
t

0n the constant term of a
square integrable
automorphic form

,Nr. R. Walloch

1. Introduction

The purpose of this article is to show how one can use the theory of the

real Jacquet module of an admissible representation' V, of a semi-simple

Lie group, to study the growth of automorphic forms associated with V'

In this paper we collect some of the most direct consequences of this

interaction. In particular, we prove (Theorem 4.3) that if a tempered

representation of G occurs in the discrete spectrum of L2(f\G), fcG

arithmetic, then its full multiplicity is in the cuspidal spectrum. We also

derive a result (Theorem 4.4) f,or automoqlhic forms that can be con-

sidered to be the analogue of our sharpening of Howe's theorem on the

vanishing at infinity of matrix entries of unitary representatlons'

The results of this paper wiil be used in a forthcoming paper to give

proofs of the results announced in [6]'
We thank Armand Borel and Roger Howe for helpful conversations

relative to this paper. In particular, the statement of Theorem 4.3 was

suggested to ttre author by Ilorel several years ago. conversations with

Howe were useful  in the appendix to th is paper '

2. A simple observation about constant terms

Let G be a connected semi-simple affine algebraic $oup defined over Q
(the rational numbers). We look at G as being given by the set of zeros in

GL(1,C) (C the complex members, GL(n, C) the invertible n x n mat-

rices over C) of a finite set of polynomials in the matrix entries with

rational coefficients. That is we identify G with Gc' Then Gc is a

complex, semi-simple Lie group. If R c C is a subring we put Gp :

GL(,,R) n Gs. We set G : Gn (R the real numbers). Then G is a

semi-simple Lie group (not necessarily connected). We fix f cGz (Z the
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rational integers) of f inite index. That is, f is an arithmetic subgroup of G.

Let g denote the Lie algebra of G. Fix K c G a maximal compact

subgroup of G. Let g ar-rd K act on C-(I '\G) by right translations. f,et

U(g) : U denote the universal enveloping algebra of g. Let Z: Z(S)

denote the centre of U.
t-et l lgll denote the Hilbert-Schmidt norm of g as an endomorphism of

C".  re lat ive to a K- invar iant  inner pr:oduct on Cn. Then l lkrgkt l l : l lg i l ,  ikr ,

k 2 e K . g € G .
By an automorphic function on G relative to f we mean a C* function

/ on f\,G satisfying the follorvins conditiclns:

l x ' / ( e ) l = C ^  1 1 e 1 1 ' ,  s € G . x e  ( J ,

C, and re R.

/ is right K-finite

( that is,  K ' /  spans a f in i te dimensional  space).  l ; , ,2\

d i m Z ' f < r .  l : 3 )

Let . i l(f, G) be the space of automorphic functions ,rf G relative to f .
We note that there are a ferv direct implications of the definit ion of

.d ( f .  G) .
(D . r / ( f ,  G)  i s  a  (g .K)  modu le .

In general a (g.K)-module is a g rnodule V, which is also a K-module

such that
( i )  I f  ueV,  K .u  spans  a  f in i te  d imens iona l  space,  W, ,  on  wh ich  K

acts continuously.
( i i )  I f  f  denotes the Lie algebra of  Kthen the act ion of  f  on W. by di f fer-

entiating the action of K on W, agrees with the action coming from g.
( i i i )  k ' X  ' u : A d r k l X ' k r ; .  k e K ,  X e g .

( I I )  I f  f  e, i l ( f .  G) i rnd i f  Wr is the K-span of  f  then U'  Wi is an

admissible (g,  K)-moclule.
A (g, K)-rnodule. V. is said to be admissible if for each finite dimen-

sional ,  cont inuous K-module.  W.

dim Homr. (  W. \ ' \  <r .

(II) is a consequence of :r general theorem of Harish-Chandra [3].
Let now P be a parabolic subsroup of G defined over Q.
Let P: MN be a Levi-decomposition of P over Q. We use the notatirtn

Lc : L., L: Ln and I the Lie algebra of L for all algebraic groups over R.
Fix, dn, an invariant measure on l{.
I f  f  e. .d( f ,  G) def ine

( 1 r

?
I

A p ( / ) ( n t l : l  f r " m ) d n ,  m e M .
JNnf ' rN



This integral  makes sense since Nnf\N is compact.  ) ,0( / )e C*(M).  Put
fr,r : f n P/f n l{. Then one can show ([5], see also the note after
Theorem 3 .1) .

( I I I )  A.o: .N(f ,  G) --- '  s4(I ' r ,n,M')

is an (m, K I  P)-rnodule homomorphism.
( I V )  I f  X e  r r  a n d  / e  . C ( f ,  G )  t h e n  I , , ( X ' f ) : 0 .  l n d e e d ,

I p (x  ' f ) (m \ : :  
i  t , n r r r  exn  t x )  d i l , - , ,

q r  J N T t f , N

d l:  ;  |  / (  r r  exp r (Ad (  rn )X)  nt \  dn l , :u
( ( l  J \ r  f - l l ,  N

,1 f
- +  |  l t n n t t d n l , , , : 0

d I  Jn,  11 '  , ,^1

since Ad (M)rr  c rr .  ( IV) immediately impl ies olrr

Main obsenration. If V is a (g, K)-rnodule and if T': V -+ d(f , G) is a
(g,  K)-rrrodule hontomorphivn then X,"T induces Gt1 (m. K )P)-module
homomorphism

VlnV ---> .il.(frt, M).

In Sect ion 3 we recal l  several  resul ts about the (rn.  KaM)-rnodules
VlnV. We will then deri\ ie some implications of the rlain observation in
Sect ion 4.
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3. The exponents of  an admissible (g,  K)-module

Let P6: Mp{, be a minimal (or er R) parabolic subgroup of G. Let
M6:"M,,A,,  r .v i th A,,  the spi i t  component over R of  the centre of  M,,  and

"Mrr, as usual. the intelsection of the kcrneis of zrl l honromorphisnrs of
Mo into (0,  to)  (under mult ip l icatron).

Let Q(P,, ,  Au) be the root svstem of A,,  on rr , , .  Let  At .P,r ,  A. , )  denote the
s imp le  roc- r ts  in  O(P, , ,  A , . , ) .  [ -e t  A( I ' , , .  A , , ) :  {o , .  .  ,  o r }  and le t  (B , ,  r r ; ) :5 i1 ,

Fi € o,.,. Here ( . ) is the dual of the restriction of ttre Kil l ing form of g to tr,,.
Let

/  X \  t( o ( )  I  :

+ t  > 1  ,
( O 1 1  I  :

Let P be

l r : L

z e c f i l r : L

a parabol ic

v € o i lf
I xi|i, xi't O 

),

X;0 ; ,  X;  . -  0 ] .

subgroup of G standard relat ive to P,, .  Then
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p: Ml{ _ oMAN with 0M reductive with compact centre A a vector

subgroup of A,, and N a closed connected subgfoup of Ns' An argument

of Osborne imPlies

Theorem 3.1. If V is an afunissible, finitely generated (under U(g))

(g, K')-module then vltt\l is cm admissible finitely genertrted (m, KnP)-

module.

Note: (IV) combined with (II) implies (III) '

Let xP: Pu f-'t M. Then oP :oMAo*N and *AfA/: ^{o. Flence

(V I nV) l*n( V/nV) :  V I noV'

It is a theorem of Casselman that

(1 t

V,tnoV*0 for Vt't), V admissible,

f initely generated.
Since vlr\)v is an admissible, finitely generated (rrk,, K f-l Po: oM)-

module dim V/ns\/ <:r. Hence as an ag-module

v I nuv : 
^.o9,,, r ' , 

( \/ irro v)' i

where E(Pu, \ ') c (oo)E is a finite set and

(V/noV)i. : {u e V/r6V I (ff 
- I(H)du : 0' Ff e os' for some d}'

We of course assume that (V/nnv)^* 0 for i '  e E(Po' V)'

Also VlnV is an admissible finitely generated (m, K O P)-module' This

implies that as an o-module

V lnV:  O (V/ r rV)^
'  

I e E ( P . V )

with (v/nv)^ :  {u € vlnv I trr- ) .(H))"u :0 for al l  l l  eo for some d}'

Again we may (and do.r assume that (v/nv)^l (0) for A e E(P, V).

sir,." (v/nv)^/*n(vhrv)r I (0) (casselman's theorem) we see that (1)

implies

E(P, V) =={,\ l 
" lr 

e E(Po, V)}.

Recall that an irreducible, admissible (g, K)-module is said to be

tempered if there exists a unitary, tempered representation of G, (n,H),

so that V isomorphic with the (g, K)-mrldule of K-finite, C- vectors in H'

For the definjt ion of tempered see Harish-Chandra [a] p. 54 or [2], IV,

$3 .
D e f i n e  p p e  a t  b y  p o ( H ) : l t r l a d H l r r ) .  H e  a '

Theorem 3.2. An irreducible, admissible (g, K')-mttdule' V, is tem-

pered if ond onlv if - pp*Re ),e cl(*(o6\ for all ), e E(Po, v).

(2)
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The proof of Theorem 3.2 can be found in [2], IV, Proposition 3.7,

pp. IZ4-I25.

Corollary 3.3. If V is a tempered (g, K)-module then

-Qp* Re i ,  € CL(*(ox)), I  e E(P, V).

4. Tempered constituents in L2(f\G)

We now return to the situation in Section 2.Let P1 :M1N1 be a minimal
parabolic over Q. Let Xq(M,) be the set of rational characters of M1
defined over Q. Put oMf : {m e Mt lx(m)t : I, X e Xq(Mr)i. Then M1:
opf |a? with Af connected and A?- A, (Mr: ' )MrAt over R).  In th is
section we will leave out the. superscript Q for decompositions over Q.

L e t  ( A r ) l : { a  € A ,  l I ( 1 o g  a ) > r ,  I  e O ( P r ,  A r ) } "  H e r e  @ ( P ' ,  A t )  c o n -
sists of the roots over Q. By a Siegel set we wil l mean a subset of the form

ro(A i ) lK

where o is open and has compact closure in n,\,f {.

Let Pr, . . . , P, be a set of representatives for the set of conjugacy
classes relative to f of the minimal parabolics ol'er Q. Then there exist

r  e  R,  @r , .  . .  ,  (d r  as  above so  tha t

f ar; (A; )lK

(see Bore l  [1 ] ,  13.1,  p .  90)
Let pi:  pp,,Then i t  is well  known

tion

( 1 )

that up to a constant of normaliza-

r

G :  U

I l*,t*)l ds x I t
J T \ C  i : l  J a i x ( A , r ; x K

I  e f  g  \  dg:  |  *@mak)a-2 ' ' |  dn dm da dk (2)
J 6  J N , " ' M ' A ,  < K

for  g,  say,  in Lt(G).
Thus  r t  qe l l ( f ' tG)  then

lz( f  manak) l  e-2o'  dn dm da dk.  (3)

Here we use the following notation: If V is a vector space and rf v, p"
are seminorms on V and if v(x)= Cpr(x) for all xeV then we write v< p.
I f .  v< p and p<v we wri te v=p.

If O(P1, A.) are the roots of Pr, .A1 over Q and if A(P1, Ar) are the
simple roots then for each FcA(Pr, 41) we form (Pr, Ar).: (Pr.p, A..r)
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as follows:

c t l . F  :  { H e o ,  I  o ( H )  :  0 .  a l  F } ,

Ar . -p - :exp(or . r )  and Mr . ,  i s  the  cent ra l i zer  in  G o f  A , . . ' I t  i s  eas i l y  seen

thi i  s ince O(Pr,A,)  is  def ined over Q that there is a parabol ic subgroup

of G. P, over Q such that P,.n :  Pn'

I f  F :  {a }  we se t  P1.F-  :  P1 .o ,  Mr ' :  Mr .o  ap{ l  N t . r ' '  :  N t . ' '

We set fo(g):Jfn, , - - . , ,N,.  f ( fng)dr i  for  P a parabol ic subgroup def ined

over Q. Then clearll '

/ " ( n r ) : , \ " ( / ) ( n r ) ,  m e M  Q )

and

f p ( n n t k )  : t r o ( k ' f ) ( r r r ) ,  m e M '  k e K  ( 5 )

The follorving lemma is one of the keys of the theory of cusp forms'

Lemma 4 .1 .  t f  f  e  d ( f  ,  G)  then f  o r  e :ach  r t  :  I  ,2 ,  '

l U  - / " ,  
" ) ( x n k ) i <  

C , , a  
' " '  

l l n l l " ,  f o r  x  €  ' ' . ,  a  e  ( A r ) l

and k e K: here d is as in the def in i t ion of  ' i l ( I ' ,  G) '

For a proof see [5] .  Lemma 10, p.  11 and $7. We use the fol lowing

def in i t ion of  Gel fand. An element of .  &(f ' ,  G) is said to be a cusp fonn i f

tr,, (f) : o

for all P proPer defined over Q.
clearly- in l ight of equations (3) and (,1) above this is equivalent with

/; :0 tor all P ProPer defined over Q'

Let 
( 's l ( f .  

G) denote the space of  a l l  cusp forms'

using Lemma :tr.1 it is an easy matter to show that if / is a cusp form

then for each n

l X  f ( . s ) l = C , ,  1 1 g 1 1 - "  f o r  8 € o i ( A ' ) ; f  i : 1 , " " r '

We r-reed a slight reformr,rlation of the above lemma for our applications.

Let A:( . \ r  A.) ,  . \ i  e o; : .  11' t "n we s:ry that  a smooth funct ion.  f ,  on

f \G is  in  c ( f .  G.  - \ )  i f  f  sa t i s f ies  equat io r ts  (2 )  and (3 ) ,  $ l  and

( 1 ) , 1  l f ( n a k ) ! =  C c  ' ' .  t r  e  N , .  a  € ( A i ) f  a n d  k  e  K '

It can be shown (see [5]. Lemma 6. p. c)) that lJ.t d(f, C', A) : 'C(f , G)'

I t  f  ed(r ,  G,, \ )  then l -enrma 4.1 can be reformulated to say that

l f - f " , .  ) (x r i k ) l<  C,a_ ,c rn  
\ '  (6 )

a l l  n : I , 2 . . . . .
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The proof of Theorem 3.2 can be found in l2], fV, Proposition 3'7,

pp. I24-I25.

Coroltary 3.3. If V is a tempered (g, K)-m<tdule then

-pp * Re ), e CL(*(ox)), I e E(P, V).

4. Tempered constituents in L'?(f\G)

We norv return to the situation in Section 2.Let P1 ='M1N, be a minimal

parabolic over Q. Let Xq(Mr) 6s the set of rational characters of M1

clefined over Q. Put oMf : {m e Mt I x@)t : I, x e Xq(Mr)}. Then M1:
ol f?al  wi th Af connected and A?- A, (Mr:"MrAt over R).  In th is

section we will leave out the superscript Q for decompositions over Q.
Let  (Ar ) l : {c r  €  A ,  I  A( log  a)>  r ,  I  e  <D(Pr ,  Ar ) } .  Here  Q(Pt ,  ,4 r )  con-

sists of the roots over Q. By a Siegel set we will mean a subset of the form

<'r(Ar) lK

where ar is open and has compact closure in oMN.

Let Pr, . . . , P, be a Set of representatives for the set of conjugacy

classes relative to f of the minimal parabolics over Q. Then there exist

t  €R, @r, .  . .  ,  ( r r  as above so that

f <or (A; )lK

(see Bore l  [1 ] ,  13 .1 ,  p .  90) .
Let p,: pp,.Then it is well known that up to a constant of nclrmaliza-

tion

r l
I  e (s )  ae :  |  <p(nmak ' )Q-2o '  dn  dm da dk  (2 )

JC JN,  x tM,  xAr  xK

for  g,  say,  in Lt(G).
Thus if. e eL1(f\G) then

lz( f  manak\ l  a-zo'  dn dm da dk.  (3)

Here we use the following notation: If V is a vector space and if u, pr.

a r e s e m i n o r m s o n  V a n d i f  v ( x ) = C W G )  f o r a l l  x e V  t h e n w e w r i t e  v < p .

I f .  v<p and p<u we wr i te  u=p.
If O(Pl, Ar) are the roots of Pr, A, over Q and if A(Pl, Ar,t are the

simple roots then for each FcA(Pr, Ar) we form (Pr, Ar)r: (Pr.r, At,o)

( 1 )G :  U

|. ,*,t*)l da x I t
J T \ G  i :  I  J < O i  X ( A ,  J ; " X K
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Lemma 4.2. Let (P. A) be a P-pair ouer Q. Let f e C-(fno\ M) and let

veo*  be  such tha t  (H-v (H) )o f  : [ ) ,  ] {e  o '  I f  Pr ,  " ' ,&  i t  a  bas is  o f  the

polynomials on a of clegree less than or equal to k - I then there exist

e r ,  .  .  .  .  en€  C- ( f .  n ( 'M\oM)  such tha t

f lma) - c' '  I frttog d )91(rn )

for m e''M. ct e A.

P r o o f .  L e t  H r , . . . !  F f , ,  b e  a  b a s i s  o f  o .  L e t  X r ,  " ' ,  X ,  b e  t h e  c o o r d i -

n a t e s  o n  A  d e f i n e d  b , u  I { ( a ) H , , = l o g a . ' f h e n  ( d t l A X I y l ' f ( n t a ) a  ' ' ) : 0  f o r

l f l  :  k .  Thus f  Ona):  o ' '  !  P,( loe 61)gi(nt)  rv i th 9 ' ,  e C-( ' 'M).  Since

f (rma1: f  (ma) for  r  e f -  n oM ancl  s ince the above expressic ln for  f  is

unique the lemma follows.

Theorem 4.3. Let V be Q tempered (g, K)- module. Let 
'T 

: V ---

.d ( f .  G)n  L2( f \G)  be  a  (g .  K  ) - rnoc lu le  hontomorph ism.  Then T(v )c
o d ( f ,  G l .

Proof.  Let  <p :T(V),  u e V. Then apply ing equat ion (3) above rve f ind

t h a t f o r  i : 1 . . . . . r
, l

l g ( x a k l ' , -  a  " P '

is in Lr((a,;;) for x e coi, k e K. This is because r,-r; and K are compact' We

Llse the s imple roots of  O(f ,  A,)  as coordinates on (A')1.  Clear l -v.  I -emma

A.1  (see rhe  append ix )  app i ies .  we f ind  tha t  i f  FcA(&,A ' )  and F Ie  o , .p ,

A(H)>0.  I  e  O(P, . r '  A , , r )  thcn

( i )  l im lq("o exp rFIk \12 ct  2" 's 2rr ;  t I { t -  61

uni formly in x.  k arrd c in i t  compac1,.
This implies that

( i i )  i rm 1 t r " , ,  (q ) (n r  exp  rH) l  e  t r r  t f { t -  1 '1

for rir e "M,.o.
But

t r " , . ( g ) ( r n n ) :  I  Q ' ' P i . , ( l o g c l u , . i ( m )
u e E ( P ' . o ,  l ' )

with P,. .  a polynomial  on o, ,*-  and u, , ied(fNr,  "N{) .  This fo l lows from the

resul ts in Sect ion 3 and Lemma '1.2.  But

Re y : pr lo,.p * f x,cr, l. ,p, x, 7 0, c, e A(P,, A; )
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if  veE(P,.o,  V) (see Corol lary 3.2).  Thus ( i i )  is  possible onir- .  i f  4" , . (<p):0

fo r  a l l  F t '  g .  Hence e  eod( f  .  G)  as  asser ted .

The next result can be considered to be the analogue for automorphic
forms of our generalization ([2], IV, 5.2,p. 132) of Howe's theorem on
the vanishing of matrix entries at cc.

Theorem 4.4. Let V be an adntissible. irreducible (g, K)-module. Let
T :  V ---- '  s / ( f  ,  G) be a (g.  K)-homomorphiwr and suppose thot T(V) c

L 'z ( | \G) .  Then fo ,  each l :1 ,  .  , r ,  there  ex is rs  r r : I ;  x t je i t ,  x r , )0 ,
A(P ' ,  A ; ) :  {a , ' }  so  tha tT(V)  -  -n l ( f  .  G.  A) ,  A :  (p r  -  t l t ,  e t -  u2 . .  .  -  .  .p , -  v , ) .

Proof . tr",.o,, "T : Vf n,.oV --- . i l(Txr,.,., Mi.o).
The argument in the proof of Theorem 4.3 implies that

T((VI ni ,  a; iV),  )  :  0

if

R e  y  - p i l o ; . o , , : X d i ; ,  x  = 0 .

Let u eV, f  :  T(V).  Let  A be such that /e .d( : \ ,  G, f ) .  I f  a e A, let
e : atai, ar e A, ) Mr.o,,, ai € Ai.o,.

Then (6) impl ies

( i )  l f  (xaia 'k) l  = C(at)  t 'af '  - t r jo i :  x,r  )  0.

Since (i) is true for all y, this implies the theorem.

We conclude this section with a technical resuit that wil l be used in the
proof of the results announced in [6].

Theorem 4.5. Let V be an admissible, irreducible (g, K)-module. Let
A, e o|, I : 1, , r be such that if

( V l n , V ) " f  0

then A,,-Re ze *of .  I f  T:V --->. i l . ( f ,  G) is a (g,  K)-homomorphism then

T(V)  c  d ( f '  G '  A) .

Proof. This is proved by exactly the same argument as the proof of
Theorem 4.4.

Appendix

If xe R" we wil l, as usual, denote the coordinates of x by rr, . . . , xn.(R*)'.
w i l l  d e n o t e  t h e  s e t  o f  . x € R "  w i t h  a l l  x , ) 0 .  I f  S c { l , . .  . , n )  w e  u s e  t h e



SQUARE INTEGRABLE AUTOMORPHIC FORM 235

nota t ion  x ,  fo r  the  e lement  w i th  (x t ) , :0  i f  t lS ,  (xs ) , :x , ,  ie  S '  Thus

x 6  : 0  a n d  x { t "  
' ' t } :  x .

If x € (R*)^ we set R(x) equal to the convex hull of the XS, $ c

{ 1 , . . . ' r u } . T h e n R ( x ) i s a r e c t a n g l e w h o s e i n t e r i o r i s o p e n a n d c o n t a i n e d
in (R*)'.. If f e C-(R") then it is an easy exercise to check:

[  -  
u "  

,  f ( x )  d x :  ( - 1 ) "  I  t - t , i s t 1 1 x s )  ( 1 )

J R , t ,  d x 1  '  '  d x n  ' s

here lSl is the cardinality of S and x e (R*;"'

I f  J ,  I e  N "  ( N : { 0 ,  1 . i , . . . } )  * e  s a y  J < /  o f  J ' 1 1 ' a l l  i :  l '  " ' ' n '

I t  HcR. ,  x6€R"  we use the  no ta t ron  H*x , ,  fo r  {xo+x  lxe  H} '  We

also set FI-s : {" t  I  
"  

€H}.

The purpose of this appendix is to prove the follorving resuit '

L e m m a  A . 1 .  L e t  C  + S - { 1 '  ' .  ' ,  n } '  L e t  e > 0  b e  g i u e n '  T h e n  t h e r e

exisrs a constant C,., > 0 sttch that tf xse C)L((R*)" ) and t:f x €

i tF ) " ) t  +xo  w i th  x ; - (xo) i  )e  fo r  a l l  ie  S  and i f  f  eC" ' (R" )  i s  such tha t

al laxt f  e L1((R*)")  for  a l l  l I \<n then

PrOOf. We first note that it is enougir to pro\1e the result for xo:O

since we can translate f by xn. We therefore assulrle xs : 0' If r/ i e C-(R")

u n o  l t . t ( x s ) : 0  f o r  s l T  a n d  { r ( x r ) : 1  t h e n  e q u a t i o '  ( 1 )  i m p l i e s  t h a t

[  ^  
u" 

r  ( . / f l (x)  dx:  (-_r,rr i*"1(xr) ,
J R r * ,  d X 1  '  d X ' .

l r r r  I
l - :  -  f ( z ) l d z .
l O x ' - '  

'  I

111x)l<c,, ,  I , ,  J*-,^-*, ,  I#t , t ' \  "

( ) \

(3 )lr(x')l= I "11#*l\-*,., 1,*-,,,
Here C1 are constants depending onlv on I  and n and l l  " '11- 'nt ' ,  is  the

L-  norm on R(x) .
we now prove the lemma. Let u(x)e (R*)* be given by

u ( x ) , : x r ,  i e S

u ( x ) i : 2 l l x l i ,  i e S .

Then l lu(*) ' l l '=a l l" l l '  for Tf S, A.
Let r/rre CI(R) be such that rf,(r) :0 for ]tl=2, {t(r): 1 for ltl=512

a n d  0 < f r ( r ) = 1 ,  r e  R .
Ler $ze CI(R) be such that

0 < { 'z(r):< I
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Nofe. The author thapks Roger Howe for his help with the proof of the

above lernma.
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fo r  re  R and , l , r ( t ) :0  fo r  \ t l< I12 ,  l t t f t ) :1  fo r  t>314 '  Le t

t n  t 1  \ \  l l l z l i r \
4t \z ) :  ( [  * ( ; . ,  ) ) * , \ i f ,FJ

I f  x ;  > e f o r i e  S t h e n  $ f u ( x ) T ) : 0 f o r T l S
Formula (3) with T: S gives an estimate for i11x)i. We are left with

estimating i l ia;/art)0l l- .o,",-, ,  tot I :=J. Now Leibnitz rule implies that

# :*I,.*, # (n *,(: .)) #" *, (ffi)
with c. . ,  mult inomial  coeff ic ients.  Since K<J and /  -K=J for K<I i t

is easily seen that

a l i  l t -  l 7  \ \  a r ' K  i l l ' l l : \

#(tlu'(; ','));-"r'(ffi)
[ , , .  I{  # s

I rtt ,r!(1 ,') |I *,(:',)
: {  \ E /  , i i  

- t t  ' / 1 . i l x  \ €  /

|  , t - K  l l l z l l 2 \
I ,. l'' .* 

F;["-- 
f(it K 

(F,F) K c S'
t

I f  z e R ( u ( x ) )  t h e n

l l ' l l '= l1'11'+ 4(n - ls1) l l" l l '
Hence the r ight-hand side of  equat ion (3) is dominated by

c . , I t  l * 1 t , t \ a ,
I = J  J { R ' ; "  l w r  I

with C.., depending only otr t, S' This completes the proof'


