21  Our proof of the finite dimensionality of F, /F, * certainly fails in the
C* case for & < = since the remainder term in the lcmma of 1.17 will not
be a sum of products of C* functions. and the lemma doesn’t even make
sense in the C! case. In fact. it turns out (see [21]) that F,/F, * is alwavs
infinite dimensional in the ¢ case for 1 < A < ». There are various wajys
to define tangent vectors in the C* case in order that dim M, = dim M
(all of which work in the C* case. too). Oneway is to define a tangent vector
¢ at m as a mapping which assigns to each function (defined and differemiabl
of class C* on a neighborhood of m) a real number v( /) such that it (U.2

is a coordinate system on a neighborhood of m, then there exists a list of

real numbers (a,, ..., a,) (depending on =) such that
i o(fo =1
v(f) = E a, L’__) '
o1 ar1 plnd

Then the space M, of tangem vectors again turns out to be linite dimensional,
with a basis {(8/8\

m ‘

1.22 The Differential Let yp: M — N be 7, and let mc M. The
differential of y at m is the linear map

11

( 1 ) (/lf' . M, ‘?Vz,‘( 1)

defined as follows. 1f v < M . then dy(r) is to be a tangent vector at y(m).
so we describe how it operates on tunctions. Let ¢ be a €' function on a
neighborhood of y(/m). Detine dy(r)(g) by setting

(2) dy(e)(g) = (g - y).
It is easily checked that dy is a linear map of M, into N, . Strictly

speaking, this map should be denoted dy | M, . or umply dy,, . However, we
omit the subscript 72 when there is no possibility of confusion. The map
is called non-singular ar m it dy, is non-singular. that is. if the kernel of (1)
consists of 0 alone. The dual nap

(3) oy NE L M

1s defined as usual by requiring that

(4) o)) = o(dp(r))

whenever e V¥ and v =V, . In the special case of a C* function

JiM— = ifeeM, and f(m) = r,. then

(5) df(e) = o(f) 4

dr
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[n this case, we usually take df to mean the element of M* defined by

(6)

df (v) = ¢(f).

That is, we identify df with of (w), where o is the basis of the 1-dimensional

space ~ 7

Particular usage will be clear from the context.

1.23 Remarks on 1.22

(a)

()

(d)

Let (U.xp.... .. v, and (Fovp oo 1¢) be coordinate systems about
n and y(m) respectively. Then it follows from 1.22(2) and 1.20(b) that

' oy, <y)| @ i
dy | — — _
( N ‘H ) LZ‘ a\ m a‘z iv,‘(m)
The matrix {00y, = w)/dx;} is called the Jacobian of the map y (with

respect to the given coordinate system). For maps between Euclidean
spaces, the Jacobian will alw ays be taken with respect to the canonical
coordinate systems.

If (U.x;,...,Xy is a coordinate system on M. and m ¢ U, then
{dx,],.} is the basis of M* dual to {0/0x, ItfM—"isacC”
function, then

1
e

o
i, =37

- 10X

dx,|

ol

Chain Rule. Let w: M -— N and »: N — X be C* maps. Then

d(g = n d?v,‘(m) . d'l/'m s

I

or simply d(%  y) = dw dy. Itisa useful exercise to check the form
that this equation tdkes when the maps are e\vasxd in terms of the
matrices obtained by choosing coordinate systems.

If y: M- Nand /2 N— - are C”.then oy(df (,,) = dif - y),. for
op(df, ) () = df (dy(r)) = d(f+ y),(0) whenever £ € M,

A €’ mapping o: (¢, b) — M is called a smooth curve in M. Let
t € (a,b). Then the rangent vector to the curve o at 'l is the vector

u'(*( d

= :’UG, .
d} ) )

We shall denote the tangent vector to o at 7 by G(1).

.
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Now, if ¢ is any element of M, , then ¢ is the tangent vector to a
smooth curve in M. For one can simply choose a coordinate system

(U,9), centered at m, for which

0
v=dol—1].
or, lo
Then ¢ is the tangent vector at 0 to the curve 7+ 7%z, 0,...,0).

One should observe that many curves can have the same tangent
vector, and that two smooth curves ¢ and = in M for which o(z,) =
7(1,) = m1 have the same tangent vector at 1, if and only if

d(f - o) __d(f37)

dr N

dr |,

to
for all functions f which are C* on a neighborhood of m.

If o happens to be a curve in the Euclidean space <", then

dr {,0r L,m dr |, 0r,

If we identify this tangent vector with the element

a(t)

(40 do, \)
\({r f’ Y dl‘ $
of =<, then we have
h) — a(t
d(z):limg(l+ D — ol ).

h=0 h
Thus with this identification our notion of tangent vector coincides,

in this special case, with the geometric notion of a tangent to a curve
in Euclidean space.

1.24 Theorem  Let y be a C* mapping of the connected manifold M
into the manifold N. Suppose that for each me M, dy,, = 0. Then v is a
constant map.

PROOF Let nep(M). ywY(n) is closed. We need only show that
it is open. For this, let mey(n). Choose coordinate systems
(U,xy, . oxy) and (Vowg, oo, ».) about »n1 and n respectively, so
that w(U) < }. Then on U,

0 CO(yoy) O
”*(«a.- 270 &

X J I

(j=1,...,d),
which implies that

a()‘l. o zp)

™ =0 (i=1,....c;j=1,...,4d).

j
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Thus the functions y; o y are constant on U. This implies that p(U) = n;
hence y~1(n) is open and consequently pin) =M.

We shall now see that in a natural way the collection of all tangent
vectors to a differentiable manifold itself forms a differentiable manifold
called the rangent bundle. We have a similar dual object called the cotangent
bundle formed from the linear functionals on the tangent spaces.

1.25 Tangent and Cotangent Bundles Let M be a C® manifold
with differentiable structure . Let

(M) = U M,

meM
1
M T*M)=U M* .
meM
There are natural projections:
m: T(M)—> M, m(v) =m H veM,,

(2)
¥ T*M)— M, m¥r)=m if reM¥.

Let (U,o) € # with coordinate functions xi, ..., Xa - Define ¢: 7 Y(U) —~
R2 and §*: (m*)(U) — R by

5(0) = (x,(m(0). . .. x (7(0)) dxi(0), - s dx(v))
o¥(r) = (xl(ﬂ*(T)),. . xd(ﬂ*(f)),r(i‘—), D T<a%d))

1

(3)

forall v € #X(U) and 7 € (7*)"}(U). Note that ¢ and ©* are both one-to-one
maps onto open subsets of =*. The following steps outline the construction
of a topology and a differentiable structure on T(M). The construction for
T*(M) goes similarly. The proofs are left as exXercises.

(a) If (U,5) and (V,9) €F . then g 31 is C”.

(b) The collection {@~*(W): W open in L (U,o)eF) forms a
basis for a topology on T(M) which makes T(M) into a 2d-
dimensional, second countable, locally Euclidean space.

(¢) Let Z be the maximal collection, with respect to 1.4(b), containing
(U U),3): (U.g) € F}.
Then % is a differentiable structure on T(M).

T(M) and T*(M) with these differentiable structures are called respectively
the tangent bundle and the cotangent bundle. 1t will sometimes be convenient
to write the points of T(M) as pairs (m,r) where m € M and ve M, (and
similarly for 7*(M)).
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If p: M — N is a C* map, then the differential of y defines a mapping
of the tangent bundles

4) dy: T(M) — T(N),

where dy(m,v) = dy,,(v) whenever v € M. It is easily checked that (4)
is a C”* map.

1.26t Higher Order Tangent Vectors and Differentials It is useful
to look at M,, as (F,/F,2)*, for this point of view allows an immediate
generalization to higher order tangent vectors. We digress for a moment
to give these definitions. _
Recall that £, is the algebra of germs of functions at m. F, < F,, 1s
the ideal of germs vanishing at mz, and F,,* (k an integer > 1) is the ideal of
F,, consisting of all finite linear combinations of k-fold products of elements

of F,,.
The vector space F,,/F¥71is called the space of kth order differentials at m,

and we denote it by M, . As before, f denotes the germ of fat m, and { }
will denote cosets in F, /Fi-1. Let f be a differentiable function on a neighbor-

m n

hood of m. We define the kth order differential d*f of f at m by
(1) d°f = {f — f(m)}.

A kth order tangent vector ar niis a real linear function on F,, vanishing
on Ft1 and vanishing also on the set of germs of functions constant on a
neighborhood of . The real linear space of Ath order tangent vectors at
m will be denoted by M, *. We have a natural identification of M, with
(*M ,,)* since any Ath order tangent vector restricted to F,, yields a linear
function on F,, vanishing on F*~'. and hence yields an element of (*M,,)*%;
and conversely an element of (“M,,)* uniquely determines a lincar function
on F,, vanishing on F**1 and this extends uniquely to a Ath order tangent
vector by requiring it to annihilate germs of constant functions.

We can tie up this notion of higher order tangent vector with the usual
notion of higher order derivative in Euclidean space by looking at the forms
that these tangent vectors and differentials take in a coordinate system.
Let (U,7) be a coordinate system about m with coordinate functions
Xy,...,x, such that «(U) is a convex open set in Euclidean space 7.
Let o« = (%, ..., %) be a list of non-negative integers. In addition to
our conventions of 1.1, we let

(x = X)) = (v, — 2 (m)™ - (g — x,m)*.
Let fbe a C* function on U. Then it follows {rom the lemma of 1.17, that
.
(2) f=fm) + 3 a(x — xm) + X h(x = x(m),
[2]=1 [2]=r-1

7 The material of this section will not be used elsewhere in the book, and so it may be
skipped without loss of continuity.
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where the A, are C* functions on U and where

1 0%(fs 9™

(3 == |

\ ) ! ol ara o(m)

Hence

(4) Ff= S ai(x —xm).
1215k

Thus the collection
(3) [{(x — x(m))*}: 1 < [«] < K]

spans *M,, . The proof that these elements are linearly independent in
¥M,, is the obvious generalization of the proof for the case & = 2 which was
treated in 1.17. Thus the collection (5) forms a basis of *M,,. Consequently
*M,, is finite dimensional with dimension equal to the binomial coefficient
ko -_

> (d * J 1) . As the dual space of *M,, . M, *is also finite dimensional

j=1 ./ /
with the same dimension. Since A ,* is identified with (“M,)*, and these

spaces are finite dimensional, we have a canonical isomorphism of *A,, with
(M, )%, under which the element of d*/€*M,, , considered as an element

of (M, *)*, satisfies
(6) d*f (v) = o(f).
Let
aa a; - C‘J"l
o o T
a'\‘ m al'l T{m)

Since the derivative is linear, and since the value of d%f/dx* at m depends
only on the germ of f at m and vanishes if f'is constant on a neighborhood
of morif fis an [«] + I-fold product of functions which vanish at m, then

(0%/0x7)|,, is an [«]th order tangent vector at m. It follows that
(8) '(L) O <)<k
| \!/ ox® » |

is the basis of M * dual to the basis (5) of *M,,. If v is a kth order tangent
vector at m, then

A X
(9) b= S0,
la=1  Ox* |,
where
(10) b, = (L)L((x — x(m))%).
o !

In terms of the basis (8), equation (3) becomes

(11) a, =
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As in the case of first order tangent vectors, We customarily think of
tangent vectors as operating on the functions themselves rather than their

germs; indeed, we define

(12) o(f) = v(f)

whenever fis C* on a neighborhood of m and v is a tangent vector of any
order at m.

Finally, just as there are natural mappings of tangent vectors and differen-
tials associated with a differentiable map ¢: M — N, so are there linear

mappings
dk’P: A/[mk - ‘N(];;(m) s

(13) 5t Ny — M

- Ylm) m

defined by
dio(e)(g) = v(g© %)

Oo(dhg) = d*(g = 9)
whenever v € M,* and g is a C” function on a neighborhood of o(m).
It is easily checked that (14) does indeed define the mappings (13) and that
the mappings d*; and 0*¢ are dual.

Our definition of a first order tangent vector in this section agrees with
Definition 1.14 in view of Lemma 1.16. Moreover. we¢ have seen three
interpretations of the first order differential df of a function f; the inter-
pretation (13) agrees with our original definition 1.22(1), the interpretation
(6) agrees with 1.22(6), and we have the additional interpretation (1).

(14)

SUBMANIFOLDS, DIFFEOMORPHISMS, AND THE
INVERSE FUNCTION THEOREM

1.27 Definitions Let y: M — Nbe C".
(a) w is an immersion if dy,, is non-singular for each m e M.
(b) The pair (M.p)isa submanifold of N if y is a one-to-one immersion.
(c) 1 is an imbedding if y is a one-to-one immersion which is also a
homeomorphism into; thatis. ¥ is open as a map into w(M) with
the relative topology.

(d) v is a diffeomorphism if y maps M one-to-one onto N and p~!
is C*.

1.28 Remarks on 1.27  One can, for example, immerse the real
line = into the plane, as illustrated in the following figure, so that the first
case is an immersion which is not a submanifold, the second is a submanifold
which is not an imbedding, and the third is an imbedding.
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- T p = lim a0
I
I ;
! |
Immersion, Submanifold, Imbedding
but not a Submanifold but not an Imbedding

Observe that if (U,9) is a coordinate system, then ¢: U— ¢(U) is a
diffeomorphism.

The composition of diffeomorphisms is again a diffeomorphism. Thus
the relation of being diffeomorphic is an equivalence relation on the collec-
tion of differentiable manifolds. It is quite possible for a locally Euclidean
space to possess distinct differentiable structures which are diffeomorphic.
(See Exercise 2.) In a remarkable paper, Milnor showed the existence of
locally Euclidean spaces (S7 is an example) which possess non-diffeomorphic
differentiable structures [19]. There are also locally Euclidean spaces which
possess no differentiable structures at all [14].

If yp is a difffomorphism, then dy, is an isomorphism since both
(dy = dyp V)|, and (dy 'edy)], are the identity transformations. The
inverse function theorem gives us a local converse of this—whenever dy,,
is an isomorphism, y is a diffeomorphism on a neighborhood of m. Before
we recall the precise statement of the inverse function theorem, we give a
definition which will be needed in the corollaries.

1.29 Definition A set j;,....y, of C” functions defined on some
neighborhood of m in M is called an independent set at m if the differentials
dy,,...,dy; form an independent set in M, .

1.30 Inverse Function Theorem Ler U < =% be open, and let
fiU— R*be C*. If the Jacobian matrix

jori-f|

| or; Jz',j:l,..,_fl
is non-singular at ry€ U, then there exists an open set V with roe V<= U

such that f| V maps V one-to-one onto the open set [ (V). and (f|v)yrisc™.

This is one of the results we shall assume from advanced calculus. For
a proof, we refer the reader, for example, to [31] or [6].
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Corollary (a)  Assume that y: M — N is C*, that me M, and that
dy: M, — N, IS an isomorphism. Then there is a neighborhood U of m
such that w: U— w(U) is a diffeomorphism onto the open set p(U)in N.

pROOF Observe that dim M = dim N, say d. Choose coordinate systems
(V,9) about m and (W,7) about w(m) with (V) < W. Let olm) =p
and t(yp(m))=gq. The differential of the map 7epo | o(V) is
non-singular at p. Thus the inverse function theorem yields a diffeo-
morphism «: U — «(U) on a neighborhood U of p with U< ¢(V).
Then 1o ao ¢ is the required diffcomorphism on the neighborhood
U= ¢ }U) of m.

Corollary (b)  Suppose thar dim M = d and that yy,...,yq IS an
independent set of functions at my € M. Then the functions yy, . .., yq form
a coordinate system on a neighborhood of mq.

PROOF  Suppose that the y, are defined on the open set U containing
m,. Define y: U— =9 by

w(m) = (3, 0m), . .. , Va(m)) (me ).
Then v is C*. Now dy is an isomorphism on (?iifmo))* since
op(dr) = d(r; e p) = dy;
which implies that oyl,,, , takes a basis to a basis. Consequently, the
differential dy,, (which is the dual of r')zpiw,,o)) is an isomorphism. So
the inverse function theorem implies that y is a diffeomorphism on a

neighborhood V' < U of m,, and consequently the functions y;. ..., ¥,
yield a coordinate system when restricted to V.

Corollary (c)  Suppose that dim M = d and that yi, ..., with [ < d,
is an independent set of functions at m. Then they form part of a coordinate
system on a neighborhood of m.
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pROOE Let (U, Xy....,X,) be a coordinate system about m. Then
fdyg oo dy . dxy, ..., dxg spans M* . Choose d — 1 of the x;
so that {dy;. ... dy,.dx; ..., dx;, }is a basis ol MZ*. Then apply
Corollary (b).

Corollary (d)  Let y: M — N be C7 . and assume that dy: M, — N 18
surjective. Let xy.....x, forma coordinate system on some neighborhood
of wim). Then Xy =y ... Y=V form part of a coordinate systent on some
neighborhood of m.

proOF The fact that dy, is surjective implies that the dual map
DITINASRESE injective.  Thus the functions {x,=y:i=1.... 1} are
independent atm since dp(dy,) = d(x; = ). The claim now follows from
Corollary (c).

Corollary (e)  Suppose that Vv, . ... Ve Is a set of C™ functions on a
neighborhood of m such that their differentials span M* . Then a subset of the
y, forms a coordinate system on a neighborhood of .

pROOF  Simply choose a subset whose differentials form a basis of
Ar* . and apply Corollary (b).

m

Corollary (f)  Let y: M -—>N be C* . and assume that dy: M, -~ Ny is
injective. Let Xyo...s Ny form a coordinate systent on a neighborhood of
w(m). Then a subset of the functions {x, - yy forms a coordinate system on d

ne[g/zbur/woc/ of nt. In /)arric'u/ar. y is one-to-one on a nelghb()r/u)oa' of n.

proOF  The fact that oy, Is injective implies that Oy, () IS surjective.
This implies that fdix, y) = owldx)i=1.... LAt spans M*.
This corollary then follows trom Corollary (e).

1.31 The situation often arises that one has a C” mapping, say y, of a
manifold N into a manifold M factoring through a submanifold (P.¢) of
M. That is. w(N) < o(P). whence there is a uniquely defined mapping ¥y
of N into P such that o - y, = . The problem is: When is y, of class €77
This is certainly not always the case. Asan example, let N and P both be the
real line. and let M be the plane. Let (%) and (* .7) both be figure-8
submanifolds with precisely the same image scis. but with the difference that
as t — 4+ o, w(r) approaches the intersection along the horizontal direction,
but (1) approaches along the vertical. Suppose also that (0) = %(0) = 0.
Then y, is not even continuous since Yo’ i(—1.1) consists of the origin plus
two open sets of the form (=, + %), (— %, —%) for some % > 0.

! T ! 2

| | A
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1.32 Theorem Suppose that y: N — M is C*, that (P, ®) is a submanifold
of M, and that y factors through (P,%), that is, w(N) < o(P). Since o is
injective, there is a unique mapping vy, of N into P such that @ oYy = .

N 4 > MY

(@) wois C* if it is continuous.
(b) Wy is continuous if o is an imbedding.

Another important case in which v, is continuous occurs when (P,op) is
an integral manifold of an involutive distribution on M, as we shall see in
1.62.

PROOF  Result (b) is obvious. So assume that y, is continuous. We
prove that it is C”. It suffices to show that P can be covered by co-
ordinate systems (U,7) such that the map 7 © y, restricted to the open
set o N(U)is C*. Let p e P, and let (V.y) be a coordinate system on a
neighborhood of ¢(p) in A¢. Then by Corollary (f) of 1.30 there exists a
projection m of "¢ onto a suitable subspace (obtained by setting certain
of the coordinate functions equal to 0) such that the mapr=moyoog

yields a coordinate system on a neighborhood € of p. Then

Toyy | we N (U) = 7oy pep, | p i (U)
wo 1(U),

=Tmoycy

which is C*.

1.33 Further Remarks on Submanifolds  Submanifolds (N1,9,) and
(Ny.py) of M will be called equivalent if there exists a diffeomorphism
a: Ny — Ny such that o, = o, « 4.

Nl P1 > M
~
~ . T
\\\\ jq)‘-’-
X \\&
N,

This is an equivalence relation on the collection of all submanifolds of A,
Each equivalence class & has a unique representative of the form (A4,i)
where A is a subset of M with a manifold structure such that the inclusion
map i1 A — M is a C* immersion. Namely, if (N,¢) is any representative
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of £, then the subset A of M must be o(N). We induce a manifold structure
on A by requiring ¢: N — A to be a diffeomorphism. With this manifold
structure, (4,i) is a submanifold of M equivalent to (N,¢). Thisis the only
manifold structure on A with the property that (A.i) is equivalent to (N,9);
thus this is the unique such representative of £,

The conclusion of some theorems in the following sections state that there
exist unique submanifolds satisfying certain conditions. Uniqueness means
up to equivalence as defined above. In particular, if the submanifolds of
M are viewed as subsets 4 < M with manifold structures for which the
inclusion maps are C* immersions, then uniqueness means unique subset
with unique second countable locally Euclidean topology and unique
differentiable structure.

In the case of a submanifold (4.) of M where i is the inclusion map,
we shall often drop the i and simply speak of the submanifold 4 < M.

Let A be a subset of M. Then generally there is not a unique manifold
structure on A such that (4.i)1s a submanifold of M, if there 1s one at all.
For example, the diagrams in 1.31 illustrate two distinct manifold structures
on the figure-8 in the plane, each of which makes the figure-8 together with
the inclusion map a submanifold of **. However, we have the following
two uniqueness theorems which involve conditions on the topology on A.

(a) Let M be a differentiable manifold and A a subset of M. Fix a topology
on A. Then there is at most one differentiable structure on A such that
(A,i) is a submanifold of M, where i s the inclusion map.

(b) Again let A be a subset of M. If in the relative topology, A has a differen-
tiable structure such that (A,i) is a submanifold of M, then A has a
unique manifold structure (that is, unique second countable locally Euclidean
topology together with a unique dzﬁ"erentiable strucrure) such that (A,i)
is a submanifold of M.

We leave these to the reader as exercises. Result (a) follows from an applica-
tion of Theorem 1.32. Result (b) depends strongly on our assumption that
manifolds are second countable, and for its proof you will need to use the
proposition in Exercise 6 in addition to Theorem 1.32.

1.34 Slices Suppose that (U,q) is a coordinate system on M with

coordinate functions x;, ..., xg, and that ¢ is an integer, 0 < ¢ < d. Let
a € p(U), and let
(D S={qEU:x,~(q)=ri(a),i=c—+—1,...,d}.

The subspace S of M together with the coordinate system
(2) (x;]S:j=1,...,¢}

forms a manifold which is a submanifold of M called a slice of the coordinate
system (U, ).
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1.35 Proposition  Let y: Mc— N? be an immersion, and let me M.
Then there exists a cubic-centered coordinate system (V@) abour y(m) and a
neighborhood U of m such that y ‘ Uis 1:1 and w(U) is a slice of (V,0).

PROOF Let (W,r) be a centered coordinate system about y(m) with
coordinate functions y,,...,y,. By Corollary (f) of 1.30 we can
renumber the coordinate functions so that

(1) T=T 0Ty

is a coordinate map on a neighborhood ¥’ of m where mo =l s T
is projection on the first ¢ coordinates. Define functions {x;} on
(7, o T)YF(V")) by setting

}vi (l'=],...,C)
(2) Xy =

Vi—Yieworlom, or (i=cH+1,...,4d).
The functions {x,} are independent at y(m), since at w(m),

fd}-[ (i=1,...,¢)

{' o= C\
Y o ld}'i + Zaz-j dy; (i=c+1,...,d)
i=1

for some constants a,;. By Corollary (b) of .30 the {x,} form a coordinate
system on a neighborhood of y(m). Let ¥ be a neighborhood of y(m)
on which the x;, ... x, form a cubic coordinate system. Denote the
corresponding coordinate map by . Let U = yp}(}) N V"', Then
U and (V,9) are the required neighborhood and coordinate system.

Ra-c
/
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We emphasize that this proposition only says that there is a neighborhood
U of m such that w(U) is a slice of the coordinate system (V,=). Even if
(M.y)is a submanifold of NV, it may well be that p(M) N Vis far from being
a slice or even a union of slices. For an example, consider again the figure-8
submanifold of the plane:

However, in the case that (M,y)is an imbedded submanifold, the coordinate
system () can be chosen so that all of w(M) M V' is a single slice of V.

Let us now consider the question of the extent to which the set of C*
functions on a manifold determines the set of C* functions on a submanifold.
Let (M.y) be a submanifold of N. Then, of course, if fe C*(N), then
/| Misa C” function on M. (More precisely, /=y is a C” function on M.)
In general, however, the converse does not hold; thatis. not all C” functions
on M arise as the restrictions to M of C* functions on N. For the converse
to hold. it is necessary and sufficient to assume that y is an imbedding and
that p(M) is closed. We prove the sufficiency in the following proposition,
and leave the necessity as Exercise 11 below.

1.36 Proposition  Let y: M -~ N be an imbedding such that p(M)
is closed in N. If g € C*(M), then there exists & C*(N) suchthat foyp = g.

To simplify notation, we shall suppress the map y and consider M/SN

PROOF  For each point p & M there exists an open set O, in V containing
p and an extension of g from O, N M to a C”* function g, on-0;.
One simply has to take O, to be a cubic-centered coordinate neighbor-
hood of p for which M N O, is a single slice, and then define g, to be the
composition of the natural projection of O, onto the slice followed by
g. The collection {O,: p € M} together with N — M forms an open
cover of N. By Theorem 1.11, there exists a partitionwci)f unity {w;}. with
j=1.2,..., subordinate to this cover. Take the subsequence (which
we shall continue to denote by {«,}) such thatsupp ¢, " M # . For
each such j, we can choose a point p; such that supp ¢; = O, . Then

f=2 8, isa C* function on N, and f| M = g.
~
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IMPLICIT FUNCTION THEOREMS

From the inverse function theorem we shall obtain two theorems which will
provide us with an extremely useful way of proving that certain subsets of
manifolds are submanifolds. Under suitable conditions on a differentiable
map, the inverse image of a submanifold of its range will be a submanifold
of its domain. We first recall the statement of the classical implicit function
theorem. This is simply a local (but somewhat more explicit) version of the
first “implicit function” theorem (1.38) that we shall prove for manifolds.
We suggest that the reader supply a proof of 1.37 after reading 1.38.

1.37 Implicit Function Theorem Letr U < =4 x Rd be open, and
let [: U~ R% be C=. We denote the canonical coordinate system on
RO REby (ry, o vy, sy, .., S4). Suppose that at the point (r, ,s,) € U

J(ro.s0) =0,
and that the matrix
(9f |
05, (rooso i1
is non-singular. Then there exists an open neighborhood V of ry in =4 qnd

an open neighborhood W of s, in = such that V- x W < U, and there exists
a C* map g: V—~ W such that for each (pg)eV x w

(1) J(pg) =0 <= q=g(p).
(Rd
U
M\
(ro, So) / f"‘—_"Rd
So 05 20 c=
-
¢ A )
[~
]
|

; R e—d

To
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1.38 Theorem . Assume that 1:02 M¢— N%is C*, that n is a point of N5 =
that P =“1p*"16i‘)"/is non-empty, and that dy: M, — N ., s surjective for all
m e P. Then P has a unique manifold structure such that (P,i) is a submanifold
of M, where i is the inclusion map. Moreover, i: P— M is actually an
imbedding, and the dimension of P is ¢ — d.

PROOF According to result (b) of 1.33, it is sufficient to prove that in
the relative topology, P has a differentiable structure such that (P,i) is
a submanifold of M of dimension ¢ — d. For this it is sufficient to prove
that if m € P, then there exists a coordinate system on a neighborhood
U of m in M for which P N U is a single slice of the correct dimension.
Let x,, ..., x, be a coordinate system centered at » in N. Then since
dy: M, — N, is surjective, it follows from Corollary (d) of 1.30 that
the collection of functions

I

{}"i:xi”w:l‘zl""’df’

forms part of a coordinate system about me M. Complete to a co-
ordinate system y,...., ¥V, Vai1. ..., Y, O0 a neighborhood U of m.
Then P N U is precisely the slice of this coordinate system given by

_Vl = }‘2 = :}’d == 0

In this theorem the inverse image of a point is shown to be a submanifold
as long as the differential is surjective at each point of the inverse image.
A point can be thought of as a 0-dimensional submanifold. We now generalize
this theorem by proving that under suitable conditions the inverse images
of higher dimensional submanifolds are themselves submanifolds.

1.39 Theorem  Assume that w: M — N* is C” and that (O*,p) is a
submanifold of N. Suppose that whenever m € w1 (2(0)). then

(1) ‘fvz,v(m) = dl/)("wm) + ‘/?(Oq 1(1,'(1)1)))

(not necessarily a direct sum). Then if P =y Y3(0)) and is non-empty,
P can be given a manifold structure so that (P.i) is a submanifold of M, where
i is the inclusion map, with

(2) dim M — dim P = dim N — dim O.

Moreover, if (O,9) is an imbedded submanifold. then so is (P.i}, and in this
case there is a unique manifold structure on P such that (P.i) is a submanifold
()]( A/[.

In general, if (O,%) is not an imbedding. P need not have the relative
topology, and there is no unique manifold structure on P such that (P,i)
is a submanifold. We leave it to the reader to supply examples.
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pROOF The proof will consist of locally reducing this case to the case
of Theorem 1.38. Let pe 0. By Proposition 1.35, we can pick a
neighborhood W of p and a centered coordinate system (F,7) with

coordinate functions x,, . . . , x, about %(p) such that (W) is the slice
(3) Xy =0 (j=1,....d=2o¢).
Let

| 7ol R
(4) ,

7(@) = (@erir -+ > a).

So
(5) 7o (W) = {0}
Let
(6) U=y (V)
and let
(7 Y=meToy 1 U: U— =1

7 N

Now, (3) through (7) imply that
(8) w7 H0) = v (e(W).

For each point m & y,(0). dy, | M, is surjective since d(m o 1) | Ny
is surjective and since by (1). (5), and (7)

d(m = TN, o) = dyy (M) + 105

Hi

Thus by 1.38, »~(7(W)) has a unique manifold structure such that
(w"‘(@(W)),i) is a submanifold of M; and in this manifold structure,
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w1(%(W)) has the relative topology and has dimension equal to
dim M — dim N + dim O. Cover O by a countable collection
(W, i=1,2,3,...} of such sets. Then

) P=U ()

If i 5 j, the submanifolds y1(+ (1)) and p~( (W) intersect in open
subsets of each other. Tt follows that the union of the topologies on the
various y (2 (W,)) forms a basis for a topology on P. With this topology,
P is a locally Euclidean space with dimension equal to dim M —
dim N + dim O; and. moreover. P is second countable since (9)
expresses P as a countable union of second countable open subsets.
The manifold structures on the various y~*((H,)) are compatible on
overlaps because of the uniqueness of the manifold structure on
y i o(W))) (or any open subset of 3 *(%(1))) such that (p (W )0)
is a submanifold of M (by result (b) of 1.33). Thus the collection of
coordinate systems on P containing the coordinate systems on the
various ¥~} (W) and maximal with respect to 1.4(b) forms a differen-
tiable structure on P. That (P.i) is a submanifold of M now follows

,,,,,

).i) are submanifolds.
It (0,7)1s an imbedding. the coordinate neighborhood }~ can be chosen
small enough so that %(0) N}~ consists only of the single slice o(W),
and thus U N P =y (=(W)). 1t follows in this case that P has the
relative topology: hence (P.i) is an imbedding. The uniqueness of the
manifold structure in this case is guaranteed by result (b) of 1.33.

1.40 Examples

(a)

(b)

The differential of the function f(p) = 2 ri{p)* on = is surjective
=1
except at the origin. Thus it follows from 1.38 that the sphere /~1(r?).

for a constant » > 0. has a unique manifold structure for which 1t is a
submanifold of <% under the inclusion map. In particular, this is the
same manifold structure as the one defined in Example 1.5(d).

We define a map y from the general linear group Gld. ) (Example
1.5(f)) to the vector space of all real symmetric ¢ X « matrices by
w(A) = A4,
where A' is the transpose of the matrix 4. Let
o) =y ()

where / is the ¢ x d identity matrix. O(d) is a subgroup of Gitd, ~)
under matrix multiplication called the orthogonal group. To apply
1.38 to conclude that O(d) has a unique manifold structure such that
(O(d).i) is a submanifold of G/(d.” ). and that in this manifold struc-
ture i is an imbedding and O(d) has dimension 3(d(d — 1)), one
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need only check that dy, is surjective at each o € O(d). For this, it
suffices to check that dy; is surjective, since whenever ¢ € O(d),

Y =yor,

where r, (right 1ranslation by o) is the diffeomorphism of G/(d,R)
defined by r.(7) = 70. We leave the details to the reader as an exercise.

VECTOR FIELDS

1.41 Definitions Smooth curves o: (a,b) > M and their tangent
vectors ¢(r) were defined in 1.23(e). We say that a mapping o: [a,b] > Misa
smooth curve in M if ¢ extends to be a C* mapping of (@ — ¢, b + &) into
M for some ¢ > 0. The curve o: [a,b] — M is said to be piecewise smooth
if there exists a partitiona = o, < o, < - < o, = bsuch that o | [o; ,o,,,]
is smooth for each /i =0,..., n— 1 Observe that piecewise smooth
curves are necessarily continuous. If o: [a,0] — M is a smooth curve in M,
then its tangent vector

) € ‘N[a(i)

It

6(1) = (za(—‘é'

ar

is well-defined for each r € [a.b].

1.42 Definitions A vector field X along a curre o: [a,b] — M is a
mapping X: [a,b] — T(M) which lifts o; thatis, m o X = 0. A vector field

(M)
X(¢
X
MG(U
E M
. ! X
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X is called a smooth (C*) vector field along o if the mapping X: [a,b] —
T(M)is C*. A vector field X on an open set U in M is a lifting of U into
T(M), that is, a map X: U — T(M) such that

m o X = identity map on U,

Again, for the vector field X to be smooth (C*) means that X € C*(U, T(M)).
The set of smooth vector fields over U forms in the obvious way a vector
space over R and a module over the ring C*(U) of C* functions on U.
If X is a vector field on U and m € U, then X(m) (often denoted X, ) is an
element of M,,. If fis a C* function on U, then X(f) is the function on U
whose value at m is X,,(f).

1.43 Proposition  Let X be a vector field on M. Then the following are
equivalent:

(a) XisC*.
(b) If (U, xy,...,Xxy) is a coordinate system on M, and if {a;} is the
collection of functions on U defined by
t 9
=1 0x,

then a; € C*(U).
(c) Whenever V is open in M and f€ C*(V), then X(f) € C*(V).

PROOF (&) = (b) The fact that X is smooth implies that X | U is
smooth; and since the composition of differentiable maps is again
differentiable, it follows that dx, - X | U is smooth. (Recall that the
dx; are coordinate functions on 7~Y(U) < T(M), 1.25(3).) But

dx; o X|U=a,.

Hence the a; are C* functions on U.

(b) = (¢) It suffices to prove that X(f)|Ue&C*(U) where
(U, xy,...,xy) Is an arbitrary coordinate system on M for which
U< V. But, by (b),

d a
X(NH|U= Eai_j:a
1 0x;

and the right-hand side is a C* function on U.

(c) = (a) To prove that X is C*, it suffices to prove that X} Uis
C* where (U, x,,...,x,) is an arbitrary coordinate system on M.
To prove that X | Uis C*, we need only check that X | U composed with
the canonical coordinate functions 1.25(3) on #=~Y(U) are C* functions.
Now, x;om =X | U= x, and dx, X | U = X(x,), all of which are C*
functions on U.
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1.44 Lie Bracket If X and Y are smooth vector fields on M, we define
a vector field [X,Y] called the Lie bracket of X and Y by setting

(1) [X’Y]m(f) = Xm( Yf) - Ym(Xf)'

1.45 Proposition
(a) [X,Y]is indeed a smooth vector field on M.
(b) Iff.g€C™(M), then [fX,g¥] = fzlX.Y] + f(Xg)Y — g(¥/)X.
(¢) [X,Y]= —[Y.X]

(d) [[X,Y],Z] + [[Y,Z1,Xx] + [[Z,X],Y] = 0 for all smooth vector
fields X, Y, and Z on M.

We leave the proof as an exercise. Part (d) is known as the Jacobi identity.
A vector space with a bilinear operation satisfying (c) and (d) is called a
Lie algebra.

1.46 Definition Let X be a smooth vector field on M. A smooth curve
o in M is an integral curve of X if

(1) 5(1) = X(o(1))
for each ¢ in the domain of 4.

1.47 Let X be a C” vector field on M, and let m € M. Let us now consider
the question: Does there exist an integral curve of X through m. and if so,
is there a unique one?

A curve y: (a,b) — M is an integral curve of X if and only if

g (L)) = xew) e

Let us interpret this in coordinates. Suppose that 0 € (a,b) and y(0) = m.
Choose a coordinate system (U,s) with coordinate functions x;, ..., Xy
about m. By 1.43(b),

o a

(2) X|\U=2f5"
i=1 a.\'l-

where the f; are C* functions on U. Moreover, for each 7 such that y(z) € U,

9
, OX;

(3) dy (i

dr

dr

)

Thus, in view of (2) and (3), equation (1) becomes
d d Xi:,,})l a d

WD) 21 =5 160)

4 —t 7
(4) igl dar . 0,

9
0x;

() v (1)
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Thus » is an integral curve of X on y~4(U) if and only 1f

1‘7/ . . —
(3 id!f = /.- ?4(:’,1([)7 cees })ri(t)) (i =1,....d and tey 1(U))’

it

where v, = x, o ». Equation (5)is a system of first order ordinary differential
equations for which there exist fundamental existence and uniqueness
theorems [11]. These theorems, when translated into manifold terminology,
give the following.

1.48 Theorem Ler X be a C vector field on a differentiable manifold M.
For each m € M there exists aim) and b(m) in . U {£ o}, and a smooth curve

(H) v (altmy.bm) — M
such that

(a) O¢e (a(m),b(m)) and 5, (0) = n.

T

(b) v, is an integral curve of X.

(©) If w: (¢c.d)— M is a smooth curve satisfying conditions (a) and (b),
then (¢,d) < (u(nz),b(nrz)) and w =7y, (¢.d).

We continue with the statement of the theorem after the following.

Definition For each r € © | we define a transtormation X, with domain
(2) = {me M: 1€ (am)b(m))]
by setting

(3) X,om) = y,(1).

(d) For each me M. there exists an open neighborhood V of m and
an ¢ > 0 such that the map
4 (r.p)— X (p)
is defined and is C* from (—e,¢) X Fointo M.

(e) &, isopen for each t.

fH U, =M.

L0

(g) X,:7,— 7 isadiffeomorphism with inverse X_, .

(h) Let s and t be real numbers. Then the domain of X = X, is contained
in but generally not equal to 7 _,. However. the domain of X, - X,
is /', in the case in which s and t both have the same sign. Moreover,
on the domain of X, - X, we have

) X, X, =X,.,.
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PROOF  We let (a(m),b(m)) be the union of all the open intervals
which contain the origin and which are domains of integral curves of
X satisfying the initial condition that the origin maps to m. That
(a(m),b(m)) # & (and hence part (f) holds) follows from an application
of the fundamental existence theorem [l11, THEOREM 4, p. 28] to the
system 1.47(5). Now if « and g are integral curves of X with domains
the open intervals 4 and B (with 4 N B 5 @), and if « and £ have the
same initial conditions w(z,) = f(Z,) at some point 7, € 4 N B, then the
subset of 4 N B on which « and f agree is nonempty, open by the basic
uniqueness theorem [11, THEOREM 3, p- 28], and closed by continuity;
and hence this subset is equal to 4 N B by the connectedness of 4 N B.
It follows that there exists a curve y, defined on (a(m),b(m)) and
satisfying parts (a), (b), and (c).

The existence of an ¢ > 0 and a neighborhood ¥ of m such that the
map (4) is defined on (—e,¢) x Vis the content of THEOREM 7 on p. 29 of
[11]. That the map (4) is smooth (and hence part (d) holds) follows
from THEOREM 9 on p. 29 of [11] on the differentiability of the solutions
of 1.47(5) with respect to their initial values.

Next we prove part (h). Let 7€ (a(m),b(m)). Then s>y (1 -+ s)
1s an integral curve of X with the initial condition 0 va(t) and with
maximal domain (a(m) — 1, b(m) — r). It follows from part (c) that

©) (atm) — 1, b(m) — 1) = (a(y,,(1).b(7,,(1))),
and for s in the interval (6),
(7) ;’;,',n(t)(s) = 7771(’ + S)-

Now let m belong to the domain of X, < X,. Then € (a(m),b(m)) and
s € (a(y,,(1).b(y,.(1)), s0 by (6), 5+ 1€ (a(m).b(m)). Thus me &, ,,
and (5) follows from (7). It is easy to construct examples to show that
the domain of X, - X, is generally not equal to Z,,,. (Consider, for
example, the vector field d/dr; on <% — {0} with s = —1 and ¢ = 1)
If, however, s and ¢ both have the same sign, and if m €%, _,, that is,
if s+ re(a(m).b(m)), then it follows that t € (a(m),b(m)) and, by
(6), s € (a(y,,(1)).b(y,,())); hence m is in the domain of X, ¢ X, .
Parts (¢) and (g) are trivial if + = 0, so assume that > 0 and that
me,. (A similar argument will prove (e) and (g) if 1<0) It
follows from part (d) and the compactness of [0,7] that there exists
a neighborhood W of 3, ([0.r]) and an ¢ > O such that the map (4) is
defined and C* on (—e¢,6) x W. Choose a positive integer n large
enough so that t/n € (—e.e). Let oy = X, | W, and let W, = o, Y(W),
Then fori =2, ..., n we inductively define

w; = Xy l W1
and
W= o, (W_y).
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x, is a C* map on the open set W, ; = W. It follows that W, is an
open subset of W, that W, contains m (since if X/, composed with
itself n times is applied to m, we obtain y,, (1), which lies in W), and that

by part (h),
(8) 115120'-'c1n‘Wn=Xt

W,

Consequently, W, < Z,; hence &, is open, which proves part (e).

Finally, X, is a 1:1 map of &, onto &_, with inverse X_,. That
X, is C* (similarly for X_,) follows from (8), which locally expresses
X, as a composition of C* maps. Hence X, is a diffcomorphism from
&, to %_,, which proves part (g) and finishes Theorem 1.48.

1.49 Definitions A smooth vector field X on M is complete it &, = M
for all ¢ (that is, the domain of =, is (—oc,oc) for each m € M). In this
case, the transformations X, form a group of transformations of M para-
metrized by the real numbers called the I-parameter group of X. 1f X is not
complete, the transformations X, do not form a group since their domains
depend on 7. In this case, we shall refer to the collection of transformations

X, as the local 1-parameter group of X.

1.50 Remarks A simple example of a non-complete vector field is
obtained by considering the vector field 9/0r, on the plane with the origin
removed. If @ > 0, the domain of the maximal integral curve through
(a,0) is (—a,+o0). In the case in which the manifold M is compact, any
C* vector field on M is complete. We leave the proof as an exercise.

1.51 Definition Let y: M — N be C*. A smooth vector field X along
v (that is, X € C*(M.T(N)) and = - X = y) has local C” extensions in N
if given me M there exist a neighborhood U of m and a neighborhood
V of w(m) such that y(U) < V. and there also exists a ¢ vector field X
on V such that

(1) ToyplUu=x|U

1.52 Remark It is easy to prove that a C* vector field X along an
immersion y: M — N always has local C* extensions in N. However. if
p is not an immersion, such extensions generally do not exist. Consider the
following example. We shall first define a smooth vector field X along a

smooth curve «: . — - in the real line. Let
(H %(t) = 1°,
(that is, o = r3 where r is the canonical coordinate function on ~), and let

4 )

t/

2) X(1) = (1) = dy.(

r
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. d _
T(=Y) > T(R)
AR

|

{

d , !
4 X »
dr T
I

!

/

=8 s

Since % is a homeomorphism, there is induced a vector field X on * 1 50 that
the above diagram commutes. Now, X is a smooth vector field along o,
but X is not a smooth vector field on 1. To show this, let v = 3. Then

(3) ‘X;u = A‘73!([) = )(([) = dl(i /)
dr |,
= dx) A =312L[ =3u“’3‘d~
dri dri, dri,,, dri,
Thus
@) Py d
dr

and the function r*3 is ot differentiable at the origin. If we extend « to be
a mapping into the plane by setting
(5) %(1) = (12.0),

and again we let X(1) = 4(1), then X is a smooth vector field along the

one-to-one C” curve o in the plane, which admits no local ¢* extension to
a neighborhood of (0,0).

1.53  Proposition es » M and let X be a smooth vector field on M
such that X(m) # 0. Then there exists a coordinare system (U,) with

coordinate functions Xy, Yy on a neighborhood of m such that
. 0
(N X|U==—U.
X,

PROOF  Choose a coordinate system (V.7) centered at m with coordinate
r‘unctions’}’l, -~ Vg, such that

_ 9|
"8y,
It follows from 1.48(d) that there exists an ¢ > 0 and a neighborhood
W of the origin in -1 sych that the map

oGy a) = X (0, qy. )

(2) RY

1t

is well-defined and smooth for (Lay, ... ,a)€(—ee) x W -



Distributions and the Frobenius Theorem 41

Now, ¢ is non-singular at the origin since

5
da(—a— ) =Xm=i| and dd(—a—m :j(?_l (i >2).
arl 0 ),1 }m rz' X‘U 0‘1 1m
Thus by Corollary (a) of 1.30, 4 = o~ * is a coordinate map on some
neighborhood U of m. Let xy.... .. v, denote the coordinate functions

of the coordinate system (U.4). Then since
0 |
dof{— =X
SR

we have

1.54 Definition Let =: M -~ N be €. Smooth vector fields X on M
and Y on N are called w-related it doy = X = Y = 7.

1.55 Proposition Ler o: M —» N be C*. Let X and X, be smooth
vector fields on M, and let Y and Y, be smooth vector fields on N. If X is
wo-related to Y, and if X, is -related to Y. then [X . X,)is w-related to [Y,Y,].

prROOF We must show that - [X.X]=1[Y.V] < For this,
let m= M and f< C*(N). Then we must show that

(1 do (XX, 1,000 = [V Yoot
We simply unwind the definitions:
(2) de(X. X000 = XYL %)
S X, (X 9) = X (XU %)
= X, ((ds X)) = Xl (1dy - X))
= X, (N %) = XY 7)
= do(X,)( V() = de(X],)(Y()
= Yoo, (X)) = Vil (Y())
= [Y.Y o).

DISTRIBUTIONS AND THE FROBENIUS THEOREM

1.56 Definitions Let ¢ be an integer. 1 < ¢ <d. A c-dimensional
distribution 7 on a d-dimensional manifold M is a choice of a ¢-dimensional
subspace & (m) of M, for each m in M. < is smooth if for each m in M
there is a neighborhood U of m and there are ¢ vector fields Xy, .. .. X, of
class C* on U which span 7 at each point of L. A vector field X on M is
said to belong to (or lie in) the distribution Y (Xeu)it X,, € (m) for each
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me M. A smooth distribution & is called involutive (or completely inte-
grable) if [X,Y]e % whenever X and Y are smooth vector fields lying in &.

1.57 Definition A submanifold (N.y) of M is an integral manifold
of a distribution & on M if

(D dyp(N,) = Z(y(n)) foreachneN.

1.58 Remarks Our object in this section is to prove that a necessary
and sufficient condition for there to exist integral manifolds of & through
each point of M is that & be involutive. Perhaps a word of explanation is
in order about the expression ‘‘completely integrable” sometimes used in
place of “involutive.” We have required integral manifolds to be submani-
folds whose tangent spaces coincide with the subspaces determined by the
distribution. One could define a weaker notion of integral manifold by
requiring only that the tangent spaces of the submanifold be contained in
but not necessarily equal to the distribution at each point. It is possible for a
distribution & to be “integrable” in the sense that it has low-dimensional
“integral manifolds,” but not completely integrable in the sense that &
does not have integral manifolds of the maximal dimension. For us, unless
specified otherwise, integral manifolds of distributions will always be taken
to mean integral manifolds of maximal dimension, that is, as defined in 1.57.

1.59 Proposition  Let & e a smooth distribution on M such that through
each point of M there passes an integral manifold of &. Then & is involutive.

PROOF Let X and Y be smooth vector fields lying in &/, and let m € M.
We must prove that [X, Y], € & (m). Let (N,p) be an integral manifold
of & through m, and suppose that y(n,) = m. Since dyp: N, — T (p(n))
is an isomorphism at each n in N, there exist vector fields X, ¥ on N
such that

don:Xow7
dpo ¥ =7Youy.

It is easily checked that £ and Y are smooth. By 1.55, [X,¥] and
[X, Y] are y-related. Hence [X,Y], = dyp([X,T], )€ (m).

(1)

m

1.60 Theorem (Frobenius) Let & be a c-dimensional, involutive, C*
distribution on M“. Let me M. Then there exists an integral manifold of
 passing through m. Indeed, there exists a cubic coordinate system (U,q)

which is centered at m, with coordinate functions x,. ..., xq Such that the
slices
(D X, = constant forallief{c+1,...,d}

are integral manifolds of & ; and if (N,y) is a connected integral manifold
of & such that w(N) < U, then w(N) lies in one of these slices.
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pROOF We shall prove the existence part of the theorem by induction
on ¢. For the case ¢ = 1, choose a vector field X lying in &, defined
on an open neighborhood of m, such that X(m) # 0. Then Proposition
1.53 yields a coordinate system (U,¢) about m, which can be taken to
be cubic centered, for which X [ U = 0/0x;. Hence the theorem holds
forc = L.

Now assume that the theorem holds for ¢ — 1; we prove it for a
distribution Z of dimension ¢. Since & is smooth, there exist smooth

vector fields X;, ..., X, spanning & on a neighborhood V of m. By
1.53, there exists a coordinate system (V, y1, ..., Ya) centered at m,
with ¥ < V, such that
, 0
(2) Xl l V = T .
A

On V, let

Y, =X},
(3) 1 1

=X = XX (=2 , €)

Then the vector fields Y,,..., Y, are independent C” vector fields

c

spanning & in V. Let S be the slice y, = 0, and let
(4) Z,=Y/|s (=2....0.
Then since (2) and (3) imply that

(5) Yo)=0 (i=2.....0.

the Z, are actually vector fields on S; that is, Z.(q) € S, whenever
geS. The Z;, span a smooth ¢ — 1 dimensional distribution on S.
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We claim this is involutive. Indeed, the Z, are i-related (inclusion
map of S in M) to the Y,, and therefore, by 1.55, their Lie brackets
are also /-related to the corresponding brackets of the ¥;. But [Y, Y],

(i,j > 2), has no component in the Y; direction (apply to y, and get 0).
Therefore, there exist C* functions ¢;;, such that

(6) [Y;,Y;] = zcijkYk
k=2

on V, and thus

o 2.2,] =

k

e

Cijk | Ly
5
This proves that the distribution on § is involutive. By the induction
hypothesis, there exists a centered coordinate system w,, ... w,
on some neighborhood of m in S such that the slices defined by w; = con-
stant for all ie {¢c + 1,....d} are precisely the integral manifolds of
the distribution spanned by Z,, ..., Z, on this neighborhood.
The functions

xlz,vls
(8) :
X, =w,om (j=2.....,4),

J J

where 7: V' — S is the natural projection in the y coordinate system,
are defined on some neighborhood of m in M, are independent at m,
and they all vanish at m. -Thus there is a cubic-centered coordinate

system (U,4) with the coordinate functions x;....,x, on a suitable

neighborhood U of m. We now prove that

9 Y(x.,)=0 onU (G=1,...,¢c;r=1,...,d— o).
From this it follows that the vector fields 0/dx,.... . d/dx, form a

basis for & at each point of U, and thus the slices (1) are integral mani-

folds of .
To prove (9), first observe that (8) implies that

ox, (1 (=D

v o (j=2,...,d

on U; and thus (2), (3), and (10) imply that

_ 0
o0x,

so certainly (9) holds for i=1. Now let ie{2,...,¢c} and
ref{l,....d—c}j. By(ll),

(10)

(11) Y, on U,

: 0 ,
(12) 5;_— (Yi(xc—rr)) = Yl(}/;(xcfr)) = [}’1’ Y;](XC-H‘)‘
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The involutivity of & implies that there are C* functions ¢;, such that

(13) [¥,,v] =S s

k:

Using (13), (12) becomes

(14) 9 (Yo ))=ScuVulx,) (i=2... . c;r=1,...,d—c¢)
axl k=2

Slices Xz = const, ..., X4y = const

Fix a slice of U of the form x, = constant, . . . . Xg = constant. On
such a slice, Y,(x,,,) is a function of x, alone, and (14) becomes a
system of ¢ — 1 homo_geneous inear differential equations with respect
to x;. Such a system has a unique solution with given initial values
[L1]. Since the system is homogeneous, the O functions give a solution.
But each such slice has a unique pointin § N U, and on S N U,

(15) Yixe.) =Z(w.r,) =0 (=2 ...,0).

The first equality follows from (4) and (8), and the second from the
fact that the integral manifolds of the distribution on S determined by
the Z; are given by suitable slices in the w coordinate system. It follows
from (14) and (15) that the functions Y,(x.,) must be identically zero
on U. Thus (9) holds, and the induction step is completed.

Finally, suppose that (N.y) is a connected integral manifold of &
such that 9(N) < U. Let 7 be the projection of =4 onto the lastd — ¢
coordinates. Then vectors in & are annihilated by d(m < ¢). Thus

d(ﬂocpol/y){nEO

foreachn e N. By 1.24, 7 = ¢ < y is a constant map since N is connected.
Thus (N) is contained in one of the slices (1).

1.61 Remarks The classical version of the Frobenius theorem appears
quite different from our version in 1.60. The classical Frobenius theorem
can be formulated as follows.
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Let U and V be open sets in ™ and =" respectively. We use coordinates
rys... rpon =™ands;,...,s,on =" Let

(1) b: U X V— M(nm)

be a C* map of U X V into the set of all n x m real matrices, and let
(rg,5o) €U X V. If

oby 0b, I 0by, ob;.
(= Ty ) =0
or. org 21( ! B)

7

(2)

(i=1,...,n;y,p=1,...,m)
on U x V, then there exist neighborhoods U, of ry in U and ¥V, of s, in V'
and a unique C* map

(3) a: Uy X Vo=V
such that if

a,(r) = a(r,s) (seVy, rel,,
then

‘:Zs(ro) =5,

(4) do|, = b(r.a(r.s))

forall (r,s) e U, x V.

Equation (4) is a so-called roral differential equation. We specify in (1)
what the differential of a map should be as a function of the graph, and in
(2) we have a necessary and sufficient condition for the existence of such
a map with the specified initial conditions. It can be shown that this version
1s equivalent to 1.60. For example, 1f we start with a c-dimensional, involu-
tive, C* distribution & on MY and a point m € M, then we can obtain 1.60
from the classical version as follows. We can first choose a coordinate

system (W) about m with coordinate functions yv,, ..., v, and with
(W)= U X V< " ¢x -4« for which there exist C* functions f,; on
Ux V=1 ..., coj=1,.... « — ¢) such that the vector fields

a = a
(5) Y, =+ LT (i=1,...,0)

TRE LT
span & on W. Then we define a map b as in (1) by setting
(6) b(r.s) = {/,:(r.s)}.

[t turns out that the involutivity of & implies that (2) is satisfied, and from
the map « one can obtain the desired coordinate system 1.60(1). Conversely.
one can obtain the classical version from 1.60 in a similar way.

We shall give in Chapter 2 yet another version of the Frobenius theorem
in terms of differential forms and differential ideals.
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In 1.32 we considered the situation in which a ¢~ map y: N —> M
factors through a submanifold (P,z) of M so that yp = o<y, where
Yo! N — P.and we sought sufficient conditions for ¥o to be C*. An impor-
tant case occurs when (P, ) is an integral manifold of an involutive distribu-
tion on M.

1.62 Theorem Suppose that w: N — M is C” . thar (P<,0) is an integral
manifold of an involutive distribution & on M. and that y factors through
(P.9), that is, w(N) < o(P). Let Wo: N — P be the (unique) mapping such
that < vy =y,

N— " oy
~
~
~
(1) ~ &
Yo oo~
&PC

Then g is continuous (and hence C* by 1.32(a)).

PROOF  Let p belong to an open set U in P, and let n € ¥o H(p). Using
1.60, we can obtain an open set {f withp € U < Uand a cubic coordinate
system (},7) centered at »(p) with coordinate functions Xpoooo Xy
such that the slices

(2) X, = constant forallie{c + 1. .. .. d}
are the integral manitolds of & in }°, and such that ;((7) is the slice
(3) Neg = =x,=0.

p ' (V)is openin V. Let W be the component of y (V) containing n.
W is open. To prove that y, is continuous, we need only prove that
poW)< U< U, By the commutativity of (1) and the injectivity of 7,
it suffices to prove that y( W) lies in the slice (3) of V. Now, y is contin-
uous and W connected; hence p(H) is connected. Moreover, (W)
has at least the point y(n) in common with the slice (3). So since
w(W) lies in a component of ~(P) N ¥, it is sufficient to prove that
components of %(P) N V are contained in slices of the form (2).

Let C be a component of «(P) M} and let 7: ¥ — < be defined

by
(4) m(m) = (x,_ (m), . ... x,(m)).

Then since P is second countable, and since “(PYy ™V is a union of
the slices (2) due to the fact that (P.7) 18 an integral manifold of .
it follows that 7((P) N V') consists of a countable number of points
in - Thus #(C) is a connected countable subset of -« "¢; hence
7(C) is a single point, and C lies in a single slice.
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1.63 Definition A maximal integral manifold (N,y) of a distribution
< on a manifold M is a connected integral manifold of & whose image in M
is not a proper subset of any other connected integral manifold of &. That
is, there does not exist a connected integral manifold (N;,y,) of & such that
w(N) is a proper subset of p,(N,).

1.64 Theorem Let & be a c-dimensional, involutive, C* distribution on
M<. Let me M. Then through m there passes a unique maximal connected
integral manifold of &7, and every connected integral manifold of & through m
is contained in the maximal one.

PROOF Existence Let K be the set of all those points p in M for which
there is a piecewise smooth curve joining m to p whose smooth portions

m/\/\p

Integral curve of &

are l-dimensional integral curves of &, that is, their tangent vectors
belong to &. By 1.60 and the second countability of M, there is a

countable covering of M by cubic coordinate systems {(U,, x{/, ..., x;'):
i =0, 1,2,...} such that the integral manifolds of &z in U, are the slices
(1) x..; = constant forallje{l,....d — c}.

We shall assume that m e U,.

Now let p e K. Then there exists an index 7, such that pe U, |

and there is a slice S; of U, of the form (1) containing p. Observe that
S, < K. 1t follows Itrom [.60 that the collection of all open subsets
of all such S, as p runs over K forms a basis for a locally Euclidean
topology on ,K, and that we obtain a differentiable structure on K if we
take the maximal family of coordinate systems (with respect to 1.4(b))
containing the collection
(2) (S, xS oo xS peK)
We claim that K with this topology and differentiable structure is a
connected differentiable manifold of dimension ¢.  Kis clearly connected
since 1t is pathwise connected by construction. We have only to prove
that the topology on K is second countable. For this, fix an
i€(0.1,2,...). We need only show that there are at most countably
many slices of U, in K. Each point of U, which lies in K is joinable to
m by a piecewise smooth curve whose range also lies in K. To each
such curve from m to points in U, there corresponds (although not
uniquely) a finite sequence

(3) Uv()a Uvz'l’ sy Uin’ L/i
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of the coordinate neighborhoods through which the curve passes in
order. The curve thus begins in the slice of U, containing m, passes
through some slice of U, , then through some slice of U; , and so on,
until in a finite number of steps it reaches a slice in U;. Since there are
at most countably many such sequences (3) from U, to U, we need
only show that for each such sequence there are at most countably
many slices of U, reachable in the above manner. For this, we need
only observe that forany/, kK € (0, 1. ...)

a single slice of U; can intersect at most

countably many slices of U, ; for if §
is a slice of U, then § N U; is an open

submanifold of § and therefore consists

of at most countably many components,

each such component being a connected
integral manifold of & in U, , and hence

U;

lying in a slice of U,. This proves the
second countability of K. ‘

(K.i), where i: K-> M is the inclusion map, is now a submanifold
of M and is a connected integral manifold of & passing through m.
Moreover, (K,i) is a maximal connected integral manifold of 7. For let
(N,y) be any connected integral manifold of & passing through m,
and let p e p(N). There is a plecewise smooth curve ¢: [0,1] - N
joining w~1(m) to p X(p). (Connected manifolds are pathwise connected.)
Then p < c is a piecewise smooth |-dimensional integral curve of &
connecting m to p. Thus p € K, and so yp(N) < K. which proves that X
is maximal. Thus we have proved the existence of a maximal con-
nected integral manifold (K.i) of & passing through m, and have proved
that every connected integral manifold of % through /»n has its image
in K.

Uniqueness (c¢f. 1.33) Let (N,p) be any other maximal connected
integral manifold of & passing through m. As we have observed above,
w(N) < K: thus y factors as follows:

'3
N > M
~
~ i
N
0 > |
AR

yy is C7 by 1.62, and is 1:1 and non-singular since y 1s 1:1 and non-
singular. y, is onto since the fact that (N.y) is a maximal integral
manifold of & through m implies that (V) cannot be a proper subset
of K. It follows from Corollary (a) of 1.30 that y, is a diffeomorphism.
Thus (N,y) and (K,i) are equivalent, and the maximal connected integral
manifold of & through m is unique.
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EXERCISES
.1 Prove that in Example 1.5(d) one does indeed obtain a differentiable
~ structure on S¢.
2" The usual differentiable structure on the real line ™ was obtained
by taking # to be the maximal collection containing the identity
map. Let 5, be the maximal collection (with respect to 1.4(b))
containing the map 7+ % Prove that F # F,, but that (R %)
and (= ,7#,) are diffeomorphic.
;3 Let {U,} be an open cover of a manifold M. Prove that there exists
v a refinement {V,} such that ¥, < U, for each a.
+4  Use the fact that manifolds are regular and paracompact to prove
that manifolds are normal topological spaces.
A Prove 1.25(a), (b), and (c).
6 Prove that if y: M — N is C*, one-to-one, onto, and everywhere

7

non-singular, then y is a diffecomorphism. (This proposition depends
strongly on the second countability of M. Here is an outline for a
proof. This map y is a diffeomorphism if and only if dy is surjective
everywhere. If dy is not surjective at some point, then the dimension
of M is less than the dimension of N. Letdim M = panddim N = 4.
Assuming that p < d, one arrives at a contradiction as follows,
Let (U,9) be a coordinate system on N such that o(U) = -9,
Since y maps M onto N, the range of ¢ o is all of ¢ Now we
show that this yields a contradiction. One way is to use 1.35 to
observe that the range of ¢ oy is a countable union of nowhere
dense sets in R, and therefore, by the Baire category theorem,
could not possibly be all of =% Another way is to use the fact that
P < dto prove that the range of ¢ o y has measure 0 in R¢, which
also is a contradiction (where a set in 724 has measure 0 if it can be
covered by a sequence of balls, the union of whose volumes is
arbitrarily small). That the range of < -y has measure 0 in =d
follows from the second countability of M and the fact that a C!
map P — 24 has image of measure 0, and this, in turn, follows
from the fact that a C! map R — ¢ takes sets of measure 0 to
sets of measure 0. To prove the latter, observe that if f: R4 — T4
is C?, and if A is a compact set in 2, then f has a Lipschitz constant
Kon A,

1) =/l < Klix =yl (x,y€A),

so that f magnifies the volume of balls in 4 by at most K, and hence
takes sets of measure 0 in A into sets of measure 0.)

Prove 1.33(a) and (b).
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Obtain the classical implicit function theorem 1.37 from 1.38.

Letf RS RG] be deﬁned by
f(x,,V) = x4+ xy + };3 + 1.

For which points p = (0,0), p = (3,1, p = (=5 =1 is f(f(p))
an imbedded submanifold in ~2?

Let M be a compact manifold of dimension », and let f* M — R be
C™. Prove that f cannot everywhere be non-singular.

Find counterexamples to show that Proposition 1.36 would fail
if either of the hypotheses closed or imbedded were deleted. In
fact, one can prove more; namely, if (M,y) is a submanifold of
N such that whenever ge C*(M) there is a C* function f
on N such that f« v = g, then y is an imbedding and y(M) is closed
in V.

Supply the details for 1.40(a) and (b).
Prove Proposition 1.45.
PR
Is every vector field on the real line complete ?

Prove that if (U, x;,..., x,) is a coordinate system on M, then

[0/0x,,0/0x;] = 0 on U,

Let N < M be a submanifold. Let v: (a.b) — M be a C* curve
such that y(a,b) © N. Show that it is not necessarily true that
y(t) € N for each € (a,b).

XL

Prove that any C

,,,,,,, -1

Prove that a C* map f: & ? - =1 cannot be one-to-one. " =

L
Supply the details of the equivalence of the two versions 1.60 and
1.61 of the Frobenius theorem.

Let 9: N — M be C*, and let X be a C* vector fleld on N. Suppose A

that do(X(p)) = do(X(g)) whenever ¢(p) = »(g). Is there a smooth
vector field ¥ on M which is y-related to X7

The torus is the manifold S* x S'. Consider S* as the unit circle
in the complex plane. We define a mapping ¢: ~ — S x §? by
setting ¢(t) = (e*7'",*"**!) where « is an irrational number. Prove
that (~,¢) is a dense submanifold of S* x S*. This submanifold
1s known as the skew line on the torus.

Let y(r) be an integral curve of a vector field X on M. Suppose
that y(t) = 0 for some r. Prove that y is a constant map, that 1s,
its range consists of one point.

vector field on a compact manifold is complete.
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23

24

A Riemannian structure on a differentiable manifold M is a smooth
choice of a positive definite inner product - , ;, on each tangent
space M,,, smooth in the sense that whenever X and Y are C*
vector fields on M, then (X,Y) is a C* function on M. Prove that
there exists a Riemannian structure on every differentiable manifold.
You will need to use a partition of unity argument. A Riemannian
manifold is a differentiable manifold together with a Riemannian
structure.

Consider the product manifold M x N with the canonical projections
m:MXN-—>Mand my: M X N— N.

(a) Prove that o: M - M x N is C* if and only if m <« and
my oo are C™.

(b) Prove that the map v+ (dm(v),dmy(r)) is an isomorphism of
(M X N,)(m,n) “lth M g5 [Vn.

m

(¢) Let X and Y be C* vector fields on M and N respectively.
Then, by (b), X and Y canonically determine vector fields
X = (X,0)and ¥ = (0,Y)on M x N. Provethat [X, ¥] = 0.

(d) Let (my,n)) e M x N, and define injections Ine M — M X N
and i/, : N—> M x N by setting

HIO'
i, (m) = (m,ng),
I, (1) = (mg,n).

Let v € (M X N)i,, - and let v, =dm(r)e M, and v, =
dmy(v) € N,,. Let fe C"(M x N). Prove that

o(f) = oi(fe i) + va(f 0 i)-
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