
After establishing sonte notational conventions vvhich wil l  be used throughout
the book. we rvi l l  begin w'i th the notion of a differentiable manifold. These
are spaces which are iocally l ike Euclidean space and which have enough
structure so that the basic concepts of calculus can be carried over. In this
f irst chapter we shall  primari ly be concerned with the analogs and implications
fcrr manifolds of the fundamental theorems of differential calculus. Later,
in Chapter 4, we shall  consider the theory of integration on manifolds.

From the notion of directional derivative in Euclidean space we wil l
obtain the notion of a tangent vector to a diffe:rentiable manifold. We wil l
study mappings between manifolds and the effect that mappinqs have on
tangent vectors. We ni i l  investrgate the implications fbr mappings of
manifolds of the classical inverse and implicit  iunction theorems. We wil l
see that the fundantental existence and uniqur:ness theorems for ordinary
differential equations translate into existence and uniqueness statements for
in tegra l  curves of  vector  { ie lds.  The chapter  c loses wi th  the Frobenius
theorem. which pertains to the existence and Lrniqr:eness of integrai manitblds
of  rnvolut ive d is t r ibut ions on ntanr tb lds.

PRELIMINARIES

1.1 Some Basic Notation and Terminology Throughout this text we
rvi l l  describe sets either b,v l ist ings of their elem,:nts. for example

ta,  .  .  .  .  -  a , , \ -
or by expressions of the form

{ , r : P } .

which denote the set of al l  .r satislying property P. The expression a e I
means tha ta  i sane len te l t  o f  t he  se t  L  I f  a  se t  A i sasubse t  o f  a  se tB  ( tha t
i s ,  c e  . B r v h e n e v e r  a e A ) .  w e  u ' r i t e  A  -  B .  I f  A  c =  B  a n d B  c :  A , t h e n . 4
equals,B, denoted A: B. The negations of e. c and : &r€ denoted by f,
f , and I respectivelv. A set y' is aproper subset of,B if A c B but A * B.
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We will denote the empty stzt by b . We will often denote a collection

\un: ae A\ of sets u" indexecl by the set,4 simply by {u,\ t f  explicit  mention

of the index set is not necessaiy. The union of the sets in the collection

{(J,: a e A} will be denoted l) (1, or simply l) (1,. Similarly, their
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q€A

(Jo or simply n t/"

(J , :  f ra :  a  be longs  to  sonre  U" ) .

(J  o :  {a :  a  be iongs  to  everY U" } '

g , f: f-L(B o C) --, D

g(-f (u)) for every a €f-1(B n C)' For notational
-not  

exc lude the case in  which f - ' (B A C) :  g  '

mappings/and g, we shall  consider their conrposit ion

wi th the understanding that  the domain of  g  " /may

intersection will be denoted

d e f i n e d  b y  g " J @ ) :
convenience, we shall
That is, given anY two
g "-f as being defined,
well be the emptY set.

The cartesian Product A x
(a, b) of points a e A and b

cartesian product .f x S of the

o f . 4 x B i n t o C x D '
We shall denote the identitY ntaP

A diagram of maPs such as

B of ttro sets A crnd B ls the set of all pairs

e n. If f: A - C and g" B - 'D., then the

ntaps f oia g is the map (a, bS r--. (/'(a)' 8(b))

r''l

U
aeA

n
teA

'Ihe expression /: A - B rmeans that f is a ma,oping ol the set ,4 into the

set B. when describing a mapping by describing its effect on individual

elements, we use the spicial u.io* *'; thus "the mapping mt--rf (.m) of A

into .8" means that/is a mapp,ing of the set .4 into r:he set B taking the element

m of Ainto the elementf (mj i,f f . If (I c: A, then.f I U denotes the restriction

of  f  to  U,  and f  ( (J) :  {b  e B:  " f  (a) :  b  fo t  some ae U} '  l f  C c  'B '  then

i_ir.cl :  {a e ): f@) e c}. A mapoing f is one_ro-one (also denoted 1 : 1).
' 
or i'njectiue, if whenever a ancl b are distinct elements of A , then f (a) * J @)

A mapping f is onto, or suriecti t 'e, t f  f  (A) : B '

I f ^ f : l - - , B a n d f l : C - D , t h e n t h e c o m p o s i t " o n g ' / i s t h e m a p

on any set  bY " id ' "

tn

/ \

'i

i sca i led  commuta t iL )e i f  g ' f  : ]1 .

We shall always use the term function
numbers.

to meran a maPPing into the real
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Let d ) 1 be an integer. and 1et

: . . 4 : { a . . a : ( a , ,  ao) where lhe a, are real numbersl
' fhen :  d is the d-dimensional Eucl ic lean space. In the case d: i ,  \ \ ,e denote
the real line -=.r simply by , . The origin (0. . . . . 0) in Euciidean space of
any dimension wi l l  be denoted 0. The notat ions [a.b] and, ( .a,b) denote as
usual the intervals of the real l ine a 1t (  D and. ( t  < t  (  6 respect ivelv.- fhe 

funct ion r , :  .d -  , : .  def ined by

r , ( a )  :  a ,  .

rvhere a :  (ar,  .  .  . ,  o,)  e =,r ,  is cal led the i th (canonicul)  coordinnte funct ion
on E'd. The canonical  coordinate funct ion 11 on i : ' .  wi l l  be clenoted simnlv
by t. Thus r(a) : a for each a e ir.r.. If f: X --> 1, rl, then we let

- f i : r i ' - f ,

wherel is called the ith conrponent function of .f.
L f  f : :  * r :  a n d  t c :  ,  t h e n u e d e n o t e t h e d e r i t , a t i t e o f  f  a t t b y

4 l  , r ,  :
d r l ,  "

1 1 - f : : n - , . r . i f I < i ' - n .
the partial derirarit'e of f with

, l J  |  , , . - -  f  ( t  +  h l  - ; [ t n

, l r  l ,  ;  - ;  l t

u r r d i l - t : t r t . .  . / , , ) €
respet't to r, al I l>v

I  a .  L
n l r ' 1 t l

"  i ( / t  : i 1  , : l i n r
o r ,  l ,  O r i t , ,  t  . t l

' '  ,  then we denote

.  .  t , , )  -  . f  ( t )l l t r . . .  .  .  t ,  r , t ,  *  h .  t , . r .

l f  p  e ' " - 'd ,  then Br ( r )  * i l l  c lenote  the  open ba i l  o f  rac l ius  r  about  p .  The
o; ren  ba l l  o f . rad ius  r  about  the  or is in  rv i l l  be  < ienoted  s imp ly  by  B( r ) .  C( r )
wi l l  denote the open c'rrbe r i i th sic les of length 2r about-the ongrn in .- t ' .
That  i s .

C ' ( r )  : { ( r r r . .  . r r , , )  . - . ' 1 :  l u , l  < r f b r a l l  i , L .

we shaii use to denote the .ontple.r ,uri.ber fetcl ancL . ,, to denote
complex n-space,

-  
l \ - 1 . : , , ) .  : , =  .  f o r  I  (  i  ( i l l . .

Unless  we ind ica te  o therw ise .  *e  sha l l  : r l *ays  use  thc  te rn t  ne ighhurhr r t l
rn the sense of open neiehborhood. I f  . , r  is a subset of .  topological  space.
i ts closure iv i l l  be denoted bl  . , i .  I t ' r  is;r  r- . r 'ct ic,n o,. ,  r ,opoiogic-at ,pace x.
the supporr of g is the subset of X defined by

sL lpp  ,  :  
"

We use the Kronecker inclex

[ ] ,

lo,

' ( ' '  -  l o l l

'  T -  J ,

" i  i  -
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a r/- t r . rple of non-negar: ive integers, then we set

[ , ]  - \ "
t ^ l

- t l  _  . ,  |  . t  |  .  .  ^ t  I
-  / ' l  .  ' " 1  '  ' ' , i  ' '

- r - l
A t  A t ^ )
U V

i , .  r t  2 r  . ' ' l
w , l  v ' t t

n '
_ t  1 \  -  +

\  |  |  -  I '
a r 'or '

and

dr '

,  0 ) .  then l re  le tI f  z .  :  ( 0 ,

DIFFERENTIABLE MANIFOLDS

1.2 Def in i t ions Let  U c i , ,  be open.  and ie t  / " .U - ' .  We say that

f is Lti f l"erenriable f class C'^ on Li (or simply that / is (. i) .  for f t  a non-
, . - . , , . t i . , o  i - t - , - - '  i l  tr rv ;q ! r  .  , ,  .he  par t ia l  c ie r iva t ives  7 ' f l  0 r '  e r i s t  and i i re  cont inuoLtS or t  L , '

f o r  [ 2 . ]  (  k .  I n  p a r t i c u l a r . / r s  C 0  i f  i s c o n t i n u o l r s .  I f  f  .  L  - +  '  n .  t h e n /  i s

di / l 'erent iahle of c la.ss Cr ' i f  each of the component fLtnct ions - f ,  :  r i  / is CA.

W e  s a - v  t h a t / ' i s  C '  i f  i t  i s  C r  l o r  a l l  A  >  0 .

1.3 Def ini t ions A local l ) 'Ettc lr t lean ' \Pu( 'e ' \ ' t  t tJ 'di t r tetrsion d is a

Hausclorf f  topological  space , '1. '1 1'or rvhich eaci l  point Jras a nerghborhood

homeontorph ic  to  a l t  open s r . rbse t  o f  ELrc l idean : ipace '1 .  I f  7  i s  a  homeo-

nt()rphiSn-i  of  a connected open set L, 'c '1,1 ol t to i ln open subset of : . . ' i ,

7 rs cal led a co()rdi t tote nt( tP'  the l -unct ions -r ,  :  / ;  7 are cal lccl  the t 'ortrdir tate

f u n c t i o t t . s .  a n d  t h e  p a i r  ( . L ' . 2 )  ( s o m e t i m e s  d e n c , t e d  b y  ( L I . - r t , . . .  .  - r , , ) )  t s

catted a coort l inale s.vstet i l .  A coordinate sYstct l l  (L ' , ' t )  is cal led a cubic

cttordinate s.ystem i t '  , i (L )  is an open cube about the or igin in T'r .  I f  nt  e Lt

and ' : ( rx )  :  0 .  then the  coorc l ina te  svs tem is  sa id  ro  be  ( 'e t t te red  a t  m.

1.4 Def ini t ions A t l i fJ-erent iable str t tcture.:T of t ' luss Ck ( i  < k (  :c)

on  a  loca l l y  Euc l idean space M is  a  co l lec t . ion  o f  coord ina te  svs tems

{ (L / , ,  ? . ) ' .  a .  e  A}  sa t is fv ing  the  fo l low inq  th ree  F) roper t res :

l I  -  4 f
v ,  -  : r l ,

( b )  ? , o  ? t l ' i s  C "  f o r  a I l 1 . ,  f i  e  ' 1 .

(c) The col lect ion .V is n ' iaximal u ' i th respect to (b);  that is.  i f

( ( i ,q )  i s  a  coord ina te  sys tem such th l i t  ? '? , - r  and 7 ,  '  ' i -7  a re

CA fo r  a l l  s ,  e  l .  then  (C . : )  e  .V .

(a )  U
er '-  l
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I l  .70 :  { (U"  ,q " ) :  x  e  A}  ts  any  co l lec t " ion  o f  coord ina te  sys tems

satisfying properties (a) and (b). then there is a unique differentiable struc-
ture ,V containing -Zo. Namely, let

V :  { lU ,?) ' .  ?  " .p " -1  and ?"o  ?- t  a r r :  CA fo r  a l l  g ,e  7o} .

Then V contains 70, clearly satisfies (a), and it is easily checked that I
satisfies (b). Now -7 is maximal by constructicn, anO"io-T is a Oin"J.entiable-Stfucture 

containinu .70. Ciearly ,7 is the unique such structure,

We mention two other fundamental types of differentiable structures on
Jocally Euclidean spaces. types that u'e shall  not treat in this text, nantely,
the structure of class co'and the comple.r analyt ic structure. For a
dilferentiable structure of class C,,, one requ.Lres that the compositions in
(.b) are locally given by conversent power series. For a complex analytic
structure on a 2d-dintensional locally Euclidean space, one requires that the
coordinate systems have range in complex r/-space ,- d and overlap hoio-
rnorphical ly.

A d-dinrensional dilferentiable manifold of cla,ss Ca (similarly C- or c-omplex
analytic) is a pair (.M,*-) consist ing of a d-dimensional, second countable,
locally Euclidean space M together with a t l i f ferentiable structure V of
class cr ' .  we shall  usually denote the different,able manifold (M,,v) simply
by M, with the understanding that when we speak of the "dift 'erentiaLle
manifold M" rve are considering the locally Euclidean space M with some
given di lTerentiable structure.T. Our attention wil l  be restr icteci solely to
the case o1-class c', so by dilJerenriuble yve will alr.vays mean ciilferentiable
qf class C' ' .  We also use the terminology srttooth to indicate d.i f feientiabi l i ty
of-class C' ' .  We ofien refer to drfferentiable manifolds simply as rnanifuldi,
\ \ ' i th differentiabi l i tv of class c' alwals inrpl icit ly assunied.. A manifold
can  be  r i eued  as  a  t r i p le  cons i s t i n r :  o f  an  under l l i nu  po in t  se t ,  a  second
countabie locally Euclidean roporogy for this set. ancl a differentiable
structure. I f  X is a set, by a nunifold str l tcture on X *e shali  mean a choice
of both a second counrable locally Eucli<lean topology for x ancl a differ-
entiable structure.

Even though we shall  restr ict our attention ro the C' case, many of our
theorems do, horvever, have Ci'r 'ersions for A < cc. which are essentiai ly
no nlore compiicated than the ones we shall  obta.in. They simply require that
one keep track of degrees of differentiability, for d.ifferentiating i 6^:function
tnay only yield a function of class C^-1 i f  I  < n ( cc.

unless we indicate othenvise, rve shari always use M and ,A/ to d.enote
differentiable manifolds, and. M,t will indicate that M rs a manilbld of
dimension d.

1 . 5 Examples

The standard differentiable structure on Eu,: l idean space ?d is obtained
by taking *- to be the maximal col lection (rvith respecr to i .4(b))
containing (R', i) ,  where i:  ?., i* .d is thi:  identity map,

( a l
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(b)  Let  L/  be a { rn i te  d imensional  real  vector  sP: lce.  Then Z has a natura l

manitoid structure. lndeed. i f  {e;}  is a basis of Z, then the elements of

the dual basis {r ,}  are the coordinate lunctrons of a global coordinate

system on l ' l .  Such a global croordinate svstenl uniquely determines a

dif ferent iabl :  structure 7 on L' ,  This di f ferent iable structurc is inde-

pendent of ihe choice of basis.  s ince di f ferent bases give C' '  overlapping

coordinate systems. In fact,  the change of , ;oordrnates is given simply
by a constant non-singular matr i r ,

(c) Complex /7-space .-- .  "  is a real 2r-dimensrc,nal vector space, and so,

by Example (b),  has a nat l l ral  structure as a 2r l-dimensional real
man i fo ld .  l f  {e , }  rs  the  canon ica l  comple ; t  bas is  in  wh ich  er  i s  the

n-tuple consist ing of zeros except for a I  in the i th spot,  then

{ " r , .  . ,  . e , , , . " ' I l " r ,  . ,

is  a reai  basis for  .  " .  and i ts dual
c o u r d i n a t c  s y s t c n l  o n

(d) The d-sphere is tire set

S ' 1  : l . u r  r ' : ! , r , - : 1 1 .
r . - l

L e t  n :  ( 0 , . . . , 0 .  l )  a n d  s :  ( 0 , . .  , 0 . - 1 . )  T h e n  t h e  s t a n d a r d

dif lerent iable structure on S'1 is obtained by taking, i t -  tobe the nrar irnal

co i lec t ion  conta in ing  (5 - "  -  r t .  p , , )  and (S ' r  -  s . / r ) ,  rvhere  p , ,  and p ,

are stereographic project ions fronr l l  and s respect ively.

(e) An open sr.rbset U of a di f l 'erent iable nranifold \M,.V t i )  is i tsel f  a

di f ferent iable manitold w' i th di f ferent iable structure

. V t - :  { { L ' "  a ' . r  L , , + , 1 U , ^ r L t ) :  t L ' ' , , ' ? , ) e  V y l .

l - ,n less  spec ihcd  o ther* , i se ,  open subsets  o t ' c l i f fe ren t iab le  n tan i fo lds  u i l l

a lw'a,vs be given this natural  di f ferent iable structure,

( i )  
- f h e  g e n e r a l  l i n e u r  s r o u p  G l ( n , : ) i s  t h e  s e t  o 1 ' a l l  r r  x  r r  n o n - s i n g u l a r

real matr ices. I f  we ident i t ,v in the obvtous ,vay the points ot '  : '  " '  rv i th

n x n real matr ices. then the determinant becones a cont i l luous func-

1 is1  9q  r ' '  " : .  G l (n . '  )  rece ives  a  n tan i f 'o ld  r i t r l l c tu rc  as  the  open subset

o f  :  . "  w 'here  the  de terminant  t t rnc t ion  does  no t  van ish .

(g.l Protluct mttniJblds. Let llvlt .i ) and 1tl, ,.Vr.t be differentiable

nranrfblds of dimensions dt and d, respect ivel ,v.  Then , \ [ ,  x ] f  ,

becomes a di t lerent iable nranifbld of dimeni; ion dr * dr.  with di f feren-

t iable structure ,7 the maximal col lect ion containing

i(L', x L'1t , ?" x rl ' i:: LI , x l/, -o

, . T e , , )

bas Ls is  the canonrcal  g lobal

ar  X  - l az ) :  ( L ' ,  , , i )  e  / - ,  ,  (V t  ,V ' t )  = ,7J .
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1.6 Defrnitions Let Lt ! lt'{ be open. We say that

C'  funct ior t  on U (denoted . f  e  C' (U))  i f  f  '  , t  " t  is  C '  for
map g.  on M.  A cont inuous map y:  iV--  rV is  sa id to

of  c luss C'  (denoted V,  e  C' (M, , \ ' )or  s in lp ly  V,€ C' '  )  i ig  '  y '
on r1'-1(dornain of g) for al l  C' functions g deltned on
E q u r r a l e n t l l .  t h e  c o n t i n L r o u s  m u p  r ' '  r :  C '  i f  a n d  o n l y  i f  7
eaclr coordinate map -r on LI and ,r on I'.

Clearly the composit ion of t rvo di f ferentralr le nraps is again di t l -erent iable.
Observe that a rnapping y, ' .  M - /y '  is C'  i f  and only i f  tor each r i  e rN1 there
exists an open neighborhood I , t  of  nt  sucir  that Vtt  Ll  ts C' ,

THE SECOND AXIOM OF COUNTI\BILITY

The second axiom of countabi l i t t '  has man) consequelrces l 'or nrani lolds.
Arlong them, nrani lolds are nornlal .  nretr izable, and paraconpact.  Pa.ra-
compactness  in rp l ies  the  er is tence o f  par t i t . ions  o l '  un i t r ' .  z in  e r t remel , r . '
useful  tool  lor piecing together global l 'unct ic,ns and structr ;res out of local
ones, and conversely lor represelt t ing globrl l  structures as local ly f in i te
sums o f  loca l  ones .  A f te r  g iv ing  the  necessar l ' c le f in i t ions .  rve  sha l l  g i le  a
simpie direct proof of paracompactness tor nani lbids. and shal l  then cler ive
the  ex is tence o f  par t i t ions  o f  un i t -v .  l t  i s  ev idcn t  tha t  r lan i fo lc ls  a re  regu la r
topological  spaces and thcir  noinral i t l  fo l lc,rr 's easr l-y f l 'onr this ancl  the
paracontpac tness .  \ \ ' e  sha l l  leare  the  proo t ' tha t  ml in i l ' o lc ls  a re  norn ta l  as  an
e . r e r c i s e .  F o r  t h e  l a c t  t l t a t  u t a n i l ' o l c l :  a r e  n t c t r i z a b l e ,  s c c  [ 1 3 ] .

1 . 7  D e f i n i t i o n s  A  c o l l e c t i o n  { L , , t o t ' s u l r s e r s  o f ' . 1 1  i s  a  c o r e r  o 1 - a  s e t
IJ / . -  M i f  L f  c :  U  t ' , .  I t  i s  an  open coL 'e r  r i ' each  L , ' .  i s  open.  A  sub-
col lect iorr  of  the L" which st i l l  covers rs cal led a subt 'ot 'er.  A reJinenrent

{ t ' r }  o f  the  cover  {L" j  i s  a  co \er  s i rch  tha t  fb r  each y '  there  is  an  y .  such t i ra t
L ' t j . -  U , .  A  co l lec t ion  {1 , }  o f ' subsets  o f '  , ' 11  i s  lo t 'a l l v  . / in i te  i l '  r rhenever
rr t  = .11 there exists a neighbolhood L, l : , , ,  o l  i r r  s lrch thaL I l '  ,  a ,1,  *  . ;  l -or
or r l y  f in i te ly  r l tanv  7- .  A  topo log ica l  space is  puruc 'o r t rpdc ' l  r l - c - re r )  open co \er
has  an  open loca l l y  l in i te  re f inenten t .

1.8 Def ini t ion A purt i t ion of uni t t ,  (n l , [  is a col lect ion {r , :  ie I}  ot
C- '  funct ions on , '11 such that

e 1 i  is  local ly '  f in i te .

) 0 f or al l  7., e ,\ l  and i= I.

\  par t i t ion  o f  r . r  n i t t ,  i , : , , :  i=  1 , ,  rs  suhor t l i r tu te  lo
each i  there exists an z.  such that supp ,?t c U,
to the cover trLi , :  i= I)  wirh the sanre i t tder
r jupp ?r c U; tor eacir  i  e / .

. f ' .  U - : .  ts  a
each coordinate
be diff'erenriable
is a C' '  function
open sets in I .
1 l  c  '7 - ' I  iS  C '  lo r

t l re  corer  ' ,L ' , :  t  e  .1  i  i f  fo r
\ \ 'e say'  that i t  is subordinate
a.s lhe ltortitiort of unitt, if

(a)  T i re  co l lect ion of  supporrs  {supp ,p, :  r

(b )  2 : ' l p l :  1  f b r  t t l l  p  e  , \ ' t ,  and  c , l 1 ' )
L : I

: :et
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1.9 Lemma Let X be a topological space *hich is locallt, cotnpact
(each poirtt has at least one contpact neighborltoorll. Hausdorf. and seconcl
courttable (rrtanifolds, fnr example). Then X is puracornltact. In fact, eqch
lpett coter has a coLultoble, locollv fnite refnentent clnsi.eting of open sets
u'it h compact clo.cures.

P R o o F  W e  p r o v e  l i r s t  t h a t  t h e r e  e x i s t s  a  s e q u e n c e  { G r :  i :  1 . 2 , . . . 1 .
of open sets such that

(  is .on.rpa.t .
^
U ,  c  0 , - - t '

. r : 0 G , .

L e t  { L i :  i : 1 , 2 , . . . }  b e  a  c o u n t a b l e  b a s r s  o f  t h e  r o p o l o g , r , '  o f  X
consist ing of open sets with compact closules. Such a basis can be
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col lect ion consist ing of basic sets lv i th cor:rpact c losures. The fact
that X is Hausdorf f  and iocal lv conrpact impl ies that this subcol lect ion
is  i t se l f  a  bas is .  No* ' ,  le t  G,  -  L ,1 .  Supposc  tha t

Gr.:  L!  u u Ut

Then IetT^ ,  be the snta l lest  pos i t ive in teger  sreater  than7.  such that
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1 0 Manifolds

Let {U.: xe A\ be an arbitrary open cover. The set A - G,-r is

conrpact and. contained in the open set { i ,-r - G-r. For each i ) 3

choose a hnite subcover of the open cover {U" A (G,-, - C,-i '

xe Aj of CL - Go,r, and choose a l initer subcover of the open cover

tU"  n  G" ' .  x r  A j  o f  t he  compac t  se t  Gr .  Th i s  co l l ec t i on  o f  open  se ts i s
easily seen to be a countable, locally f inite refinement of the open cover

{U, i ,  and consis ts  of  open sets  wi th  compact  c iosures.

1.10 Lemma There e.ris/s a non-negatit:e C'' function ? on 
'-'.4 

v'hich

t:quals 7 on the closerl ,ttbe Clll anrl :ero on th,g t:ontplement of the open cube
c(2\.

pRooF We need only let .: be the producrt

( 1 )  ? : ( . h . r r ) " ' ( . 1 t , r , , ) .

where l r  is a non-nesat ive C' funct ion on the real l ine which is I

[ - l , l ]  a n d  z e r o  o u t s i d e  o f  ( - 2 . 2 )  T o  c o n s t r u c t  s u c h  a n  h ,
start  u ' i th the t i rnctron

o n
we

fe- t , t  t  >

l o  r (
positrve fbr I

f t t l

( l )

( l.)

l /  t \  -

which  is  non-negat ive ,  C ' .  and

0

0

> 0. Then the function

l ' ( r )  + / (1  -  / )
ls non-negatrve. C', and takes the value 1 for I ) I  and the value zero
for t ( 0. We obtain the desired function lr by sett ing

(4)  h( t )  :  g( /  +  2)g(2 -  r ) .

1.11 Theorem (Existence of Partitions of Unity) Ler M be tt dilfer-
entiable ntanifoltl and {LI": v. e A'} an open corer oJ' M. Then there exists a
c o u n t a b l e  p a r t i t i o n  o f  u n i t y  { ? , ' .  i : 1 . 2 , 3 , . . . }  s u b r t r d i n a t e  t o  t h e  c o t e r

{U"} u'ith supp ?, compactfor each i, If one does not require conrpoct supports,
then there is a partition of unitt. i,i,j suborclitrcrte to the corer {L'",\ (that is,
supp ?" - U) with at Lnost ('ountabl.t' man.1' of the ,ta not identicalh, :ero.

p R o o F  L e t  t h e  s e q u e n c e  { G , }  c o v e r  M  a : ;  i n  1 . 9 ( 1 ) ,  a n d  s e t  G o :  Z .
F o r p  e  M , l e t i ,  b e  t h e  l a r g e s t  i n t e g e r  s u c h  t h a t  p  €  M  -  G , ^ .  C h o o s e
an 7.e such that p € U,, ,  and let  (1",r)  be rr  coordinate s)stern centered

at  p  such tha t  l , ' c  L : , ,  n  (G, , , - ,  -  q l  anc l  such tha t  z ( l ' )  con ta ins

the closed cube C(2).  Def ine

l , i
lo

) r  o r t  l '

e lservhere
( t ) l t 1  -

Y D  
-
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where g is the function Li0(l), Then rp, is a Co function on M which
has the value 1 on some open neighborhood Wo of p, and has compact
suppor t  ly ing in  V c  L ' , -  A (Go_-z -  C," r .  For  each i  >  l ,  choose a
finite set'of 

-points 
p ;i' U *fr6t. cor#sponding W, itgnAorhoods

couer G, - Gr-r. Order the correspond.ing y,, functions in a sequence
!)j ,  j  :  1,2,3,. .  .  .  The supports of the r7.r, form a locally f inite family
of subsets of M. Thus the function

,)
, , ,  -  s o,,w  -  . /  w :

j : r

C- function on M, and rnoreover tp(p') ) 0 for each
i  :  1 , 2 , 3 ,  . .  .  d e f i n e

(2)

is a well-defined
p € M. For each

( 3 )
1 t t  .
Y I

y)

T h e n  t h e  f u n c t i o n s  { , g , :  i : 1 , 2 , 3 , . . . }  f o r m  a  p a r t i t i o n  o f  u n i t y
subordinate to the cover {U.} with supp ?i compact for each i. If we
let g, be identical ly zero i f  no g, has support in U", and otherwise let
go be the sum of the go with support in U". then {q,} is a part i t ion of
unity subordinate to the cover {U"} with atrnost countably many of the
go not identical ly zero. To see that the support of g, l ies in [/",  ob-

serve that if -{ is a locally finite family of closed sets, then- [-f U : 
^p.,1

Observe, however, that the support of ,po is not necessari ly cornpact.

Corollary Let G be open in M, ancl let A be closecl in 1l[, trith A c- G.
Then there exisls a C" function ,t'. M - 

-:. 
such thst

(a)  0  < p(p)  1  1 for  a l l  pe M.

( b )  ' ? ( p ) : t i f p e A .

( c )  s u P P ? c G .

pRooF There is a partrt ion of unity {,g,9} subordinate to the cover

{G ,  M  -  A }  o f  M  w i th  supp  ? '  G  and  r ;upp1 t )  < :  M  -  A .  Then  7
is  the desi red funct ion.

TANGENT VECTORS AND DIFFEREhITIALS

l.I2 A vector r: with components rr .  .  r ' ,r  at a point p in Euclidean
space .Q.d can be thought of as an operator on differentiable functions.
Specif ical ly, i f / is differentiable on a neighborhood of 1, then u assigns to

/ the real number r,f) which is the directional derivative of / in the direction
t at p. That is,

,  a f l
" i)rn l ,

a f l
D t : l  +'  

? t ,  l ,
( l ) L ' \J  '  _
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This operation of the vector l on differentiable functions satisltes two
important propert ies,

(2 )
i ' ( / +  i g ) : t U ) + Z t ( i ) ,

L(/ 's)  : / (p)r ' (s)  *  g(p)r( / ) ,
n'henever f and g are difi-erentrable near p, and l" is a real number, The
first property says that l  acts l inearlv on funcr: ions, and the second says that
r ts a dertation. This motir,ates our definit ion of tangent vectors on ntanifolds.
They wil l  be directional derrvatives, that is, Lnear derivations on functions.
The operation of taking derivatives dependri only on local propert ies of
f unctions, propert ies in arbitrari ly srnall  neighborhoods ol the point at
which the derivative ts beine taken. In order to express most conveniently
this dependence of the derivative on the Iocal nature of functions. u,e intro-
duce the notion of germs of functions.

1.13 Definit ions Let me M. Functions f and g defined on open sers
containing m are said to have the same genrr at m i l ' they agree on some
neighborhood of r ir.  This introdlrces an equivalence relation on the C,
functions delined on neighborhoods of nr, trvo functions being equivalent
if  and only i f  they have the same germ. Tl-re eqr-r ivalence classes are called
gernrs, and we denote the set of germs at nr bt, F,,,  .  I f / is a C' function on
a neighborhood of nr, then f rvi l l  denote i ts gerrn. The operations of addit ion,
scalar  mul t ip i icat ion,  i ind mul t ip i icat ion of '  funct ions jnduce on F, , ,  the
st ructure of  an a lgebra over  : r  .  A germ f  has a u 'e l l -def ined va lue f (m) ar  m.
namely, the value at m of any representativc. , t f  the germ. Let - l-, , ,  c F,,,  be
the set of germs rvhich lanish at i i r .  Then F,,, is an ideal in F,,, .  and *,e let
F,,,r denote i ts kth po\\er. F,,,r is the ideal of t-, , ,  consist ing of al l  f initc l inear
combinat ions of  A- lo ld products of  e lements of  F, , ,  .  These fbrm a descending
sequence of  ideals F,r -  F, , , - ,  F, , , t  - ;  F, r3 r  .

l . l4 Def ini t ion A tangent L'(ctor t  at  the poit t t  nr e ful  is a l inear deriva-
t ion  o f  t l re  a lgebra  F , , , .  That  i s ,  fb r  a l l  f  .ge  F , , ,  anc l  ) .e '  ,

( a )  i ( f  +  ) . g ) :  r ( f ) +  ) . r ( . g )

(b )  t ' ( f  '  g )  :  f (n r ) r ' (g )  *  g (z r )u ( f ) .

M,,, denotes the set of tangent vectors to M ttt nr and is called the tangent
space to M at m. Observe that r f  we defrne (r '  *  rr  )( f  )  and (1.r .)( f  )  bv

t . l )  
( t  f  r r ' ) ( f )  :  t ' ( f )  *  r r ( f  )

t l ' r ) ( f ; :  L ( t ( f ) )

,*henever l ' ,  i r '€ M,, ,  and ).  e ,  then I  {  rr .and l"r 'again are tangent vectors
itt m. So in this rvay M,,, becomes a real ve,ltor space, The fundamental
property of the vector space , '11,, , ,  which we shal l  establ ish in 1.17, ts that
i ts dimension equals the dimension of M. This del ini t ion of tangent vector
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i s  not  su i tab le in  the Ci  case for  I  (  k  < t - ,  (We u ' i l l  d iscuss the Ci  c lse

l 'ur ther  in  1.21. i  We s ive th is  def in i t ion of  tangent  Vector  for  severa l  reasons.

One rcason is  that  i t  is  in t r ins ic ;  that  is ,  i t  does not  depend on coord inate

systems. Another reason is that i t  general izes natural ly to higher order

tangent  vectors,  as we shal l  see in  1 26.

1.15 I f  c  is  the gerr -u o la  funct ion wi th  the constant  va lue c  on a neighbor-

hood of  nr ,  and i f  r  is  a  tangent  vector  a t  r i l ,  then r (c)  == 0,  for

r ' ( c  )  :  c r ' ( 1 ) ,
and

r : ( l )  :  r ( l  . 1 )  :  1 r ' ( 1 )  *  i r ( 1 )  : 2 r ' ( 1 ) .

1.16 Lemma tf, , , is t lutural l) ' isttrnorphit 'vi th 1F,,,,1F,,,!)* '  (The syrnbol *

denotes dual  vector  space.  )

pRoOF I f  r ,e  ,11, , , .  then t '  is  a  l inear  funct io l - r  on l ' , , ,  v 'an ish ing on F, :

because of  t l te  der ivat ion proper t \ ' '  Conrersely ,  i f  I  e  (F, , ,1F, , ,2)x ' -we

tleline a rangenr \.ecror rt at rirt by setiing r'1(f) :, /(tf - f(m)1) for f e F,,, .

(Here f (m) t ienotes the serm of  the l i rnct ior r  r . r i th  the co l ls tant  ta lue

f ( i i l ) .  anc l  {  l is  used to  denote cosets in  F, , , f  F , , ,2 . )  L inear i ty  o f  r '1on F, , ,

is  c leur .  I t  is  a  der ivat ion s ince

r r ( f  . g )  :  { ( { { . g  -  f ( m ) g ( m ) l )

:  1( i ( f  -  f (m)Xe -  g(m))  + l i (m)(e -  *1m), )

+ (f - f(m))g(m)))

:  / ( \ ( f  -  f (m)Xe  -  e (m) ) ) )  1  f l r n t i ( l g  -  g (m) i )

+  g ( / , r ) / ( { f  -  f r m t l )

:  f(r ir)r 'r(B) * g(nr)r ' ;( f  ).
-fhus 

rve obtain n-rappipes of ' , ' f1,.,  into (F,,, ,1.1r,,, !) ' t '  at lcl vice versa' l t

is  eas i ly  checked that  these are inverses of  each other  and thus are

iso nrorohisms.

I . l7  Theorem dinr (F,,,1I',,,") : dim 1l,1.

The proof  is  based on the fo l lorv ins ca lcu l t rs  len in la  [31] .

Lemma If g is of class c^ (k ) 2) ott Q conl 'ex open tet Li abctut p in 
' , ' ' t

then for each c1 e U.

( 1 )  g ( q )  :  g (  p )

+ I ( ' ' tq) -  r ' ' (  P))(r '
t , i

In purt iculur, i f  g e C' ,  thert t l te
element o.f Fr' since the intesral as

-  r . , (  p ) )

, ' 1  A t s  I
( t i  r -  r ' t p ) ) l  t l  -  t )  - - - i -  l ,  , l t .'  

. ' , ,  A r ,  0 r  ,  
'  
,  1 ,  .  , , , 1  1 . t ,

set 'ond sununot iot t  r i r  ( l )  c letert t t ines an

ct function of q i.s ttf t'la'ss C' '

"  2 o  I
+ > ;e |  (r ' , tq )

; : r O l ' i 1 1 ,
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pRooF or 1.17 Let (U,?) be a coordinate syst{-n] about nr n' i th co-

o rd ina te  func t tons  . r1  1 .  : . r d  @:d imM) .  Le t  f  r=F , , , '  APPIy

( 1) to .f  " ,?- ' ,  and compose u' i th g to obtain

^  _ l' ,  
d I  t  " .  

' t  L

f  :2 !+ I  ( t ,  -  r , ( r r r ) )  +  :  ( r ,  -  r , tn r ) ) ( .x ,  -  -x , (n r ) ) f t
t : r  O f t  ] ; { , 2 )  t . )

on a neighborhood of nl ,  rvhere h € C' ' .  Thus

f  :  io r  { '  ' i - ' t  
i  ( * ,  -  x , (m))  mod F, , , r .

r7t  A, ' ,  l ; ( , , , t

Hence  [ t t ,  -  x , (m) . , i : i :  1 , . . . , d ]  spans  F , , t ' F , , ' .  Consequen t l y
dim F,,,f F,,,2 < d. We clairn that these elements are linearly independent.
For suppose that

t i

I  n , (* ,  -  x , (m))  €  F, , , t .

Now,
,  I  r l

)  t r , ( x ,  -  i , ( n i ) )  ' . - '  :  )  , r , ( r ' ,  -  r , ( ' p ( i i t ) ) ) .
; l t l

Thus
Ll

)  r r , ( r ,  -  r , (9 (m)) ) .  F ,7 , , , , ,  .

But th is impl ies that

3 l  ( \  , i , 1 r ' ,  -  r , l ' t t r r r ) ) )  :  r r
dr  ,  l  r t , , , , ' -

forT :  l ,  .  ,  r / ,  rvh ich impl ies that  the n,  nrus l  a l l  be zero.

Corollary dint M,,,:  dim ,V.

1.18 In practice r. l 'e wil l  treat tangent vectors as operating on lunctions
rather than on their germs. l f  /  is a di l lerentiable f unction det' ined on a
neighborhood of nt, and L) e M,,1, rve define

( l )  r ( . 1 ) :  t ( f ) .

Thus r '(.1') :  t  (g) whenever f and c agree on a neighborhood of rzr, and
clearl,v

, '(J * )g) : r (.1; f  I ' r  (,q) (2 ..  " 7,( 2 1
t ( f  '  g)  : .1 ' ( r r r ) r ' (g)  *  g(nt ) r1J ) ,

*here f + )"5 and f 
'  g are defined on the intersectron of the domains of

definit ion of /  and g.

1.19 Definit ion Let (U,:! be a coordinate s,\stem with coordinate
f u n c t i o n s  - \ - r ,  , . r , r , a n d l e t  r n e U .  F o r  e a c h  i  e  ( 1 , . . . , d ) ,  r , r e  d e f i n e
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a tangent vector (

( 1 )

for each function
as the directional
use the notation

(2 )

0 iAx,

,f *h
deriv

)l,n e M,,, bv setting

,  a  I  ,  7 t f  ' t - ' )
l : '  l r / ) : -t  d , \ ;  l ,n  '  o  ) ' t  I

ich is C" on a neighborhc,od of nl. We interpret (1)
at ive of l f  al  t1t  in the x,  coordinate ci i rect ion We also

a f  |  , 0 l r
: i  :  l .  l t | l
0.y  t  1 , , ,  

t  o . \ ;  , ,  
'

1.20 Remarks on 1.19

(a) Clearly (1a1a.r,,11,,,)U ) d.p.ntls only on the uernr of-/ at / , / .  and (a.) and

(b)of  L l4  are sat is f ied;  so (a 'd . r ' , )1 , , ,  is  a  tansent  veL ' tor  a t  r t l .  N ' toreover ,

11?rO,x; )1, , , :  i  :  I  r i  I  is  a  bas is  o1 'M, , ,  '  tndeed,  r t  is  the basis  of  M, , ,

dua l  t o  t he  bas i s  l . { * '  -  x ' (m) } :  i  :  1 . ,  . ,  !  d )  o f  1 , , , 1F , , , :  s rnce

- :
* 1  ( r , - . r , ( n r ) ) : d . t
o'\, 1,,,

(b)  I I '  t ,  €  iV, , , ,  then

, ,  :  I , , , r , ,  *  ] , , , ,
Simply check that both si i les give the same results u'hen appl ied to the

tunctions (r, - x,(.rn)).

( " )  Suppose tha t  (L / ,c )  and (V ,y , )  a re  coord ina te :  sys tems about  D7,

w i thcoord ina te func t ions- \ - r ,  , .Y , i  and. t ' r ,  .  .  .  , - i ' , r  respec t ive l -v '  Then

it  fol lows from remark (b) that

a  |  - i d ' , 1  3 l
?. ' ,  1 , , ,  ,u - r0 .v ,1 , , ,  D t ,  1 , , , '

Observe that QlAx) depends on 7 and not only on.I , .  In pttr t icular.

i f  . r ,  were equai to,1,1 ,  i t  rvould not necessal i l ,v fol lo iv that d/O.rr  equals

o lay, .
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( d )

Monifolds

I f  we app ly  Def in i t ion  1  l9  to  the  canon i r :a l

r '1  ,  ,  rd  on  : '1  .  then the  tan ,gent  vec tors  nh ich

other than the ordinar,v partial deril 'ative operators

coord ina te  svs tem
ri .e obtain are none

Qiar i).

l .2 l  Our proof of  the f in i te dimensional i t , ,  of  F, , , , I ' , , , r  certainh la i ls  in the
CA case fo r  l r  (  : r -  s ince  the  renra inder  te rnr  in  the  lenrnra  o f  1  l7  w i l l  no t
be  a  sum o f  p roduc ts  o1 'C i  fL rnc t ions .  and the  le r ln ra  doesn ' t  e ren  make
sense in  the  C1 case.  In  fac t .  i t  tL r rns  ou t  (see  12  1 ] i  tha t  F , , , i  F , , , t  i s  a l * 'a ,vs
inf ini te dir .nensional in t l - re C' i  case 1'or 1 (  k < L,.  fhere i rrL- \ i i l ioLls \ \a\s
to def ine tangent !ectors in the Cr case in orcler that c l inr , \1, , ,  :  dinr . t '1
(a l l  o f  rvh ich  r i ' o rk  in  the  C '  case.  too) .  One *ay  rs  to  c le l ine  a  tangent  \  ec to r
(  a tn t  as  a  n iapp ing  r ih ich  ass igns  to  each f 'unc t ion  (de l inec- l  and d i f le ren t iab le
o f  c lass  C^  on  a  ne ighborhood o f  i r i )  a  rea l  nuntber  r  ( / )  such t i ra t  i f -  ( . .L .21

is  a  coordrna te  svs ten- i  on  a  ne ighbor i rood o f  n r .  t l - rcn  there  er is ts  a  I i s t  o f
real numbers (a, ar) (depending on .p) such t lrt t

Then the space I1 , , ,  t i i ' tz rngent  vectors again turns out  to  be l in i te  d inrensional  .
iv i th  a bas is  { (  0 tE.r , )1 , , ,1  .

1.22 The Differential Let rr, i  ,11 -,\ i  be C' ' .  anci let nr i . ,11. The
diJJ'erential of t1, ut nr is the iinear ntap

dE'. . \1 ,, ,  '  , 'V, {, , ,)

del i rred as fol lo i l 's.  I l  r  . .  , l / , , ,  .  thcrt  r /y (r  )  is to bc a [angent vecl .or a. l  y,(rr t ) .
so \ \ 'e dcscr ibe hori  r t  operates on I 'unct ions. Let,q bc a C" l -r-rnct ion on a
ne iehborhood o1-  y ' ( r r ) .  Det ine  r /y  ( r ) ( ,q )  by  se t t rn -u

(2 ) r i y , ( r ' J ( . ( )  : 1 ( g ,  y ) .

I t  is easily cl iecked that r/y'  is a l inear ntap of , '1' l , , ,  into tr i , , , , ,  .  Str ict l l '
speak ins ,  t h i s  rnap  shou ld  be  deno tec l  t l y ' l  t f  , , , .  o r  s in tp l y  r / y r , , ,  .  Houere r ,  r i , e
omi t  the subscr ip t  l l  w,hen thcre is  no poss ib i l i tv  o l ' ,Jonfus io l t .  The ntap y ,
is  ca l led r to t t - .s in ,qulur  u t  n t  i l -  dr i ' , ,  is  non-s ingular .  that  is .  i f  the kernel  o i  ( l  )
consis ts  of  0  a lonc.  The dt ru l  t t rup

,), l ,  :  , \ ' , l r  , , ,1 - ,  XIl , ,

is  def ined as usual  b l  requi r ing t i ta t

r,(/):  j , , ,4+di
,  I  O t ' ,  l , p l , , , )

( l )

( 3 )

(4)

*'henel'er r,r €

J ' : , ) [ - : ] .  i f  i

( 5 )

r ) i r , ( ru ) ( r ' )  :  t ' t ( c lV( t '  ) )

, \ ' ,*r , , , ,  and r = l f , , ,  .  [n the special  case ol-  a C' l 'unct ion
'  e . \ ( , , ,  and l  l l r ;  :  i 'o .  therr

t t . f  t r1 : ,  (  / )  + I( l  t '  1  r , ,



Tangent Vectors and DiJJerentials 11

In this case. \\'e r-rsltall-v take ctfto n'lean the elen''ent of ' lf*,, defined bl'

(6) clf (r) : t(J \ '

That is,  rve ident i fy cl f  with d/ ' (co),  where,: ' r  is the basis of- the 1-dinrensional

space : l, dual to (t l ldr)\,,,. Particular usage wil i be clear from the context.

1.23 Remarks on 1,22

(a )  Le t  (L , ' . . \ -1  .  .  .  . . r , r )  and
nr  aud y r ( l r )  respec t ive lv .

(  l ' ' .  - t ' r  . i '1)  bc coorr l inate sYstel l ls about

T l ren  i t  fo l lows f ron t  i  .22 \2)  and 1  20(b t tha t

"o (* 1,,,) : j qu# 1,,, * i,,,,,,,
Tlre nratr ix ta(1' , ,y,) id, i ' ; l  is cal lecl  the Jctcobiarr ol ' the n- iap y. '  (w' i t l ' i

respect to the giVen coordinate srstenl) .  For nlaprs betrveen Euclrciean

s D l r ' e s .  t h e  J a e o b i i r n  r i i l l  a l r r a l s  b e  t a k e l r  r i i t h  r e s p c e t  t o  t h e  c a n o n i c a l

coordinate systems.

f i  (U , .Y l  ,  .  , . r o )  i s  i t  coo rd ina te

1ri,1,1,,,) is the basis of .4'1j,  dual to
t irnction. then

(t.f,,,: if I ,/,,1,,,
( c )  c ' l t a i r t  R u l e .  L e t y ' :  M ' n N a n t l t l r ' ,  - x b e c '  m a p s '  T h e r l

r l ( '2 ' t1 ' ) , , , :  dJ' ,  t , , , t  ( / ' ' l ' , ' ,  '

o r  s in tp l r  r / (7  g ' ) :  t l  ' :  t l t i , .  I t  i s  a  tLse l ' r . r l  c : 'e rc ise  to  chcck  the  lo r r l r

t t rat  this equat ion takes r i 'hen t l le maps i i r t r  e\Pf, . 'ssed in terrns o1- thc

ntatr ices obtair led b,r '  choosit tg coordinate s\rstel l ls '

(d )  l l  y , .  M - ' , \ ' and  / :  ' \ ' ' - - '  a rc  C ' .  t l i en  , \9 ' ( / J , t , , , , )  :  t l ( . /  | ' ' ) . , , .  1br

t \r1t \ t1f , , .1, , , t )Q')  :  t tJ ( lv ' ( . r  ))  :  r / ( .1 '  y ' ) , , , ( t  )  rvhenever r  e t \ [ , , ,  '

(e) A C' ntapping o. (u.  b) ,  . t /  is cai lecl  u srr t t t t t th t 'urtc tr t  IL Let

t  e ( .u,  b).  Thel the l (rngcnt yaL' t()r  to lhc ct t iL 'c o r l l  /  is the vt 'ctor

)  
n  ' \1 . , , ,

We shal l  denote the t o  d  i r t  t  b '  o t t )

( b ) systenr on ,I'1, artd m t U. thett

1a1a.t , l , , i .  r t  f .  M *  : .  is  a c ' -

, t ,  ( !
\ .11r '  I  ,

tangent  \  ecto r



i 8 Manifolds

Now.  t f  t ' i s  any  e iement  o f  M, , , ,  then  I  i s  t i l e  tangent  vec tor  to  a

Smooth curve in M. For one can simply choose a coordinate system

(U,g),  centered at l r r ,  for which

. , a  Lt : , 1 , ?  l "  l l
\orr  lo ' /

Then l  i s  the  tangent  vec tor  a t  0  to  the  curve  t  F -+  ?-L( t ,O, .  .  .  ,0 ) .
One should obsen'e that many curves can have the sarne tangent

vector,  and that t \ \ 'o smooth curves o and r tn M for rvhich o(to) :

7(/0) :  nt  have the same tangent vector at lo i f  a.nd only i f

d ( f . o ) l  d ( f . " ) l
, h  J , . : T 1 , .

for al i  funct ions/u'hich are C' on a neighborhood of nl .
I f  o happens to be a cl l rve in the Eucl idean sp,ace ; ." ,  then

(f 1,,,+ l )
a l '  1 , , r

of  : . . " ,  then  we have

ci ( t )  :  l in l
/ r  ' 0

o ( t * h l - o ( t )

Ir

Thus with this identif ication our notion of tangent vector coincides.
in this special case, with the geometric notion of a tangent to a curve
in Euclidean sDace.

1.24 Theorem
into the manifold
conslarlt moP.

PRooF Let

i t  is  open.
(U,  . r t
that  g , (U)  c

o ( r )  : t l * 1 9 \  n  + 4 5  l + l
t l r ' 1 , j t ' r l o , , 1  d r  l r o r n l 6 r t l

lf we identify this tangent vector with the eiement

, i \
0 : c / y ' | .  l :r  o . \ ,  '

Let y, be a C"" nmpping of the cpn4ected- monifold M
,ry. Suppose thot for each nt e lv[, tlyt,,, = 0. T-hen r1,t is a

r rey(M) .  V ,  1 (n)  i s  c losed.  We need on ly  show tha t
For this,  let  m e ty- l (n).  Choose coordinate systems

r,t)  and (L' ,  - t ' ,  , ! ' , . )  about nr and n respect ively,  so
l : .  Then on Li .

* 'h ich impl ies that

d(.1', " gr)

0.t,
,  d ) .
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Thus the functionsy . o !) uraconstant on u. This irnplies that yt(u) : n;

hence ,p-'(n) is open and consequently '[t(n) - M'

we shall now see that in a natural way th.e collection of all tangent

vectors to a differentiable manifold itself forms a differentiable manifold

called the tangent bundle. we have a similar dual object called the cotangent

bundle formed from the linear functionals on the tangent spaces'

1.25 Tangent and Cotangent Bundles Let M be a C- manifold

with differentiabie structure,Z. Let

r(M) -  u M*,
mel l

T*(M)  :  u  ML.
trc1I

There are natural Projections:

( 1 )

(2)

Let (.U,p)e.V with coordinate functions xr, '

R.# and Q't 
.  (rr *)-1(U) - lD 2d by

Q( r ) :  ( x r ( , ' ( u ) ) , .  , . \ d ( " . (u ) ) ,  c l x r (u l , '  '  ' , r / r , , ( u ) )
( 3 )  t  ,  ,  e ' t  I  2  \ \

4 * G ) :  ( r , ( , ' ' * t ' t ) . .  .  \ , i  ( n ' * t r ) ) . ' ( ; .  ) .  ' " ( ^ -  I  I
\  

r \  '  /  t d . \ t /  \ o x , t "

for all u e r-r((J) and. r e (t*)-t(U). Note that I and ii* are both one-to-one

maps onto open subsets of R.zd. The following steps outltne the construction

of a topology and a differentiable structure on T',(M). The construction for

T*(M) goes iimitarty. The proofs are left as exercises'

(a) If ((/,9) and (V,'il e .V . then Q ' 79-r is C" '

(b)  The co l lect ion {9-1(W):  W open in  
' ' : ' td ' , (U 'q)e9}  forms a

basis for a topoiogy on f1M) which makes T(M) into a 2d-

dimensional, seiond countable, locally Euclidean space.

(c) Let .F be the maximal collection, with respect to 1.4(b), containing

{(" ' - t (  U) ,  7P)  :  (U,?)  e 'q  l '

Then,F is a differentiable structure on T(M)'

rw) and T*(M) with these differentiable structurer; are called respectively

the tang'ent bundle and the cotangent bundle. It \\'ill sometimes be convenient

to writi the points of T(M) as pairs (rr,r.') wher e tnE II and u t= M* (and

similarly for T*(M)).

r :  T(M) * M, rr( .u)

n* :  T* (M)  -  M,  n* ( r )

u e NI ,, ,

r  e  NI l , .

,  xd,. Define 79: tr-r(U) --

: ffl ti

: m  i f



1.261 Higher order Tangent Vectors and Differentials lt is usefui

to look al M,,, as (F,,,fF,,,2;;, for this point of vievr allorvs an immediate

generalization to higher ord.er tangent vectors. We digress for a moment

to sive these definitions.
"Recall 

that F,,, is the algebra of germs of functi.ns at nt. F,,'1 ,F,,, iS

the ideal of germs vanishing atnt, and F,,o (k an integer ) 1) is the ideal of

F,,, consist ing of al l  f inite l inear combinations of k-foltd products of elements

of F,,.
The vector space F,,,f F|; l is called the space of kth order diJl"erentials at m,

and we denote i tby kM,,,." At b.fote, f  denotes the eerm of J'at r iz, and { }

wil ldenote cosets in F,,, lF1;,, '  1. Let/be a dlfferentiable function on a neighbor-

hood of m. We dehne the ftth order clifferentiul d'f of J at nt by

20 Manifulds

lf y'. M ---- /{ is a C'
of the tangent bundles

(4)

where dy.t(m,t:) : dY''^(.u)
is a C" rnap.

(2)

mao. then the differential of rp defines a mapping

dv: T(M) -* f(/{),

whenever t) e M t, It is easily checked that (4)

( 1 ) dt '1':  {f  - f(m)}.

A kth orjer tangent L'ector at m is a real lir"rear functiotl ot-t F,,, I 'anishing

on Ff;-r  and vanishing also on the set of  gernts t t f  l -unct ions constant on a

neighborhood of nr.  The real l incar space of Ath order tangent vectors at

nr rv i l l  be depoted by l l l ,ut ' .  W'e have a naturai  iderrt i f icat ion of ,L[ , , , r ' * ' i th

1.r tr1 , , , )*  s ince any kth orcler tangent vector restr ictet i  Lo F,, ,  y ields a l inear

func t ion  on  F , , ,  i ' an ish ing  on  FA; r .  and l ience f  ie lds  a t t  e len ten t  o l  1^M, ,1* ' ;

and conversely an elentent of (r tU,, ,)x uniqucl l '  deternl ines a l incar funct ion

on F,n vanishing on,Ff|1,  ancl  this extends uniqtrely to a / t th order tangent

vector by requir ing i t  to annihr late gernls of constanl fLlnct ions.

We can t ie up this not ion of higher order tangent vector i i ' i th the usual

not ion of higher order derivat ive in Eucl idean space b1'  looking at the forms

that these tangent vectors and di f ferent ials take in t t  coordinate sYstenl.

Let (L ' , ,1) be a coordinate svstem about i rz w' i th coordinate funct ions

- r1 ,  , , r ,  such  tha t  'p (U)  i s  a  convex  open se t  i t t  Euc l idean space

L e t  e :  ( v . r , . . , ,  r , , )  b e  a  l i s t  o f  n o n - n e g a t i v e  i n l e g e r s .  I n  a d d i t i o n  t o

our convent ions of 1.1 .  lve let

( . r  - . r (m) ) ' :  ( . r ,  -  x r (m) ) "  " ' ( . t ,  -  - r , , (n r ) ) " '

Le t f  be  a  C-  func t ion  on  U.  Then i t  fo l lo i i s  f rom the  lemma c ' f  i .17 .  tha t

f  The r-r.raterial of this section *i l l  not be r-rsed else*here in the book, and so i t  may be

skipped without loss of continuity.
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C' functions on U and where

A'(f " 
'?-t)

Aro

2T

where the fto are

(3 )

Hence

(4)

Thus the coliection

(5)

( 8 )

is thc
vector

(e)
where

(10)

In terms of the

( 1 1 )

d ' J  Q ) :  1 : ( f ) .

a ' " f  I  o ' \ f  ? ' ) l- l  : - _ - - i

?. r  '  1 , , ,  d  r '  l r ,  , , , ,

1

*  
a l

d*"f :
1 < [ a ] < l '

[ t ( *  -  x ( m ) ) ' ] :  I  <  [ z ]  (  A ]

spans rM,,,.  The proof that these elements are l inearly independent in
kM,,, is the obvious generalization of the proof for the case k : 2 rvhich was
treated in 1. t7, Thus the collection (5) forms a basis of LtrI,n. Consequently
kM,,, is frtittz dintensional u'ith dimension equai to the binomial coeflicient

k  t , l t  t - - l \

:  ( " '  t , '  
l  A t  t h e  d u a l  s p a c e  o f k M , , , ,  M , , , / '  i s a l s o  l i n i t e  d i m e n s i o n a l

; - 1  \  /

with the sarne d imension.  S ince, l l ,nr ' is  ident i f ied u i th  1" ,11, , , ) * .  and these
spaces are f inite dimensional, we have a canonical isomorphism of 4I1,,,  with
(M, ,k)* ,unc ler  which the e lement  of  d t f  e  ̂ AI , , , ,  considered as an e lement
of (.tr[ , , ,k1* , satisf ies

(6)

Let

(7)

Since t l ie  der iva t ive  is  l inear .  and s ince  t l ' Le  va lue  o f  d ' . , f i0 r 'a t  rn  depends
only on the gernr of f  at  rr  and r,anishes i f  /  is constant on a ne ightrorhood
of nr or i f / is an [z]  *  1-fold prodirct  o1' fr" inct ions rvhich vanish at r i r .  then
(0' l0x' ' )  1, , ,  is an [z] th order tangent lector at nr.  l t  fo l lorvs that

l ( i )#1, , , , . r , r  </ .1
basis c, f  M , , ,k dual to the basis (5) of  k M , , , . .  l f  l  is r l  kth ordcr tangent
at r l  ,  then

A' A: I
i ) :  \  I  "  I-  

L ' r  r  , I  
'

[ ' ] : r  0X* 1,,

(i),rr,,h -
t ' z  - -  x(m)) ' )

bas i s  (81 ,  equa t i on  ( . l t becomes

r a ' f l
( l f  -

at  0x '1 , , ,



As in the case of frrst order tangent vectors, we customarily think of

tangent vectors 
", 

;;;";irg on the Tunctions thems;elves rather than their

germs; indeed, we define

22 Manifolds

(12) ut l  )  :  r ' ( f )

whenever f is c.' on a neighborhood. of nt and u is a tangent vector of any

order at zn.
Finaily, just as there are natural mappings of tangent vectors and differen-

tials associated with a differentiable map- g'. M * N, so are there linear

mappings

d r? ' .  M , , , ^  *  N f t , , i ,

dr 'p :  rNrr 
,n) -  kM 

,,

d A 7 ( r ) ( g ) : t ( g " ' ) .

r)t,p(r/r.q) - ik(g ,, ,p)

(  13 )

defined by

(14 )

rvhenever L' e M,,,k and g is a C' fr-rnction on a neighborhood of 9(nl) '

I t  is easily checked ttrat j t+; does indeecl <lefine the mappings (13) and that

the nrappings , l^? and dag are dLral '

our delinitron of a {rrst order tanqent Vector in this sectiorr agrees lvith

D e f i n i t i o n l . l 4 i n v i e w , o | L e n r n l a l . l 6 . l v l o r e o r e r . w e h a v e s e e n t h r e e
interpretations of the first oriier clifferential rtf of a |unction /; the inter-

pretat ion (13)  aurees $ i th  our  or ig ina l  c le f in i t ion 1.22(1) ,  the in terpretat ion

iO; ugr"., wittr i .ZZ1O)' and *e have the addit ional interpretatir:n ( l) '

SUBMANIFOLDS, DIFFEOMORPHISMS, AND THE

INVERSE FUNCTION THEOREM

1.27 Definitions Let iP: r1'1 ' 'V be C" '

an imrtrcrsion il dy',,, is non-singular I'or each nt e' M'

pair (M .y) ts a suhtttort i fotd of A i i  y is a trne-to-one inrmersion'

V) is an intbeddittg it y'

homeomorphisrn into;

the  re la t i ve  toPo logr .

(d) tp is a chJfeomorphisnr if V'j maps M one-to-one onto ly' and rp'-1

i s  C ' .

1.28 Remarks on 1.27 One can, for erample' immerse the real

l ine :, .  into the plane, as i l lustrated in the fol lorving f igure, so that the f irst

case is an imnrersion whicir is not a sLibmanifold. th':  second is a subrnanifold

which is not an imbedding, and the third is an imbedding'

( a ) tl) lS

The(b)

(c) is  a one-to-one intmersion rvhich is also a

that is.  r1 is open r ls a map into 9(M) with



/"'

Submanifo ld s, D iJJ'e omor p hi sms, Inu er s e Fun c t ion T heo r em L J

\\ ,

Immersion,
but not a Submanifold

Submanifold,
bu t  no t  an  Imbedd ing

Imbedd ing

Observe that i f  (U,,?) is a coordinate systern, therl Qt U -+ 9(U) is a

diffeomorphism.
The composition of diffeomorphisms is again a ditfeomorphism. Thus

the relation of being diffeomorphic is an equivaience relation on the collec-

t ion of differentiable manifolds. l t  is quite possible for a locally Euclidean
space to possess dist inct differentiable structures whicl i  are diffeomorphic.
(See Exercise 2.) In a remarkable paper, Milnor sho'wed the existence of
locally Euclidean spaces (S? is an exantple) which possess non-diffeolnorphic

differentiable structures [9]. There are also locally Euclidean spaces which

possess no differentiable structures at al l  [14].
If  rp is a diffeomorphism, then r/t7', , ,  is an tsomorphism since both

(dV. rtr l  t)1,,r, ,r and (cly r ' .  dy)1,,,  are the identit l '  transformations' The
inverse function theorenr gives us a local con!erse of this-lrhenever r/y,,,
is an isontorphism, rp is a diffeomorphisnr on a neighborhood of iru. Before
we recall  the precise statentent of the inverse fr,rnction thcorenr. i ie give a
definit ion which wil l  be needed in the corol laries.

1.29 Definit ion A set J'r,  .  .  . . i ' r  of C' t 'unctiotts defrned on some
neighborhood of nt in Ll is called an indepenclent .\et at nt if the differentials
dy r , . . .  , dy i  f o rm an  i ndependen t  se t  i n  r l 1 ) .

1.30 Inverse Function Theorem Let (J c: ':a be open. und let

f: Lr * p3 be C'. If the Jacobian matrix

l a "  ' f  \
I  d r ,  I . .  '  . .

is non-singular at roe (J, then there exisls ot1 open sel ,' with roe V c- (i

such that f I V rnaps V one-to-one onto the open se t f (V.). ancl (J V) 1 is C' .

This is one of the results we shal l  assume l iom adl 'anced calculus. For

a proof,  we refer the reader,  for example, to [31] or [6] ,



Corollary (a) Assume that !)t  M-*/y' is C' '  that me M' and lhat

drlt'. M,^- 1Y-01,,) is an isomorph'isnt' Then there is a neighborhood U of m

such tiat tp: (J---> y(tJ) is a difi'eomorphism onto the o,,en set y'({}'1in N.

pRooF Observethat dim M : dimN, say d. Chc'ose coordinate SyStemS

( l / ,g)  about  nt  and ( .W,r)  about  r7 ' (nz)  wi th  g: (V)  c  W'  Let '1@):  p

)nd"r(rp(ni): q. The differential of the map 7 c 1+) a Q-t |  '712) is

non-singular at-p. Thus the inverse function theorem yiekls a diff-eo-

morph ism o ,  A 'a (d )  on  ane ighborhood  C  o f  p  w i th  Cc  ? (V ) '

Then z-1 c a. a g is the required cliffeomorphisrnL on the neighborhood

11 : q,-t(A) of m.

a A Manifolds

Corollary (b) Sttppose that dint M : rl and that -)'r' ' '

independe:nt set of functions at nro e M. Then tJrc fttnctiorts )t'

a coorclinate svslenr on a neighborhood of nro '

PRooF Suppose that the vi are defined on the open set

t t lo.  Def ine U':  l ' '  *  -- ' t  
b-r

y , ( n t )  : ( l r ( n r ) ,  .  .  . , 1 ' o ( r u ) )  Q t t  e  U ) .

Then rp  i s  C- .  No i l 'dy '  i s  a t r  i somorph ism on l . r : ; { , , ,0 , )x  s ince

d 1 . t 1 t l r , \ :  t l l r ,  Y ' ) :  d l

rvh ich  inp l ies  tha t  dy ,1 , , i , , , , , ;  takes  a  bas is  to  a  bas is '  Conse:quent l r "  the

d i f fe ren t ia l  r / y , , , ,0  (wh ic t - t  i i  t t ' te  dua l  o f  dV ' lu r , ,o r ) i s  an  isonorph isn '  So

the inverse funi t ion theorem impl ies that rp is a di f f -eornolphism on a

n e i g h b o r h o o d , V c L l o f n t o . a n c ] c o n s e q u e n t l y l , l r e f u n c t i o l s - } . r ' , - } ' a
yieid a coordinate system *hen restr icted to I , ' '

Coro l la ry  (c )  Suppose rha t  d im M :  c l  and thar  l t , ' ' '  ' /1 '  v ' i th  I  <  d '

is an indipenclent set'of functions at m. Then thet'form part of a coordinate

systent on a neighborhood of nt.

' ' )'rt ls an

" ' ' ! - a f o r n t

{,/ containing
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CorollarY (d) Ler
f  ^ r  - .

S t l r | e C I l t ' e .  L e t  ' \ t  '

of ty(nt). Then xr ' ' Y'
nei,qhborhootl of nt.

PROoF The fact that

, ) 9  , . , , ,  ,  i s  i r r j e e  t i r . e

independent  a t  / r l  s lnce

Coro l la ry  (c ) .

CorollarY (e) SuPPosc tlnt .t '

neisJ$orlnocl ttf nt such tltat tlrcir

t', fonns a coordinate sl'stetn 0n 0

pRooF Let (L'.  ' !r .  '  'v,,) be a coordinate systetn about m Then

{ , / . r ' r . .  . . . d ) ' , . r / - \ 1 '  , ' a t r i  spans  M: "  Choose  d  -  I  o f  t he  ' x t

so  tha t  l c t y r . . '  , c l y r , ' l x r , .  "  ' ' 1x , ' , - , ' j ' i s  a  bas i s  o l  M f ' '  Then  app iy

Coro l larY (b) '

y,: llf - N be C' ' atrd assrnne that cly:" !l'[ "' 
* '\urr"l is.

'. 
, 
", form a coorclitnte sNstem 0.t1 s0n1e neigltborhood

. . . ' .-t, '  y fornt part ttf a cottrt l irrute systell l  otl sottle

dg,, , ,  1s sLlr ject ive lnlpl ies that the duai map

T h u s  t h e  f u n c t t o r t s  { ' ' , ' V ' :  i :  1 '  '  "  '  / }  a r e

)r1,(c/ .r , )  :  r / ( . r ,  "  r7. ' )  l -he claini  now fol lows from

r 1 r ) 'r ,  is rt set of C' funct[.otts on a

itiilrrni,ii),ts 'sltctrt^rll,' ' 
'l-hen a 'subset of the

neighborhttod ttJ trt'

CorollarY (f)
in ject i re.  Lct

y (rrr) .  
- l ' i tct t  ct

ne ighborhood

PRooF SimPlv choose :r subset

'111, . anci aPPl) '  Corol lar,v (b) '
u'hose differentitr ls 1'ornr a basis of

Let ty ' .  , \ [  - t  i l  be C'.  ancl  asstune t lul t  t ly" NI" '  ' { t " ' i  l r

.y1 . . . , x, J'ortrt tt t 'ttordittute sl'\tenl ttrr a neighbt'rhttod of

,,,b.rr, ,,1 tliti f,,rtr,riorii l 'r, 
' yi', fttrnts tt ct'ttrdittate s'1"\tettI 0tl u

of rtt. I,i pnrtir,,lur. y' i r ()tte-t()-one rttr a neighhorlntttl ' oJ nt

p R O O F T h e l ' a c t t h a t r / g , , , , r s i r r j e c t i r c i r n p l i c s t l t a t ' ) V ' i , , . , , , , ) l s ! u r J e e t l v e '

T h i s  i n r p l r e s  t h a t  l t l ( ' r ,  r 1 ' )  : ) y r ( r 1 r ' ) " i : 1 "  ' ' k l  s p a n s  t r ' l : '

Th is  coro l ia rv  then {o l lo r i ' s  t ronr  Coro l la ry  (e ) '

1 .31  The s t tua t ron  o f ie t r  a r ises  tha t  one has  a  C- '  n lapprng '  sav  7"  o f  i t

man i fo ld .  ] \  rn to  a  man i fo ld ,1 ,1  t 'ac to r ing  th rough a  subnan i fo ld  (P '7 )  o f '

i l t  That  i s .  p (A )  c  7 (P) .  r ihence there  is  a  un tque l r  de f lnec l  mapprns  y ro

of N into P such that '7 '  t i '0 :  r l '  Thc problenr is:  Whe-n is y ' 'o of c lass C' ' l

T h i s i s c e r t a i r r l y n o t a l l r ' a y s t l r e c a s e . e s a n e x a n l p l e . l e t , \ a n d P b o t l r b e t h e
rea l  l ine .  a 'c i  le t  t r4  be  ihe  p lane.  Le t  ( -  . y ' )  i l nc l  (  "  ,? )  bo th  be  f igure-8

subntan i fo lc ls  r i , i th  p rec ise l l ' the  sarne  ln lage sc ts .  bu t .$ i th  the  d i f fe rence tha t

a s  r  ,  * : x , y r ( / ) a p p r o a c h c s  t h e  i n t e r s e c t i o n  a l o n g  t h e  h o r i z o n t a l  d i r e c t i o n '

but 7(/)approach.r 'o lons the Vert ical  S-t lpp:Y atso 1lr1t .v ' (0)  
:  ?(0) :  0 '

T h e n  y , , ,  r s  n o t  e v e n  c o n t i n t r o u s  s i n c e  u o  
t ( i 1 ' 1 ) c o n s i s t s  o f  t h e  o r i g i n  p l u s

tnvo open sets of the lbrm (t ,* 'r-), ( - r: ' - -r') for sonre z' ) 0'
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1,32 Theorem Suppose that y: N -, M is C*,
of M, and that y,t factors through (p,?), that is,
injectit:e, there is a uniqtte mapping go of N into p

that (P,9) is a submanifold
E(N) c  7Q).  S ince g is
s r t c h t h a t  g . V o : g .

\
1to

tyo is C" if it is continuous.

rp, is continuous if r2 is on imbedding.

Another important case in which gn is continuolls occurs when (p,,p)
an integral manifold of an involutive distr ibution on M, as we shall  see
1 . 6 2 .

pRooF Result  (b) is obvious. so assume that y,o is contrnuous. we
prove that i t  is c ' .  I t  suf l rces to show that p can be covered by co-
ordinate systems (U,r)  such that the map r o g.,o restr icted to the open
set rpo- l(( / )  js c" ' .  Let p e p, and let  (v. i )  be a coordinate system on a
neighborhood of 9(p) in Md. Then by Corol lary ( f)  of  I  .30 there exists a
project ion zr of  r i .d onto a sui table subspace (obtained by sett ing certain
of the coordinate funct ions equal to 0) such that the map r :  n a  ̂ i ,  .  ?
yields a coordinate,system on a neighborhood L'  of  p.  Then

r  o  ! ) o  I  p o - t ( U )  : , r r  a  I , o  ? .  y t r l y t o  r ( J )

' 7, . Ip I ,po-,(/),
which is C-.

1.33 Further Remarks on Submanifolds Submanifolds (,A/r,9.) and
(i/r,?.) of M wil l  be called eqrit .alent i f  there exists a diffeomorphism
a: 16 ' AI, such that c1 : ?z ,. s..

i/t

, { \

_1,
\ P o

(4.)

(b )

is
in

Y 1 M

t
je .

A"

This is an equivalence
Each equivalence class
where A is a subset of
m a p i :  A - r M i s a C "

relation on the coilection of all submanifolds of M.
4 has a unique representative of the lbrm (A,i)

M with a manifold structure such that the inclusion
immersion. Namely, if (.4/,g,t is any representative
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of 4, then the subset A of M must be 9(N) We induce a manifold structure

on.4 by requiring 9: N-' l -9 
b:t. i i fto*orphism' 

rNith this manifold

structure, (,4,r) is a submanifold of M equivalen! 1o..t-V'11' 
This is the only

manifold structure on.4 with the properiy that (l,i) is erluivalent to (/f.'p);

lhus this is the unique such representative of -f 
'

The conclusion of some theorems in the following sectlons state that there

exist unique submanifolds satisfying certain condrtions' Uniqueness means

u p t o e q u i v a l e n c e a s d e f i n e d a b o v e . I n p a r t i c u l a r , i f t h e s u b m a n i f o l d s o f
M a r e v i e w e d a s s u b s e t s A c M w i t h m a n i f o l d s t r u c t u r e s f o r w i r i c h t h e

inclusion maps are C- immersions, then uniqueness. m:ans unique subset

with unique second countable locally Euclidean topology and unique

differentiable structure,
I n t h e c a s e o f a s u b m a n i f o l d ( l , i ) o f M r v h e r e i i s t h e i n c l u s i o n m a p ,

w e s h a l l o f t e n d r o p t h e i a n d s i m p l y s p e a k o f t h e s u b m a n i f o l d ' { c M .
L e t A b e a s u b s e t o f M , T h e n g e n e r a l l y t h e r e i ' - n 9 ] : a u n i q u e r n a n i f o l d

structure on ,4 such that (A,l) is a submanifol d of M, i{ there is one at all'

For example, the Oiagrami in 1.31 i l lustrate two dist inct 'ranifold structures

on the figure-g ln thJ plane, each of which makes the ligure-8 together with

t h e i n c l u s i o n m a p a s u b m a n i f o l d ' o f E ' 2 ' H o w e v e r ' w e h a v e t h e f o l l o w i n g
two uniqueness theorems which involve cond.itions on the topology on A.

(a) Let M be adifferentiablemanifolcland A a subset o,f M' Fix a topology

o n A . T h e n t h e r e i s a t m o s t o n e c l i J f e r e n t i a b l e s t r u c t u r e o n A s u c h t h a t
(A,i) is a submanifold of M, where i is the inclusion rnap'

(b) Again let A be a subset of M. If in the relatit:tt topologl', A hos a dilferen-

tiable structure such that (A,i') is a subntanifold o'f ,M' 
then A has a

uniquemanifoldstructure(thatis,uniquesecolt!count'sblelocallyEuclidean
topotogy together v,ith a unique difierentiable struc*re) such that (A,i)

is a submanifold of M

we leave these to the reader as exercises. Result t.a) folllws from an applica-

t ion of Theorem 1.32. Result (b) depends strongly on ol lr assumption that

manifolds are second countable, and for its proof you will need to use the

proposition in Exercise 6 in add'ition to Theorem 1'32'

1,34 Slices Suppose that (U,9) is a coor<linate system on M with

coord.inate functlons Ir' . , x,t, and that c is an inte'ger' 0 1c ! d' Let

a e q(U), and let

( l )  . S :  { ?  e I t :  x , ( q ) :  r i \ a ) , i :  c  *  l "  '  " d } '

The subspace ^S of M together with the coordinate system

( 2 )  { x ,  l s :  i : t , " ' , c }

forms a manifold rvhich is a submanifold of M called a slice of the coordinate

system {U,q)'
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1.35 Proposition Let yt'. M" - Nd be an immersion, and let m e M.
Then there exists a cubic-cenrered coordinate svstent (v,g) about ytQn) and a
neighborhood Lr of m such that y I u is i :l and y(Lt',t is a slice o.f (r',.p).

PRooF Let (14/,r) be a centered coordinate system about rl.,Qn) ivith
coordinate functions -vl,  ,),ct. By Corollary (f) of 1.30 we can
renumber the coordinate functions so that

* . u + - . (

{x , }  on

Ior some constants ar; .  Bl corol lary (b) of I .30thc {,r,} forrn a coordinate
system on a neighborhood of ry(ni. Let t/  be a neighborrrood <tf y,(nt)
on which the -r, -r, , ,  forni a cubic coorcl inare svstem. Denote the
corresponding coordinate ntap b,v ? Let N =,= 11t-t1l,1a V,. Then
U and (V,?) are the required neiehborhood and .-oordinate system.

( l )  i  :  r ic  c 7 o I ,p

is a coordinate map on a neighborhood V' of rr rvhere r i . :
is projection on the first c coordinates. Deline functions
(r ,  o  , ) - ' ( iV ' ) )  by set t ing

( y ' ,  ( i : ] , . . . , c )
(2) .r,  :  { '  

'

l l r -  Y r a l P a i - I " T r o r  ( i : i '  +  i . .  . . , d ) .

The functions {x,} are independent at V@i, sinct: at p(m),

( d : ' ,  ( i : l , . , . , c )
. l

r  { l  . / v  -\ J '  ( r ' l i  -  
l r t l , r + l a , d t 1  ( i :  c  +  1 , .  . . , d )
|  . _ ,
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We emphasize that this proposition only says that there is a neighborhood-

LI of nt sr-rch that r7r(U) is u sii.. o1- the coord.inarte system (V,':).\. Even if

\M"V,) is a submaniiold of ,V, i t  mav u'el1 be that r1,(M) n I: '  is far l ' rom being

a slrce or even a unlon of sl ices. For an exanrpie. consider again the f igure-8

submanifold of the plane:

U
,  _  I  _ _ _

' m M : - L

Howeler ,  in  the  case tha t  ( t r I , y t )  i s  an  in lbedded submani tb ld ,  the  coord ina te

system ( lr ' , ,?) can be chosen so that al t  of  y\ I ' l )  o I"  is a sinqle sl ice of L ' '

L e t  u s  n o u ' c o n s i d e r  t h e  q u e s t i o n  o t ' t h e  e \ t e ) n t  t o  u h i c h  t h c  s e t  o 1 - C '

funct ions on a manifolc l  deternt ines the set of  C' ' '  f 'unct iot ls on a strbmanifold.

L e t  ( ; ! 1 . a ' )  b e  a  s u b t n a n i f o l c i  o f  I ' .  T h c n .  o 1 - c o t t r s e ,  i f  f  c  C " ( A ) .  t h e n

f  l , l I  i s  a  C '  l -u t re : t ion  o f i  tV .  (N lo re  p rec isc l r ' , l . t l ' i s  a  C '  l -unc t ion  on  M. )

l n g e n e r a l , h o w e v e r , t h e c r o n l . e r s e d o e s n o t h o l d ;  t h a t i s . r l o t a l l C '  f u n c t i o n s

on tr [  ar ise as the restr ict iot ls to t [  ol  C" funct ions on , ' \ ' .  For the con\ ierse

to hold, i t  is necessary ancl suff ic- ient to assume that yr is an imbeddin-e and

tha t  y t (M1 is  c losec l .  We prove the  su f i i c ienc f  in  t i re  lo l lou  ing  propos i t ion ,

and leave the necessit-v as Exercise 1 1 belou' .

1.36 Proposit ion Let y:  . \ I  ,  , \ i  bg ( ln intbedditry sucl t  that , ! \M)

is  c losed in  j \ { .  I f  ge  C" ( . t r4 ) , then t l te re  c . r i . i t . r l fe  C ' ( l / )  suchrhcr t f  c l t  -  
$ .

To  s imp l i f y  no ta t ion ,  ue  sha l l  s lppress  the  rnap V,  and cons ider  M: "N. .

pRooF For each pointp e , [ l  t l tcre exists an , ]pen set O, in /v 'containing

p and an extension of g front O,,  n,U to a C' l 'pnct ion $' ,  on*O1'

One simply has to takc O,,  to be a cubic-cenrtered coordinate neighbor-

hood of p for rvhich M ^ O ,  is a single si ice, and then def ine , i ,  to be the

composit ion of the natural  projectron ol  O,,  onto the sl ice fol lowed by

g. The col lect ion {Or: P € M\j  together n' i th . l /  -  M forns an open

cover  o f  r \ ' .  By  Theorem l .1 l ,  there  ex is ts  a  par t i t ion  o f  un i t l ' { ' , , r } .  w i th

j  :  1 ,2 ,  . . ,  suborc l ina te  to  th is  cover .  Ta l ie  the  subsequ, lnce  (nh ich

we shal l  cont inue to denote bl '  { f  , i )  such th:t t  st ipp ' r i  ^ r t [  + / .  For

each such/ ,  rve  can choose a  po in t  p ,  such tha t  supp ? ,  c  Ou, .  Then

f  : 2  ? i E , i s  a  C -  f u n c t i o n  o n  , \ ' ,  a n d  . f  l . t f  :  g
j



30 Manifolds

IMPLICIT FIJNCTION THEOREMS

From the inverse function theorem we shall obtain two theorems which willprovide us with an extremely useful way of ;proving that certain subsets ofmanifolds are submanifolds. Und,er suitable'condiiions on a d.ifferentiabl.
map, the inverse image of a submanifold of its range wilr be a submanifold
of its domain. We first recall the statement of the classical implicit functioo
theorem. This is simpry a rocal (but somewhiit more expricit) version of thefirst "implicit function" theorem (r.3g) that we shail p'rove for manifords.
we suggest that the reader suppry a proof of r.37 afrer reading 1.3g.

1.37 Implicit Function Theorem Let U c .c''d x Fid be open, and
let f: (/ -- R.d be C.. We denote the cartonical coordinate ,yrrr^ onR. ' -d  x  F,o by(r r ,  .  .  . ,  rc* t j ,  J l , ,  . ,  sa) .  suppose thatat  thepoint  ( ' r r ,srs  e t l

f  (16 ,se) : o,
and that the ntatrix

tu l  I
[  0s; Jr,o, ,o r / i  ,  j . : r ,  .  .  .  r . . l

is non-singttlar. Then there e,xrsts an open neig,hborhooct V of r,, in i-.c d and
an open neighborhood Vl/'of so in .,,t such thot V x Il. c (J, and there exists
a C" nrap g: V ' W'such that for eac,h (p,q) e 1,. x Il

( t ) J ( P , q ) : 0  < : >  q : , q ( p ) .
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T
1.38 Theprsm . Assume that tp'. M' - Nd is tCn, that n is a point of N,\
that P:lp l(n)-is tton-ernpty, and that dy'. M,,, *,Yy.rn,) is surjec:tit'e for all

m e P. Then P has a unique manifold structure such that (P,i) is a submanifold
of M, tt'here i is the inclusion map. Moreocer. i', P'- M is ttctually an
imbedding, end the dimension of P is c - d.

pRooF According to result (b) of 1.33, i t  is sulf,cient to prove that in
the relative topology, P has a differentiabie structure such that (P,i) is
a submanifoldof M of dimension c - d. Fot: this i t  is suff icientto prove
that i f  m€P, then there exists a coordinate system on a neighborhood
LI of m in M for which P ^ U is a single sl ice of the correct dimension.
Let  x , , . . . ,  xo be a coord inate system centered at  n  in .A/ .  Then s ince
dty: M,,,-,  N, is surjective, i t  fol lows from Corollary (d) of 1.30 that
the collection of functions

-  l ,  . . , d j ,

about r t t  e M. Complete to a 0o-
.  .  ,  ! ,  on a nerghborhood U ol  nt ,

this coordinate system given by

- -  t l-  
- t ' 1  

- -  
" '

ln this theorem the inverse image of a point is r ;hown to be a submanifold

as long as the di f ferent ial  is sur ject ive at each point of  the jnverse image.

A point can be thought of as a O-dimer-rsional submanifold.  Wc now general ize

this theorem by proving that under sui table corrdi t ions the inverse inrages

of higher dimensional submanrfolds are themselvr:s submanifolds.

1.39 Theorem Assume that y ' .  NI *  ly 'd is ( ' ' '  ancl  that l .O' , '2) is a

submanifolct  of  N Suppose thut t rhenet:er In e y '  ' ( ' i (O1).  then

(1) A'u,1,, , r  :  t ly:( ,V,,)  + , l  ' l (O,,  rr , ; , ( , , r i )

(not necessaril.t ' a direcl stttrt). Tht'n iJ' P : y' t(':,(O).1 ancl is non-enu)t)'.

P can be git'en a rnanifold structure so that (P.i ) i.i u subnwnifold qf M, v'here

i is the inclusion map, with

O\ dim M - dim P :  dim l /  -  dinr O.

Moreot:er,,"f to,g) is an intbedrled ubnrunifold. then so is (P.i). and in thi.y

case there is a unique manifold,ttructure on P such that (P.i) is a subntantfulel

0f ,V.

ln  genera l ,  i f  (O,7)  i s  no t  an  rmbedd ing ,  P  need no t  have the  re ia t i ve

topology, and there is no unique manifold structure on P such that (P, i )

is a submanitold.  We leave i t  to the reader to slrpply examples

t . l ' i :  x i ' V "  l

forms part of a coordinate systenr
o r d i n a t e  s y s t e m  J ' r , . . . , , 1 ' , 1  ,  ) , a , t , .
Then P A {/ is preciseiy the sl ice of '
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pRooF The proof wili consist of localiy :reducing this case to the case

of  Theorem 1.38.  Let  pe o.  By Proposi t ion 1.35,  ve can p ick a

neighborhood W of p ind a centered c,oordinate system ( Z,z) with

coordinate functions trl, , -r,, about ,l(./) such that 'p(14l) is the slice

(3)

Let

(4)

So

(5)

Let

(6)

and let

(1)

x c * j : 0  ( j - 1 , . , . , d - c ) .

t  - t r

r r i  "  - +  1 ' ' - :

n ( a ) :  ( Q , * r , .  '  ' , a ) ,

n  , , r (? (W) )  :  { 0 } '

Lr : rlt-'(V),

!)r : 7r . r a !) I U : ft' - ll,.'1-'

Now, (3) through (7) imply that

(8) ?'-t(0) : t1,-r(<P(W)).

For each point r i l  € 11r-t(0). cly.,t l  , l [ , ,  is sr"rr jectir '€ since d(z o

i s  su r jec t i ve  and  s ince  b t ' ( 1 ) . (5 ) ,  and  (7 )

t l(r .  r)( l{r,(, , i)) :  drlr(M,,,) +- t0}

Thus by 1.38, 9,-r( 7(W)) has a unrque nanit 'old struc:ture

(rp-'?9(W)), i  ) is a submanifold of luI: ;and in this manifold

' )  I  { r , , , r

such that
structure,

; t  d  - ,



v-'?t(W)) has
d im,M -  d in - r , \

\ l l ' t :  i : 1 , 2 . 3 ,

(e)

Implici,t

the relative topologY and
* d im O.  Cover  O by

.) oi suc-h sets. Then

v-'(';(l ',))

Function Theorents 33

has dimension eclual to
a countable col lection

't

P : U

I f  i+7 ,  the  submani fo ld t  p - t ( . i ( l ' i ' , ) )  and V- t ( '? (H ' , ) )  in te rsec t  in  open

subsets of each other.  I t  fol lou's that the union of the topologies on t i re

various p t( ' ; (  I7,))  forms a basis for a topology on P. With this topology'

P is a local ly Eucl idean space u' i th dimension equal to dim M -

dirn 1/ *  dim O; and. ntoreover.  P is second countable since (9)

expresses P as a count:rble upion of second countable open subsets.

Tl-re manifold structures on t fue var ious , l - 'k(W',))  are conlpat ible on

over laps  because o f  the  un iqueness  o l ' the  mar l i to ld  s t ruc tu re  on

V, - t ( , : ( t t l , ) )  (o r  anv  open subse io f  r i ,  \ ( , t ( i l ' ' , ) ) )  sLrch  tha t  ( l l '  ' ( ' ; ( l t ; ) ) , i )

i s  a  submani fo ld  o f  M (b ,v  resu l t  (b )  o f  1 .3 j i )  Thus  the  co l lec t ion  o f

coord ina te  svs tems on P conta in ing  the  coord ina te  sys terns  on  t i re

rar ious  v - r ( , i ln . l ) )and nrax in ta l  g i th  respec t  to  l . ' 1 (b )  fo rnrs  a  d i f fe ren-

t iab le  s t ruc tu re  on  P.  That  (P . i )  i s  a  subnran i fo ld  o l  M non ' fo l lows

inrnrediertely fronr the f i rct  that the (V, t( ; (  H;,)) . i ,1 are subnanifolds.

i f  (O,7) is  an  rn tbedd ing .  the  coord ina te  nc ighborhood I ' -  can  be  c ,hosen

smai l  enough so  tha t  7 (O)  O I ' co t ts is ts  on ly  o f  the  s ing lc  s l i ce  ' : ( l l ' ) ,

and  thgs  L i  A  P:  i7 , - r (  '? \ r l ' ) ) .  l t  { 'o l lows in  th is  case tha t  P  has  the

re la t i ve  topo logv :  hence (P . r )  i s  an  in ibedd i r lg .  The un iqueness  o t '  the

rnan i fo ld  s t rL rc tu re  i r r  th is  case is  guaranteed by  res tL l t  (b )  o f  1 .33 .

1 .40  Examples

( a )  T h e  c ' l r l l e r e n t i a l  o f  t h e  f L r n c t i o n  l ( D : , 1 t , , 2 ) i  o t l  I  '  i s  s t r r l e c t i v e

except  a t  the  or ic in .  ThLrs  i t  fo l lo r i s  f ronr  1 .38  tha t  the  sp i re re . f - t ( r ' ) .

lbr a const i . i l t t  r  > 0. has a uniclue nranitblc l  str l lct t l re for rr .hich i t  is a

subntan i fb ld  o f  : : . ' r  unc je r  the  inc lus ion  n lap .  In  par t i cu la r .  th is  i s  the

same man i fo lc - i  s t ruc tu rc  as  the  one c le f ined in  Exar l lp le  1 .5 (d) .

(b) We det ine a map r l ,  f - ronr the general  l inear group Ci l(r / .  )  (Erample

i .5(f))  to the vector space of al l  reai  syntntetr ic d :< t l  matr ices bv

a ( A ) :  A A "

where  , { r  i s  the  t ransDose o f  the  rna t r i x  l .  Le t

O(d)  :  f '  
t (1 )

rvlrere 1 is the cl  x f l  tdcnt i t l '  ntatr ix.  O(r/)  is a sr-rbgroup , t f  Gl(d,--  )

under matr ix ntul t ip l icat ion cal led the orthosontt l  {roup. To apply

1.38 to concrlucle that O(t l )  has a r .rnique rnanrfold structure such that

(O ld) " i )  rs  a  subnran i lo ld  o l  G ld . -  ) .  and tha t  in  t l i i s  man i fo ld  s t ruc-

t r r re  i  i s  an  imbedd ing  and O(d)  has  d in rens ion  i@@ -  1 ) ) '  one
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need only check
suffices to check

o(.t) :

is wel l -del ined for each I  e la.bl .

1.42 Definitions A L,ector Jield X
mapping X: la,b)-- T(M) which l i frs o;

that dyt" is surjective at each o e O(dl, For this, it
that dtp, is surjective, since whenever 6 '= O(d),

v : 9 0 f , ,

where r" (right rranslation by o) is the: diffeomorphisrn of Gl(d,F.)
defined by r"(r) : r6. We leave the deterils to the reader as an exercise.

VECTOR FIELDS

l .4 l  Def ini t ions Smooth curves o: (a,b) n M and their  tangent
vectors r i ( l )  were def ined in 1 23(e).  We say thrat a mapping o: fa,bl  -  M is a
smooth curte in M i t  o extends to be a C' mapping of (c -  €,  b f  e) into
M for some e )  0.  The curve o: [u,b]- .  M is said to be piecew,ise smooth
i f t h e r e e x i s t s  a  p a r t i t i o n  a  :  7 . o (  z - r  (  " '  <  7 . , ,  :  b s u c h t h a t  o  |  1 o , . " , - , J
i s  s m o o t h  f o r  e a c h  i : 0 , . . . , n - 1 .  O b , s e r v e  t h a t  p i e c e w i s e  s m o o t h
curves are necessari ly cont inuous. I l  o:  [a,b]--- . ,  M is a smooth curve in M,
then its tangent vector

,'"(*1,)e |v [  o , , ,

alortg1 a cur l 'e o ' .  [o,b]--  M is a
that is,  n, :  f ,  -  s.  A vector f ie ld

r(M)

X -t--

/'

x(t\
t .," ,/ ,, ',(

.---U--
o\t  )
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Xis called a smooth (C*) vector field along o if the mapping X: [a,b]--
f@) is C-. A uector feld X on an open set U in M is a lifting of U into
T(M), that is, a map X: U-- T(M) such that

r " X: identity map on U.

Again, for the vector field Xto be smooth (C-) means that X = C" (U,f(M)).
The set of smooth vector fields over u forms in the obvious way a vector
space over R. and a module over the ring C*(U) of C- functions on U.
If X is a vector fieid on U and m e U. then X(m) (often denoted X_) is an
element of M*. If/is a C- function on Lr,then X(/) is the function on U
whose value at m is X,^(f).

1.43 Proposition Let X be a L:ector feld on M. Then the following are
equiualent:

(a) X is C-.

(b) ff (U, rr, ,.r;a) is o coordinate ,)stem on M, and if {ctr} is the
collectiort of functions on Lr defned by

d ; l

, \ ' l  u : Z u , i - .
r-=1 O.Y ;

then a, e C- (U).

(c) lY'henet:er V is open in M ond f e C'(V',t. rhen X(;f) e C''(V).

pRooF (a) + (b) The fact that X is smooth implies that X I ff is
smooth; and since the composit ion of dif lerentrable maps is again
differentiable, it follows that dx,. y 

I U is smooth. (Recall thar the
dx,arc coordinate functions onz-*r((/) r:  T(M),1.25(3).) But

d x r "  Y l { J  :  a , '

Hence the a, ate C'' functions on U.

(b) + (c) It suffices to prove that XV) I U e C- tt.U) where
(U, xt,.  .  .  ,  xo) is an arbitrary coordinate system on M for which
U c V. But, by (b),

X ( f t l l . J : \ o , 9 ! - .
i?t 

'?.*,

and the right-hand side is a C- function on ,[/,

(c) + (a) To prove that X is C', i t  suff ices to prove that Xl Uis
C- where (U, xr,.  .  ,  ,  xr) is an arbitrary coordinate system on M.
To prove that X I U is C-, we need only checll that X I U composed with
the canonical coordinate functions 1.25(3) on zr-1(Lrl are C* functions.
N o w ,  x r o r " X l U : . { i  g D d  d x , , y l ( t :  } ! ( x , ) ,  a l l  o f  r v h i c h  a r e  C o
functions on U.
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1.44 Lie Bracket If X and, I are smooth vector fields on M, we define

a vector field [X,f called the Lie bracket of X and Y'by setting

(1) [x,Y]*u): xu,(vfl - 1",,(xf),

1.45 Proposition

(a) lX,Yl is indeed a smooth t ector feld on M '

(b) I.f -f, g € C'(M), then lfX,gYl: fgl)t,Yl + f lxd r -- g( Yf)x'

( c )  IX ,Y l :  - lY ,X ] .

(d) Llx,yl,zl + uY,zl,xl + l lz,xl,Yl: 0 for al l  srnooth Lector

felds X, Y,andZ on M,

We leave the proof as an exercise. Part (d) is known as the Jacobi identity'

A vector tput. with a bilinear operation satisfying (c) and (d) is called a

Lie algebra.

1.46 Definition Let X be a smooth vector field on M' A smooth curve

o in M is an integral utrue of X rf

(1 )  o ( t )  :  X (o ( t  ) )

for each r in the domain o1'o.

1.47 Let X be a C'' vector lleld. on ,&/, and let nt e NL Let us now consider

the question: Does there exist an integrai curve of X through nl '  and if  so,

is there a unique one ?
A curve y :  (a ,b)- '  M is  an in tegra l  curve of  X i iand only  i f

'  '  l \

( r )  a y ( * l  ) : t ( z t ) )  ( r e ( a , b ) ) '
\ c i  r '  l ,  I

Let us interpret this in coordinates. Suppose that 0 e 
^(a'b ')  

ar-rd 7(0) :  77'

Choose a cbordinate systenr ( lJ, ,p) with coordinate funct ions .r t  ,  ,  ' r , r

a b o u t  n r .  B y  1 . 4 3 ( b ) .

( z )  x l ( J : > f , : .
r - r  O f i

rvhere thef,are c, functions on U. Moreover, lor each t such thaty(t) e u.

, , t  l ,  ' , , / ( . r r , / ) l g l
t 3 t  , t y \ ; . i , )  : , > ,  

*  1 , a . ,  1 , , ,

Thus,  in  v iew of  (2)  and (3) ,  equat ion ( l )  becomes

, l  . t r r .  r r \  |  , f  I  ' t  A  I

(4) \ ' i \ j i i - / l  I  -Y- I  :Zf,( ;rr t)- :  I
, t ,  t l r  i ,  D - ,  1 , , , ,  i : r  u ' \ i  t T t r )
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Thr . rs  f  i s  an  in tegra l  c t tne  o f  X  on  , ' - t (U)  i f  and  on ly  i f

, t ^ , ,  I
( 5 )  +  I  :  . f , ,  ? - t ( ) ' , , ( t ) , . . . ,  i , , , ( t ) )  ( i  :  t , . . . '  d  a n d  I  € ) 1 - 1 ( U ) ) ,

d r  l t

where ̂),i : x i a I. Equation (5) is a system of first order ordinarl' differential

equations for r l 'hich there exist tundamental existence and uniqueness
theorems [11] .  These theorems,  *hen t rans lated in to mani fo ld  terminology,
g ive the to l lou ' ing.

1.48 Theorem Ler X be a C' rec'torfelcl on a difl'ere'ntiable nnnifold NL

For euch nt e ,11 there exists a(m) ancl b(ni) in Ll {+ :x\. and o sntooth curt 'e

(  1)  " . '  , , , ' .  (u(nt ) .h(nt ) )  *  L t

such thut

(a) 0 e (aQn).b(nt))  ctnt l  ̂ , ' , , , \0) :  nl .

(b) ^,,,,, i.t tut integrul curre of X.

(c) If p'. (c1l) - M is a sntttLtth t'urt'e .sutisJ.t' ins cttntlitions li.a) and (tt).

then (c, t l )  c (a(nr),b(nr))  unt l  l t  :  ^/ ' , , ,1 k: ,d; .

We cont inLre * i t l - r  the staternent of the theorenr cLfter the fol lorving.

Def ini t ion For each /  € 
- '  

,  * 'e del ine a transtornlat ion X, rvi t f r  domain

( 2 )  ? t : t . m e  M :  t  e  ( . c t ( . r r t ) , b l n t ) ) )

by  se t t ing

( 3 )  X , ( t r t )  :  ^ , ' , , , ( t ) .

(d) For eut:h rn t :l l. there erists ail open neighborhoocl L' of tn und

un e ) 0 slrc/i that the rnup

(1)  ( . r .p )  r -  X , (1 t )

is defned atul  is C'  J i 'Lt t t t  (-r ' , t )  x l '  i t t t t t  M.

(e) (t , is opert for eaclt t .

( f )  l )  l t ,  :  11 .
t . . 0

(gt X,: ?', - 7 t rs a cltJJ'eontorphisttt vith inL'erse 'Y-, '

(h) Let s antl t be real nuntbers. Then the tltnnuitt (,/ X, X, is contttinecl

in hut generallt ' nrtt equal trt '1 
,-,' Httveter' lhe donruirt of X, X,

is. !1 "- ,  in the t ' ( tse in which s artd t  hctt l t  l ture l l te 'sutne sign'  i l loreorer '

on the dornain of X, X, ttc hare

(5) X,,  X,  :  X, .  , '



38 Manifolds

pRooF we let (a(m),b(m)) be the union of all the open intervals
which contain the origin and which arer domains of integral curves of
x satisfying the initiai condition that the origin maps to n. That
(a(m),b(m)) * a (and hence part (f) hotds) follJws from an application
of the fundamental existence theorem [l l ,  rneoneM 4, p. 2g] to the
system 1.47(5). Now if x and p are integral curves of X with domains
the open intervals A andB (with A a B # g),and. i f  a and p have the
same init ial condit ions cr(ro) : p(t) at s,ome point ro e A A B, then the
subset of A o B on which e and B agree is nonempty, open by the basic
unrqueness theorem [ l l ,  ruaonrv 3,  p .2g] ,  and c losed by cont inu i ty ;
and hence this subset is equal to A A B by the connectedness of A ^ B.
It follows that there exists a curve yr, defined on (tt(n),b(m)) and
satisfying parts (a), (b), and (c).

The existence of an e ) 0 and a neighborhood Z of rn such that the
map (4) isdef ined on ( -e,e)  x  z is thecontentof  rsroRn.u 7 on p.  29 of
I l ] .  That the map (4) is smooth (and hence part (d) holds) fol lows
from ruronElt 9 on p. 29 of [11] on the r1ifferentiabi l i ty of the solutions
of 1.47(5) with respecr to their init ial values.

Next we prove part (h). Let t e (aQn),b(ntl). Then s F_+ 2,,n(/ + s)
is an integral curve of x with the init ial condit ion 0 r-+ y,,(t) and with
maximaldomain (o(^) - r,b(m) - t).  I t  fol lows from part (c) that

(6)  (a(m) -  t ,  b(nt )  -  t )  :  (a( ,y , , ( t ) ) ,b( i , , , ( r ) ) l ) ,

and for s in the interval (6),

(7) 1,;, ,1t1(s) : 7,u,(t * s).

Now let rn belong to the domain of X,,. X,. Then I e(a(m),b(.m)) and
s e,(a(7,,r(t)), t t(y,,,(t))),  so by (6), s * t  e,(a(m).h(ln)). Thus nt €'9,_1,
and (5) fol low's from (7). I t  is easy to cc,nstruct examples to show that
the domain of x,. x, is general ly not equal r{) 2,,1. (consider, for
example, the vector f ield 010r, on i i tz - {0} with s - * l  and l:  l .)
I f ,  however, s and I both have the same sign, and if  m E g,_,, that is,
i f  s * t  e (a(rn'),b(rr)), then it  fol lows that t e (a(m),b(mi) '  and, Uy
(6), s e (a(7,,, ,(t '1),b(1,,, ,(t)));  hence rir is in the domain of X, 'o Xr.

Parts (e) and (g) are tr ivial i f  t  :0, so assume that I ) 0 and that
me 9, .  (A s imi lar  argument  wi l l  prove (e)  and (g)  l i  /  <  0. )  I t
fol lows from part (d) and the compactness of [0,r] that there exists
a neighborhood W of ),, , ,([0,1J) and an e ) 0 such that the map (4) is
defined and C'' on (- t,t') x w'. choose a positive integer 

-n 
la,rge

enough so that  t in  e ( - t ,e) .  Let  xr :  Xt t , l  W,  andlet  I ,Vr :  o- r - t (LV) .
Then for i : 2, , tl we inductivelv defLne

q r :  X t i n l  L / , , - ,

W t :  d i - r ( W * t ) .

and
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e, is a c- map on the open set wr-rt w' It follows that w,, is an

open subset of W, that Wn contains lrr (since if X't ,, composed with

itself n times is applied to rn, we obtain y n,(t), which lies in W'), and that

by part (h),

(8) 7 . r  .  7 . 2 o  " ' ,  a , l  W r  :  ) ' , 1  W , , .

Consequent ly ,  W,, -  .? , ;  hence.7,  is  open'  which proves par t  (e) .
Finally, X, is a l : l  map of 9, onto 9-. with inverse X-, '  That

d is C- (similarly for X-,) follorvs from (tl), which locally expresses
X, as a compositron of C'- maps. Hence X, is a diffeomorphism frorn

9 , to 9 -, ,  which proves part (g ) and f inishes Theorem I '48'

1.49 Definit ions A smooth vecror l ieldX on tu[ is complete i f  9r: y

for al l  I  ( that is,  the domain of ^, , , ,  is (-  
"c,"c) 

lor each nt e tr [ ) .  In this

case, the transformations X, form a group of transformations of M para-

metrized by the real numbers called the |-parameter group of X. lf X is not

complete, the transformations X, do not lorm a group since their  domains

depend on l .  In this case, we shal l  refer to the col lect ion of t ransformations

X, as the local |-parameter group of X.

1.50 Remarks A simple example of a non-complete vector f ie ld is

obtained by considering the vector t le ld 0l7rt  on the plane with the or igin

renrovecl.  I f  a t  0,  the domain of the maxinal integral  curve through

(a ,0)  i s  ( - r_ r , *cc ) .  ln  the  case in  rvh ich  the  ma;n i fo ld . t l  i s  cornpac t ,  any

C"'  vector f ie ld on M is contplete. We leave the proof as an exercise.

1.51 Def ini t ion Let y ' :  l l  '  , \  be C'.  A smooth rector f ie ld X along

rp ( that is,  xe cq(M.r(,v))  and 7I f ,  -  
v) har;  local C'  extensions in J{

i f  given m e M there exist  a neighborhood U cf r i r  and a neighborhood

v of ytQn) such that v(L,)  r-  1. . .  and there also exists a c ' '  vector f ie ld x

on Z such that

t . v ,  l U : X l L .

1.52 Remark It is easy to prove that a C' vector f ield X along an

iryglrgry yt: III * A alu,ays has local c' extensions in 1/. Flowever. if

r7., is not an immersion, such extensions generallV do not exist. Consider the

foi lowing example. We shall  f lrst dcl ine a snrooth vector f ield X along a

smooth curve &: i :- + i : : .  rn the real l ine. Let

( l )

( l )

(that rs,

(2 )

L ' \ t  )  :  1 t ,

a": r3 where r  is the canonical  coordinl l te funct ion 6p : : ' ) '  and let

u"(!,1,Y r r \  -  i / t \  -
r  \ ,  /  -  , - \ ,  /  -

)
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d,x.r(- '1) z(;")

d

AT

A
I

I
I

I

r i
)  

' l

I

I

I

I

- * 1L l

Since s is a homeomorphism. there is inclucecl
the abore diagram comnll l tes. Nor. l . ,  X is ,a
Dut X IS nol u srrtooth t;ector felcl on i...t. To

a vector f ie ld ,? on :  r  so that
smooth vector f ie ld along a.,

show this.  let  u :  tB. Th;

( 3 )  i u :  f t , t , t :  X ( r )  :  , , r ( + l \
\ 0 r  l t /

: 4 f l ! 1 ,  - r , , , , / 1  . . , J 1
'  I  |  

-  J r  I  :  ! / /  
-  -  l

t l t ' l , t l l . l r , , ,  , l r l r , .  , l r l , , '
Thus

(.4) 
X : 1,.r r d

d r '
and the funct ion, ' rh  i ,  not  cr i f ferent iabre at  the or ig in .  I I .ue extencr  e to  bea mapping into the plane bv settrn_u
( 5 )  7 ' \ t ) :  ( r " . 0 ) .
and again r 'r 'e ret x(t1: i(r),  then , l '  is a snrooth 'ector 1relc1 arong theone- to-one C'  curve a. in  the pra.e.  u ,h ich acrmi ts  no rocai  c , .  extens ion toa neighborhood of (0,0).

1.53 Proposition Let ,t e .v,t. nrrtl ret x be ct sntrotrt tec,tor Jiercr ott Msuch that X(nt) # 0' Thett therc e.r'is/.i u t,orrclinate .e.t.stent (.u.,p) vithcoorclinate functiotls.rr , . ),t o, u tte ielrbor,,,,,,i' of ,,i ,,ii 'r,t, ,t,o,

(1 )  . \ .  1  u :  *1 ,
PRooF Cjroose a coordinate systent (1, . . r)  :entered at r i l  wi th coord"inateI ' u n c t i o n s , ] , r ,  .  . ,  ) . a , s L r r : h  t h a t

( 2 )  \ - :  a  j
"  t t t  

a . r r l  , ,
I t  fb l lows f ron t  l .4g(d)  rha t  there  er is ts  an  t  )  0
W' of the ongin in 

-: ir -r such that the rnap

o( t .  a ,  u , , )  :  X , ( r - r (O,  e r  ,  ,
is well-defined ancl srnooth for (t, e2, . . , a,,) t_

and a nerghborhood

, 0 a ) )

( - r , u )  x  W c :  - d .



N o w ,

we have

1.54 Defini t ion Let s.  , l [

i rncl  ] 'on rV are cal led ' ' - reluted

Distributions qnd the Frobenitts Theorem A 1
+_ t

; l: : : : - 1  ( ' > 2 ) .
A In.|,,,

oordinate map on some
the coordinate funct ions

d o

Thus
r r e i o l r

of th

o is  non-s ingr t lar  at  the or ig in s ince

, A  |  . ] r  , 2 l t
l : r l ) - Y , , , : - a j  a r r . l  . t ' { .  l l
\?r '  1, ,  |  "  D-l ' r  1, , ,  \di ' i  i t i l

by Coroi lary (a) of  1.30. '?:  o- t  is  a c
borhood LI of m. Let .rr . t , ,  denote

e coord inate svstem (L; . , i .  Then stnce

^ l
, 1 1

, / " { i i  l : X o ( , , , , , ,
t  o  l '  t  1 l  i , t r . ) ,  . . . . t 1  t , )

a
' ?.r,

(,t .

Sn-rooth vector  l ie tds X on t l l

Y . ,l .

F o r  t h r s ,

' , V b e C - ' ,

t l ' d q . X :

1.55 Proposition Let Q: ll4 - h' lte c' . Let X and x, be snnotlt

t'ector Jieltl.s on I'1, antl let Y antl Y, be unortth ret'trtr Jielcls on l{' If X is
,2 - re lu ie , l  t oy , snc l i fX r i . sT - re ln te t l  t o  l ' r . t hen lX . l ' r l i s ' , - re la tec l t o lY .Y t l .

prroor.  We mllst  show t l iat  I ' : ,  [X.-Vr]  :  I f ,  t ' r ]  ' : '

l e t  r r , -  ' l ' 1  and . f  =  C '  ( I i  1 .  Thet t  uc  n lus t  shou ' th t i t

( l ) t l , : ( [X ,X r f  , , , ) ( J  )  :  [ 1 . '  ] ' , 1 ' ; ( , , , ) ( l  ) .

We s inrp lv  un* , inc l  the def in i t ions:

(2) d7(lx.xJ,, ,)( . /  )  :  [ , \ - .rr ] , , , ( /  ?)
:  -Y, , , ( - {1( . /  '?) )  -  Xt , , , (X( . f  '?) )

:  X , , , (1 t l ' i  " f , ) (  l ) )  -  X t l , , ,  ( t d ' : -  X )U  ) )

: x,,,( | 'J I \ ,i) - xrl,,,( Y(.1 \ 't)

-  t l ,2(X, , , ) (  l ' r ( / ) )  -  t l ' i6 r1, , , ) (  f ( .1- ) )

:  ) ' r r , , , t ( l ' L ( l ) )  -  l ' t l r t , , , t  ( l ( / ) )

:  [  ] . .  l , ) ; 1 , , , 1 (_ l  )

DISTRIBUTIONS AND THE FROBENIUS TI{EOREM

1.56 Definit ions Let c be an integer. I  ( r '  (  r/ .  A c-cl iztensionul

c l is ' t r ibur ion. l  on ar l -d imensional  r ran i t 'o ld ;11 is  a  choicc of  a  c-d imensional

subspace ? {nt1 of M,,, I 'or each rr l  i l t  '11. '1 is .strrtt t t t l l  i l '  f 'or each ri l  in ' t l

there is a neighborhood L' of rr i  and there are c rector f ields Xt X, o1'

c lass C'  on L i  which span ' . t  a t  each point  o f 'L ' .  A rector  l le ld  .X-on J ' I  ls

said to belong /o (or l ie in) the distrrbutiot ' t '1 tX e ?) i t 'X,,,  e a\ntl  for each



42 Manifolds

me M. A smooth distribution 7 is called inuolutiL:e (or completely inte-
grable) lf tX,Yl e I whenever X and Y are smooth rector fields lying in g.

1.57 Definition A submanifold (//,ip) of M is an integral manifold
of a distribution I on M if

(1) drp\N ,\ :  , t  (V@)) for each n e N.

1.58 Remarks Our object in this section is to prove that a necessary
and sufficient condition for there to exist integral manifolds of 9 through
each point of M is that li be involutive. Perhaps a word of explanation is
in order about the expression "completely integrable" sometimes used in
place of "involutive." We have required integral manifolds to be submani-
folds whose tangent spaces coincide with the subspaces determined by the
distribution. One could define a rveaker notion ol' integral manifold by
requir ing only that the tangent spaces of the submanifold be contained in
but not necessari ly equal to the distr ibution at each point. I t  is possible for a
distribution I to be "integrable" in the sense that it has low-dimensional
"integral manifolds," but not completely integrable in the sense that i/
does not have integral manifolds of the maximal dimension. For us, unless
specif ied otherwise, integral manifolds of distr ibutions wil l  always be taken
to mean integral manifolds of maximal dimension, that is, as defined in 1.57.

1.59 Proposition Let I te u srnooth clistribution on M such that through
each point of M there passes an integral ntanifold of L Then I is int'olutite.

PRooF Let X and )/ be smooth vector fields lying in 9, and let nt e M.
We must prove that [X, Yl,u e !-t;(nt). Let (N,11,) be an integral manifold
of 9 through *, and suppose that yt(nr\ : nt. Since r/r1,: Nn - a,(y(r))
is an isomorphism at each n in ly', there exist vector fields -t, 7 on l/
such that  

drp,  x  :  x  o , ) ,
( l )  

c l v t " Y -  Y " ! t '

It is easily cheqked that X and V are smooth. By I 55, [.f,7] and
lX,Y) are rp-related. Hence IX,Y),,, :  dy.,([X,l ] , , .) .  9(m).

1.60 Theorem (Frobenius) Let 2 be a c-dintensional, inuolutiue, C-
distribution on M't. Let m e M. Then there e.,r:isls an integral manifold of
.Q passing through m. Indeed, there exists q cubic coordinate system (U,q)
*'hich is centered at m, vt'ith coordinate functions x11 . . . , xo such that the
.slices

( l )  r r : c o n s t a n t  f o r a l i i e { c + 1 , . . . , d I

are integral nnnifolds o"f 9, and if (//,p) is a connected integral manifold
'cf 9 such that y(N)c (J, then q.t(N)lies in one of these slices.
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pRooF We shall prove the existence part of the theorem by induction

on c. For the case c : 1, choose a vector field x lying in I , dehned

on an open neighborhood of nr, such that X(m') # 0. Then Proposition

1.53 yieids a coordinate system (U,g) about rtt, which can be taken to

be cubic  centered. ,  for  which XIU:0 l0xr .  Hence the theorem holds

f o r c : L
Now assume that the theorem holds for c - 1; we prove it for a

distribution I of dimension c. Since I is smooth, there exist smooth

vec to r  f i e l ds  X r  , . . . ,X .  spann ing  I  on  a  ne ighborhood  Z  o f  m '  By

1 .53 ,  t he re  ex i s t s  a  coo rd ina te  sys tem (V , / r ' . . . ' / d )  cen te red  a t  m ,

with I/ c Z, such that

(2)

On Z, let

(3)
,  c) .

Then the  vec tor  f ie lds  Yr , . . . ,  Y ,  a te  independent  C-  vec tor  f ie lds

spanning I in V. Let S be the slice 1r : 0, and let

a
n

I  t r
A t l  v  : ; - '

'  o l r

Y t :  X r ,

Yi:  Xi  *  X,( f t )Xt

( 4 )  Z , :  Y , l  S  ( t

Then since (2) and (3) imply that

( 5 )  r , ( 7 , ) : 6  ( t

the Z, are actualiy vector fields on

q € S, The Z, span a smooth c -

a  - \
_  L ,  ,

- / f I
'  . . / r

. l ;  that is.  Zr(q) e So whenever

I  dirnensional distr ibut ion on S.
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We claim this is involutive. Indeed, the Z, are t-related (inclusion
map of S in M) to the Y,, and therefore, by 1.55, their Lie brackets
are also i-related to the corresponding brackets of the {. But I)/,,Ir],
( i, j> 2), has no component in the I, direction (apply to y, and get 0).
Therefore. there exist C' functions c,jk such that

f r ,  v r  - S ^  v
L r r r r i J  

-  
^ / - ' i j k ' k

t . - t

(7 )  lZ , ,Z i l  : i r , , r l  2 , , .
k :2  l s

This proves that the distribution on S is involutive. By the induction
hypothesis, there exists a centered coordinate system rL'z, . , tt'd;
on some neighborhood of nr in 5 such that the sl ices defined by u', :  con-
stant  for  a l l  i  e  {c  *  1 , . . . !  d ' }  are prec ise ly  the in tegra l  mani fo lds of
the distr ibution spanned by Zr,. .  ,2" on this neighborhood.

The functions

(6 )

on V, and thus

( 1 0 )

on  U;

(  l 1 )

' ! 1  -  Y ]  r

. l i  -  l l  i  ?  / /

( , r  :  1)

( j  : 2 , . . . , . / )

(10) imply that

(8)

where r: V- S is the natural projection in
are defined on sone neighborhood of rr in
and they aU vanish at nr. 'Thus there is a
system (.U,, i l  with the coordinate lunctions
neighborhood U ol rt t .  We now prove that

( 9 )  Y , ( x . * , ) = 0  o n U  ( i : 1 , . . . , c ; , . -  I , d - r ) .

From this i t  fol lows that the vector f ields ?,/0.r1! ,010x, form a
basis for ? ateach point of U, and thus the sl ices (1) are integral mani-
folds of 7.

To prove (9), f irst observe that (8) implies that

. , d ) ,

the 7 coordinate system,
lV[, are independent at nt,
cr"rbic-centered coordi nate
, r r . .  , . r d  on  a  su i tab le

o*, -
o )',

and thus (2) ,  (3) ,  and

t;

so certainly (9) hoids for i  :  l .
r e { 1 ,  . , , , d  -  c } .  B y  ( l l ) ,

o
t -v . \ 1

N o w  l e t  i e { 2 , cj and

( 1 2 ) (y,(- . , - , ))  :  Yt(y,( t , - , . ))  :  [ l ' i ,  ) ' , ] ( -x.+,) '
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The involutivity of 9 implies that there arc Cn

c

( 1 3 )  t y , , y , l  : Z c , o Y r .
k :L

Using (13) ,  (12)  becomes

d c
(14 )  

"  
( ) i ( . r . _ , ) ) :  f  , ' , ^ . I ^ . ( . r .  , )  ( i  : 2 .  .  .

OX:  i ' : 1

functions circ such that

. r l  -  c ) .

c o n s t ,  . . r t d =  c o n s l

F i x  a  s l i c e  o f  U o f  t h e  f o r m  r r : c o n s t a n t , . . . , J d : c o n s t a n t .  O n
such a slice, )/,(x,-r) is a function of -r, alone, and (14) becomes a
llstem of c - 1 lglfosgqeous linear differential equations with respect
to rr. Such a si,rii,fi=tilT; unique solution with- given initial values
[11].  Since the system is homogeneous, the 0 funct ions give a solut ion.
But each such sl ice has a unique point in S n LI,  and on S A U,

( l s ) I ' r ( , x . , , )  :  Z , ( t r , , * " )  :  0  ( i  :  2 . ,  .  . ,  c ) .

The flrst equality follows from (4) and (8), and the second from the
fact that the integral manifolds of the distribution on .s determined by
theZt are given by suitable sl ices in the n'coordinate system. l t  fol lows
from (14) and (15) that the functions Yi(x,*,) must be identical ly zero
on U. Thus (9) holds, and the induction step is completed.

Finally, suppose that (N,rp) is a connected integral manifold of !r
such that tp(N) - ft, Let z be the projection of iFl.d onto the last d - c
coordinates, Then vectors in lJ are annihi lated by d(r. g). Thus

d ( n " , 2 " Y , ) 1 , : 0

for each n e N. By 1 .24. r . ? . rp is a constant map since ,V is connected.
Thus rp(l/) is contained in one of the sl ices (1).

l,6I Remarks The classical
quite different fronl our version
can be formulated as follows.

version of the Frobenius theorem appears
in 1.60. The classical Frobenius theorem

Slices



on [/ x V, then there exist
and a unique C- map

(3)

such that if
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Let U and V be open sets in ? ", and iF.', respectively. We use coordinates
r r r .  ,  )  r r l?  on  ? . r ,  and J1  ,  ,  s , ,  on  ? . r , .  Le t

( l )  b :  tu  x  V-  l v l (n ,n t )

be a c- map of u x v into the set of alI n x nx rcal matrices. and let
( r o , s o ) e U x V .  I f

, 1 \  ) b i p  0 b , ,  ,  
, ,  .  A h  2 h

\ L ) .  - ^  - 1 - > ( ? h  - ? b , r )  : o
Of  ,  1 t ' F  i -  t  \  d . s j  ds .  I

( i :  1

neighborhoods Uo of ro in U and V, of so in V

u.: Us X Vs ---> y'

r-"(r)  :  c(r ,s) (s e Vo, r  e ( /o),

then

(4)

for all (r,s) e Un x l'r.
Equation (4) is a so-called totul cl i f fercnriul equation. We specity in ( l)

what the differential o1- a rnap should be as a functir. ln of the graph, and in
(2) we have a necessary and suff icient condit ion fbr the existence of such
a map with the specif ied init ial condit ions. It  can be shown that this version
is  equiva lent  to  1.60.  For  example.  i f  we star t  wi th  a c-d imensional ,  involu-
t ive,  c-  d is t r ibut ion I  on M' t  anc l  a  point  rne M,  then we can obta in 1.60
from the classical version as fol low,s. we can f lrst choose a coordinate
system (W,t )  about  i i r  w i th  coord inate l 'unct ions - r ' ,  _r . , ,  and wi th
r (W) :  U  x  V  6  I  c  x  i , - ' r - , .  l b r  w .h i ch  the re  ex i s t  C '  f unc t i ons f ,  on
U x V ( i : 1 . .  c ' .  j  :  l .  .  .  .  .  t l  -  c ) s u c h  t h a t  t h e  v e c t o r  f i e l d s

r,(ro) : s,

d t , l ,  :  b( r , r , ( r ,s) )

(s)

span 7 on

(6) b(r.s) :  {J-,,(r ,s)) .

l t  turns out that the involutivity of ?' implies that (2) is satisf ied, and lrom
the map s" one can obtain the desired coordinate system l 60(r). conversely.
,oo€ c&rl obtain the classical version f iom 1.60 in a sinri lar way.

We shall  give in Chapter 2 yet another version of the Frobenius theorem
rn terms of differential forms and differential ideals.

A t  a
) ' - - "  + \ r  ,  "  t i - l  r \' t  

t  
I  

L . t J t  
.  . ! , 1

0 . \ ' t  1 , r  d . \ ' , , - ,

Lt ' .  Then we def ine a map b as in  ( l )b_y set t ing
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In 1.32 we considered the situation i .  rvhich a (r '  map y: N - fuI
factors through a submanilold (p,,?) of M so that y): ?., V,0 rvhere
uo: 1/--P. and we sought suff icient condit ions for r/o tcr be C-. an impor-
tant case occurs rvhen (P,' .9) is an intesral manifold of an involutive distr lbu-
t ion on M.

1.62 Theorem Suppose that y,: :\ ' -
nra,nifold of an rnL.olutite clistribution .g
(P,,?),  rhat is,  p(V) c ?(p) Let 9:o: h,
tha,t ,p " Vo : V.

M.t is Cr , thar (P,,,g) is an integral
on tV. anrl thut y factors througlt
- P be the (unique) nnpping such

( l ) I,
* P .

Tht:n y,o is continuous (ond hence C- bl 1.32(a)),

PRooF Letp belong to an open set Lr in p. ancl ret n e vo*r@). using
1.60, rve <;an obtain an open set d withp e c - u and a cubic coordinati
system (Z,z)  centered er t  p(p)  w. i th  coordinate funct ions 11 ,  .  . , r -4
such  tha t  t he  s l r ces

Y'O \

(2 ) -Y/ :  const i lnt  for al l  i  e {c f  I d )

are  the  i n teg ra l  n ran i l b l ds  o f  2 '  j n  t . .  and  such  tha t  p \C )  r c  t he  s l i ce

(3) ,rc -r : .r, i : 0.

v-  t (v)  is  open in  ,v .  Let  L l 'be thc component  ot 'y  11 l )  conta in ing , .
l i l  

11 
opena To prove that y,u is co't inuous. we need onry prove i irat

V)o(. lY) <- 0 c- U. B,v the conrnrutarivir,v of ( l)  ancl the injectiv. i ty of p,
i t  suff ices to prove rhat y,( Li/ ' ) l ies in the sl ice (3) of 1.. Noro., ur is contin_
uous and I4l connected; hence qt(Lr, ')  is connected. Moreover, v(.w;has at  least  the point  y ' (n)  in  conrrnon wi th  the s l ice (3) .  So s ince
v(Lt/) l ies in a component of , t(pl o t ' .  i t  rs suff icient to prove that
components of 7(P) A V are colrrained in sl ic:es of the form (2),

Let C be a contponent of 7(p) n i ' .  and let 7r: t .  n " d ,.  be defined
by

(4) t r \ t t t )  :  ( . r ^  ,  ( 2 1  ) . x , , ( rn ) ) .

Then s i .ce P is  second countable.  and s ince 7(  p)  ^  r /  is  a  union of
t i re  s l ic ,es (2)  due to  the fact  that  (p .7)  is  an in tegra l  nrani fo lc i  o f  l t .
i t  fo l lou 's  that  n(o(P)  n L-)  consisrs  of  a  counrable number of  po i . ts
i n  r . d  " ,  Thus  z (C)  i s  a  connec ted  coun tab le  subse t  6 f  - , r  - , ;  hence
z(C) is  a  s ing le point ,  and C l ies in  a s in .q le  s l ice.
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1.63 Definition A maximsl integral rnanifuld (l/,p) of a distribution
9 on a manifold M is a connected integral manifold of I whose imagein M
is not a proper subset of any other connected integral manifold of g. That
is, there does not exist a connected integral manifold (AI.,Vr) of g such that
rp(1/) is a proper subset of pr(tO.

1.64 Theorem Let 9 be a c-dintensional, inrolutit'e. C' disrribution on
Mu. Let nt e M. Then through nt there passes a unique maximal connected
integral nwnifold of 9, and eL-er)) connected integral nrunifold of g through m
is contained in the maximal one.

PRooF Existence Let K be the set of all those points p in ,14 for which
there is a piecewise smooth curve joining rn to p whose smooth port ions

Integral curve af I

are 1-dinrensional integral curves of 9, that is, their tangent vectors
belong to ?. By 1.60 and the second countabil i ty of M. there is a
countable covering of M by cubic coordinate systems t(U,. .rr ' ,  .  ,  xai) ' .
i  :  0 ,  1 .2 .  .  . . ]  suc l i  t ha t  t he  i n teg ra lman i fo ids  o f  9  i n  U ra re  the  s l i ces

( 1 )  - r - i , ; :  c o n s t a n t

We shall assunle that nt e Llo.

f o r a l l T c { 1 , . . . , , 1  - r }

Now let p e K. Then there exists an index i,  such that p e U,,,
and there is a sl ice S,,, of L/,, ,  ol the form (l) containing p. Observe that
Si c K. [t  tol lorvs from 1.60 that the collection of al l  open subsets
of al l  such S,, as p runs over K lbrnrs a basis for a locally Euclidean
topology on K, and that rr 'e obtain a differentiable structure on K if  u'e
take the maximal f amily of coordinate systents (with respect to I 4(b))
eon t l i n ing  the  eo l l ec t i on

(2) {(S' , , .  - r , " '  I  S, , . - . , ,  1 S , , , ) : p e K j .
We claim that K *, i th this topology and di lTerentiable structure is a
connected differentiable manifbld of dimension c. K is cleariy connected
since it  is pathu' ise connected by construction. We have only to prove
that the topology on K is second cor-rntable. For this. f ix an
i  e  (0.  l ,2 ,  .  .  . ) .  We need only  sho* '  that  there are at  most  countablv
n.lany sl ices of U, in K. Each point s; f ,r 'r  $hich l ies in K is joinable to
rn by a piecewise smooth curle rvhose range also l ies in K. To each
such curve from rir to points in Lr, there corresponds (although not
uniquely) a fr i te sequence

( 3 ) U r ,  U , r ) .  , '  ,  L / r , , ,  I J i
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of the coordinate neighborhoods through which the c,urve passes in

order. The curve thus begins in the si ice of L'o containing m, passes

through some sl ice of Ui,,  then through some sl ice of U,,, and so on,
until in a finite number of steps tt reaches a slice in tlr. Since there are

at most countably many such sequences (3) from Uo to LI,,  we need
only show that for each such sequence there are at most countably
manv sl ices of U, reachable in the above manner. For this, r l 'e need
on ly  observe  tha t  fo r  any7,  k  e  (0 ,  1 "  .  .  . )
a : ; ingle sl ice of U, can intersect at  most
countably many sl ices of L/u ;  for i f  S

is  a  s l i ce  o f  U1,  then.S n  U.  i s  an  open
submani fb ld  o f  S  and there fore  cons is ts
o f  a t  most  countab ly  many components ,
each such component being a connected
integral  manifold of .? in U.,  and hence
lying in a sl ice of Lir .  This proves the
second countabi l i ty of  K.

(K, i  ) ,  where i :  K .  M is  the inc lus ion map,  is  now a submani fo id
of M and is a connected integral manifold of ' i  passing through nl.

M,oreover, (K,i) is a maximal connected integral manifold of ! t ' .  Forlet
(N,V,) be any connected integral manifold of . /z passing throu-eh nl,
and let p e r/( l i )  There is a piecewise snrooth curve ( ' :  [0.1] *, ' t f

joining gt r(nt) to p t(p). (Connected manifolds are pathrvise connected')
Then ryr . ,c  is  a  p iecewise smooth l -d imensional  in tegra l  curve of  7

connect ins m to P '  Thus 2 e K '  and so yr ( rv)  c  K '  rvh ich proves that  K
i s  max ima l .  Thus  r ve  have  p ro r ,ed  the  ex i s tence  o f  i L  n lax in la l  c t l n -

ne,;ted integral manifold (K.i ) of 7 passing through irr.  and have provecl

that  every connected in tegra l  mani fo ld  of  7  through r t r  has i ts  in lage

in K.
IJniqueness (cf. 1.33) Let (rV,rp) be any other maximal connected

integral manifold of ? passing through rr. As we have observed above,
r7r(M) c  K;  thus yr  factors  as fb l lo*s:

t i
>  . Y t

A
l

I
I
I

d

rp , ,  i s  C ' -  by  1 .62 ,  and  i s  1 :1  a r t c l  non -s ingu la r  s ince  9  i s  1 :1  and  non -
sirrgular. r1,o is onto since the fact that ( l i .p) is a maximal integral

manifold of !r through rir inpl ies that p(,\ ) cannot be a proper subset

of K. It  fol lows from Corollary (a) of 1.30 that yro is a diffeomorphism.
Thus (rV,rp) and (K,i) are equivalent, and the maximaiconnected integral

manifold of I through nr is unique.

' r { )  \
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EXERCISES

I Prove that in Example I 5(d) one does indeed obtain a differentiable

,2' The usual differentiable structure on the real line F. was obtained
by taking .v to be the maximal col.lection containing the identity
map. Let .V, be rhe maximal coliection (with respect ro l.+tUi)
containing the map tF-+f. prove that F *.Vr, but that (F.,.q)
and (F ,.9r) are diffeomorphic.

/3 Let {u,} be an open cover of a manifold M. prove that there existsv a refinement {V,) such that 1- U, for each cr.

-4 Use the fact that manifolds are regular and paracompact to prove
that manifolds are normal topologicat spaces.

uE Prove 1.25(a), (b), arid (c).

6 Prove that i f  y)t M -- 'N is C-, one-to-one, onto, and everywhere

, non-singular, then rp is a diffeomorphism. (This proposition depends
strongly on the seconcl countabil i ty of M. Here is an outl ine for a
proof. This map ? is a diffeomorphisrn if and only if drl is surjective
everywhere . If dp is not surjective at some point, then the dimension
o f  M is less than thed imens iono f ,A / .  Le td im  M :  pandd im N :  d .
Assuming that p ( d, one arrives at a contradiction as follows.
Let (U,g) be a coordinate system on .Ay' such that cp((/): tr..,t.
Since rp maps M onto i/, the range of g . r1, is all of ip.d. Now we
show that this yields a contradict ion. one rvay is to use 1.35 to
observe that the range of p o y, is a countable union of nowhere

' dense sets in r,R.d, and therefore, by the Baire category theorem,
r could not possibly be all of L.rd. Another way is to use the fact that

p I d to prove that the range of g . rp has nteasure 0 in R.d, which
also is a contradiction (where a set in ir.t.d has measure 0 if it can be
covered by a sequence of balls, the union of whose volumes is
arbitrarily small). That the range 01 p , .r1., has measure 0 in iLd
follows from the second countability of M and the fact that a c1
map 'F?.r - ii.d has image of measure 0, an<1 this, in turn, follows
from the fact that a Cr map i.d * i,<.d takes sets of measure 0 to
sets of measure 0. To prove the latter, observe that if f: iR.d + 'r..0/
is cl,  and if  I  is a compact set in :: ' .d, then/has a Lipschitz constant
K o n A ,

l)f(x) - f(y)il < K llx - yli (x, y e A),

so that/magnifies the volume of balls in A by at most Kd, and hence
takes sets of measure 0 in A into sets of measure 0.)

7 Prove 1.33(a) and (b).
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Obtain the classical  impl ic i t  funct ion theorem 1.37 from 1.38.

I er f' 
-. 2 + 

-- 
he defined bv" - ' J  '

f  (x, l):  13 * "r1, '  +,1'3 + L

For  wh ich  po in t sp  :  (0 ,0 ) ,  p  :  ( i , l ) ,  p :  ( -  l , - l )  i r  / - , ( / ( p ) )
an imbedded submanifold in ;r??

l0 Let M be a compact manifold of dimension n, andletf: M --* l-R.', be
. C'. Prove that f cannot everyu'here be non-singular.

. .  l l  F ind counterexamples to  show that  Proposi t ion 1.36 would fa i l
if either of the hypotheses closed or imbedded were deleted. In
fact, one can prove more; namely, i f  (M,yt) is a submanifold of
N such that whenever g e C- (M) there is a Co function /
on ly'such thatf . lp : B, then g, is an in.rbedding and ,tt(M) is ciosed
in 1/.

.r12 Supply the detai ls for 1.40(a) and (b).

l3  Prove Proposi t ion 1.45.
. p

,"14 Is every\ector f ie ld on the real l ine complete'?

15 Prove that i f  (L/ ,  x,  . ru) is a coordinate system on M, then

[ 0 1 0 x ' , 0 1 0 x ; ]  : 0 o n U .

16 Let ,V <: M be a submani lold.  Let ^, , :  (a.b) -  I ' [  be a ( :n '  curve
such that 7,(a,b1 c 71r.  Show that i t  is not necessari ly t rue that

i 'G)  e  M, r ,  fo r  each I  e  (a ,b ) .

17 Prove that any C' '  r ,ector f ie ld on a compact nrani lold is complete.
' 

18 Prove that a C' map -f, ,- t -- 
--i 1 cannot be one-to-one. 1.'/1

,  r_" '
{19 Supply the detai ls of the equivalence of the two versions 1.60 and

l .6 l  o f  the Frobenius theorem.

20 Let q: ly '  - '  M be C', and iet X be a C' vector f ield on ,\.  Suppose
that d7(X(p)) : a,q6@)whenever p(p) : ,f (g). Is there a smooth
vector field X on M rvhich is ,p-related to X?

2l The torus is the manifold 51 x ^S1. Consider Sr as the unit circle
in  the con-rp ler  p lane.  We def ine a nrapping <2: . - '+  Sr  x  51 by
sett ing ?(t) :  (et"",g2"'"t1rvhere a is an irrat ional number. Prove
that ("R.,,p) is a dense submanifold of 51 x S1, This submanifold
is known as the skey' line on the torus.

22 Let y(t) be an integral curve of a vector f ieid X on M. Suppose
that i  (t) :  0 for some l. Prove that y is a constant map, that is,
i ts range consists of one point.
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52 Manifolds

A Riemannian structure on a differentiable rnanifold M is a smooth
choice of a positive definite inner product , ),, on each tangent

space M,,, smooth in the sense that whenever X and Y are C"
vector f ields on M,then tX,Y,\ is a C" function on M. Prove that
there exists a Riemannian structure on every differentiable manifold.
You will need to use a partition of unity argument. A Riemannian
manfold is a differentiable manifold together with a Riemannian
structure.

Consider the product manifold M x N with the canonical  project ions
Tt ' .  M x N- M and Tz' .  M x ly '*  M.

(a) Prove that y.: M - M x llr is C' if and only if zr . a zrrrd
T 2 o  a '  A f e  C "  '

(b) Prove that the map r:  r-+ (dtrr( t ; ) ,dnr(t ' ) )  is an isomorphism of
(M x  N) (u , , , r  w i th  M, , ,  i  Nn.

(c) Let X and I' be C' vector fields on il{ and l/ respectively.
Then, by (b), X and I' canonically determine vector fields
- t  :  (X ,0)and 7 :  (0 ,n  on  M x  l t r .  Prove tha t l? ,  T l  :  O.

(d) Let (nu,no) e M x -4y' ,  and def ine inject ions i ,o:  M .  M x N
and /,,,0: .A/ - Lt x N by setting

i ,,u(rtt') : (m,nr),

i , , , , , ( t t ) :  ( tno ,n) .

Le t  l  e (M x  f f ) r , ,u ,nu i ,  &od le t  r ' ,  :  r ln r ( l )=  M, ,o  &Dd r ' r :
drr( t)  e Nn..  Let f  e C'(M x 1/)  Prove that

L ,U) :  t r ( f  "  i , ,o )  +  t , " ( .1  o  i , ,o ) .

23
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