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On the constant term of a
square integrable

automorphic form

N. R. Wallach

1. Introduction

The purpose of this article is to show how one can use the theory of the
real Jacquet module of an admissible representation, V, of a semi-simple
Lie group, to study the growth of automorphic forms associated with V.
In this paper we collect some of the most direct consequences of this
interaction. In particular, we prove (Theorem 4.3) that if a tempered
representation of G occurs in the discrete spectrum of L2T\G), T<G
arithmetic, then its full multiplicity is in the cuspidal spectrum. We also
derive a result (Theorem 4.4) for automorphic forms that can be con-
sidered to be the analogue of our sharpening of Howe’s theorem on the
vanishing at infinity of matrix entries of unitary representations.

The results of this paper will be used in a forthcoming paper to give
proofs of the results announced in [6].

We thank Armand Borel and Roger Howe for helpful conversations
relative to this paper. In particular, the statement of Theorem 4.3 was
suggested to the author by Borel several years ago. Conversations with
Howe were useful in the appendix to this paper.

2. A simple observation about constant terms

Let G be a connected semi-simple affine algebraic group defined over Q
(the rational numbers). We look at G as being given by the set of zeros in
GL(n,C) (C the complex members, GL(n, C) the invertible n Xn mat-
rices over C) of a finite set of polynomials in the matrix entries with
rational coefficients. That is we identify G with G¢c. Then Gg is a
complex, semi-simple Lie group. If RcC is a subring we put Gg =
GL(n, R)N Ge. We set G=Gg (R the real numbers). Then G is a
semi-simple Lie group (not necessarily connected). We fix I'c Gy (Z the
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rational integers) of finite index. That is, I' is an arithmetic subgroup of G.
Let g denote the Lie algebra of G. Fix K< G a maximal compact
subgroup of G. Let g and K act on C*(I'\G) by right translations. Let
U(g)= U denote the universal enveloping algebra of g. Let Z=Z(g)
denote the centre of U.
Let |igll denote the Hilbert-Schmidt norm of g as an endomorphism of
C", relative to a K-invariant inner product on C". Then ||k, gkl =|lgll, ki,

k-eK, geG.
By an automorphic function on G relative to I' we mean a C™ function

f on T\ G satisfying the following conditions:

- flol=Clig.  geG.xel, (D)
C, and reR.
f is right K-finite
(that is, K - f spans a finite dimensional space). (2)
dim Z - f <. (3)

Let (I, G) be the space of automorphic functions of G relative to I'.

We note that there are a few direct implications of the definition of
AT, G).

(I) (T, G) is a (g. K) module.

In general a (g. K)-module is a ¢ module V, which is also a K-module
such that
(i) If veV, K-v spans a finite dimensional space, W,, on which K
acts continuously.
(ii) If f denotes the Lie algebra of K then the action of f on W, by differ-
entiating the action of K on W, agrees with the action coming from g.
(i) k- X -v=Ad k)X - kv, keK, Xeg.

(ID If fes(I'.G) and if W; is the K-span of f then U W; is an
admissible (g. K}-module.

A (g, K)-module. V. is said to be admissible if for each finite dimen-
sional, continuous K-module, W,

dim Homg (W, V)<=,

(II) is a consequence of a general theorem of Harish-Chandra [3].

Let now P be a parabolic subgroup of G defined over Q.

Let P=MN be a Levi-decomposition of P over Q. We use the notation
Le=L¢, L =Lg and [ the Lie algebra of L for all algebraic groups over R.

Fix, dn, an invariant measure on N.

If fed(l, G) define

Ap(f)(nl):J f(nm) dn, me M.

NNT\N
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This integral makes sense since NNI\N is compact. A,(f)e C*(M). Put
y=TNP/TNN. Then one can show ([5], see also the note after
Theorem 3.1).

(III) /\p :&Q(r, G) e éﬂ(\r‘gw, M)
is an (m, K N P)-module homomorphism.

(IV) If Xenand fed(T, G) then A, (X - f)=0. Indeed,

d .
/\D(X-f)(m)=—J f(nm exp tX) dnj,_,
dt NAMN

d
:——J' flnexp tAd (m)X)m) dnl,—q
dt Inmpn
; J
=— dnl,_,=0
@t s finm) dnl,_,

since Ad (Mn<n (IV) immediately implies our

Main observation. If Visa (g, K)-module and if T:V—A(I', G) isa
(8, K)-module homomorphism then A,°T induces an (m, K N P)-module
homomorphism

V/HV d .Sd(rM, M).

In Section 3 we recall several results about the (m, KN M)-modules
V/nV. We will then derive some implications of the main observation in
Section 4.

3. The exponents of an admissible (g, K)-module

Let Py=M,N, be a minimal (over R) parabolic subgroup of G. Let
M, ="M,A, with A, the split component over R of the centre of M, and
°M,, as usual, the intersection of the kernels of all homomorphisms of
M, into (0, ») (under multiplication).

Let ®(P,, A,) be the root system of A, on 1. Let A(P,, A,) denote the
simple roots in ®(P,, Ay). Let A(Py. Ay) ={a,. ..., o} and let (B, o) = §;;,
Bi €ay. Here () is the dual of the restriction of the Killing form of g to a,.
Let

“(ah) ={V€a?{ lv=Y xo x = 0}.

Let P be a parabolic subgroup of G standard relative to P,. Then
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P =MN ="MAN with °M reductive with compact centre A a vector
subgroup of Ay and N a closed connected subgroup of No. An argument
of Osborne implies

Theorem 3.1. If V is an admissible, finitely generated (under U(ga))
(g, K)-module then V/uV is an admissible finitely generated (m, KN P)-

module.

Note: (IV) combined with (I1) implies (IID).
Let *P = P, M. Then °P ="MA,*N and * NN = Ny. Hence

(VI (ViV) = Vine V. 1)

It is a theorem of Casselman that Vi, V#0 for V#0, V admissible,
finitely generated.

Since V/n,V is an admissible, finitely generated (mg, KN Py="M)-
module dim V/n,V <. Hence as an ag-module

VieV= @ (VIngVha

AcE(Py, V)

where E(P,, V)< (ag)¢ is a finite set and
(Vi V), ={ve ViV I (H= AMH)% =0, H €a,, for some d}.

We of course assume that (V/nyV),#0 for A € E(P,, V).
Also V/nV is an admissible finitely generated (m, K N P)-module. This
implies that as an a-module
VmV= & (VnV)
AcE(P. V)
with (VnV), ={ve VInV | (H-A(H))% =0 for all Hea for some d}.
Again we may (and do) assume that (VmV), # (0) for A€ E(P, V).
Since (V/mV),/*n(VmV), # (0) (Casselman’s theorem) we see that (1)
implies
E(P, V)={Al |A € E(Py, V)}. (2)

Recall that an irreducible, admissible (g, K)-module is said to be
tempered if there exists a unitary, tempered representation of G, (w, H),
so that V isomorphic with the (g, K)-module of K-finite, C* vectors in H.
For the definition of tempered see Harish-Chandra [4] p. 54 or [2], 1V,
§3.

Define pp €af by p,(H)=3tr (ad H|n), Hea.

Theorem 3.2. An irreducible, admissible (g, K)-module, V, is tem-
pered if and only if —pp+Re A€ CL{*(a¥)) for all A\ € E(P,, V).
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The proof of Theorem 3.2 can be found in [2], IV, Proposition 3.7,
pp. 124-125.

Corollary 3.3. If V is a tempered (g, K)-module then
—pp+Re A e CL(*(a%)), AeE(P, V).

4. Tempered constituents in L*(I'\G)

We now return to the situation in Section 2. Let P, =M;N, be a minimal
parabolic over Q. Let Xo(M,) be the set of rational characters of M,
defined over Q. Put °M¥={me M, |x(m)*=1, x € XoM,)}. Then M, =
"MRAQ with AQ connected and A< A, (M, ="M, A, over R). In this
section we will leave out the superscript Q for decompositions over Q.
Let (A);={acA,|A(loga)>t,AeD(P, A)}. Here ®(P,, A;) con-
sists of the roots over Q. By a Siegel set we will mean a subset of the form

w(Al)TK

where o is open and has compact closure in °MN.

Let P,,...,P, be a set of representatives for the set of conjugacy
classes relative to I' of the minimal parabolics over Q. Then there exist
teR, w,,...,®, as above so that

G = Tw(A)K (1)
i=1

(see Borel [1], 13.1, p. 90).
Let p; = pp. Then it is well known that up to a constant of normaliza-

tion
J o(g)dg= J e(nmak)a ?* dn dm da dk )
G N; XM, x A, xK

for ¢, say, in L'(G).
Thus if ¢ € L'T\G) then

r

L le(T)ldg =Y. J lo(T'manak)l a ** dndmdadk. (3)
\G i=1 Jax(ADTHK
Here we use the following notation: If V is a vector space and if v, u
are seminorms on V and if v(x) = Cu(x) for all x € V then we write v< .
If v<p and p< v we write v<pu.
If &(P,, A,) are the roots of P;, A, over Q and if A(P,, A,) are the
simple roots then for each F< A(P,, A;) we form (Py, A)g=(Pi 5 ALF)
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as follows:
ar={Hea |aH)=0 a¢ F},

A, p=exp la, ;) and M, is the centralizer in G of A, g It is easily seen
that since ®(P,, A,) is defined over Q that there is a parabolic subgroup
of G. P, over Q such that P, g =Pg.

If F={a} we set Pig=P o Mig=M,, and N, =N,

We set fpl(2)=fran, ~, [(Ing) dn for P a parabolic subgroup defined
over Q. Then clearly

fe(m)= Ap(fim), meM (4)

and
fp(nmk) = Aplk - film), meM, kekK. (5)

The following lemma is one of the keys of the theory of cusp forms.

Lemma 4.1. If fe (T, G) then for each n=1,2,...
I(f = fp, Mxak)|=C,a "™ lall, for xew,, ae(A))/
and k€ K: here d is as in the definition of A(I', G).

For a proof see [5], Lemma 10, p. 11 and §7. We use the following
definition of Gelfand. An element of & (T', G) is said to be a cusp form if

A (H1=0

for all P proper defined over Q.
Clearly in light of equations (3) and (4) above this is equivalent with

f,=0 for all P proper defined over Q.

Let “/(I'. G) denote the space of all cusp forms.
Using Lemma 4.1 it is an easy matter to show that if { is a cusp form
then for each n

X fg=C, gl for gewl(A)K, i=1,..., r.

We need a slight reformulation of the above lemma for our applications.
Let A=(A,.....A,). A\ €af. Then we say that a smooth function, f, on
MG is in A(T'. G. \) if f satisfies equations (2) and (3), §1 and

(1), [f(nak)l=Ca®. neN, ae(A;) and keK.

It can be shown (see [5]. Lemma 6. p. 9) that U, (I, G. A) = (T, G).
If feA(T, G, A) then Lemma 4.1 can be reformulated to say that

|(f~fp_Yxak)|= C,a " a™ (6)
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The proof of Theorem 3.2 can be found in [2], IV, Proposition 3.7,
pp. 124-125.

Corollary 3.3. If V is a tempered (g, K)-module then
—pp+ReAeCL("(a¥), A€E(PV)

4. Tempered constituents in L*T\G)

We now return to the situation in Section 2. Let P, =M;N; be a minimal
parabolic over Q. Let Xqo(M,) be the set of rational characters of M,
defined over Q. Put °M@={me M, | x(m)*=1, x€ XoM,)}. Then M, =
OMQAQ with AQ connected and AP< A, (M, ="M, A, over R). In this
section we will leave out the superscript Q for decompositions over Q.
Let (A)) ={acA,|A(loga)>t, Aed(P,, A))}. Here ®(P,, A,) con-
sists of the roots over Q. By a Siegel set we will mean a subset of the form

w(Al):’K

where w is open and has compact closure in “MN.

Let P,,...,P. be a set of representatives for the set of conjugacy
classes relative to T of the minimal parabolics over Q. Then there exist
teR, w,,...,w, as above so that

G =) Tw(A)K (1)
i=1

1

(see Borel [1], 13.1, p. 90).
Let p;, = pp. Then it is well known that up to a constant of normaliza-

tion
I e(g) dg= J ¢(nmak)a™>* dn dm da dk (2)
G N XM, X A; xK

for ¢, say, in LY(G).
Thus if ¢ € LY(T\G) then

i=1

J; le(Tg)ldg =< Y. J le(T'manak)| a”** dndmdadk. (3)
\G w0 x(A)T XK

Here we use the following notation: If V is a vector space and if v, u
are seminorms on V and if v(x) < Cu(x) for all x € V then we write v< p.
If v<p and u< v we write r<pu.

If ®(P,, A,) are the roots of P,, A; over Q and if A(P;, A,) are the
simple roots then for each F< A(P;, A;) we form (P, A))r=(P1 s ALF)
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Lemma 4.2. Let (P. A) be a P-pair over Q. Let f € C*(I'y,\M) and let
vea® be such that (H—v(H)*f=0, Hea. If Py, ..., P, is a basis of the
polynomials on a of degree less than or equal to k—1 then there exist
@1r .o @ € CT(Tyy NM\°M) such that

flma)=a" Z P.(log a)g;(m)
for me’M., acA.

Proof. let H,,....H, be a basis of a. Let X,,.... X, be the coordi-
nates on A defined by ¥ X,(a)H, =log a. Then (5"/6X")(f(maja ™) =0 for
lIl=k. Thus f(ma)=a"YP(logajg(m) with @€ C*("M). Since
f(rma) = f(ma) for rel,,N°M and since the above expression for f is
unique the lemma follows.

Theorem 4.3. Let V be a tempered (g, K)-module. Let T:V—
AT, G)NLAT\G) be a (g. K)-module homomorphism. Then T(V)<
(T, G).

Proof. let ¢ = T(V), ve V. Then applying equation (3) above we find
that for i=1,.... r

lo(xak)|a

is in L'((A,)7) for x € w,. k € K. This is because w; and K are compact. We
use the simple roots of ®(P,, A;) as coordinates on (A;);. Clearly, Lemma
A.1 (see the appendix) applies. We find that if F < A(P, A;) and Hea;p,

AH)>0, A e (P Ap) then

2pt ~2!pyff<1) — 0

(i) lim |@(xa exp tHk)* a e

uniformly in x, k and a in a compact.
This implies that

(i) lim [Ap, (@)mexp tH)le @''=0
t—% -
for me "M, y.
But
Ap, (@)ma)= Z a'P,, (log aju,;(m)

veEP V)

with P, a polynomial on a;; and u,; € &(Fy, "M). This follows from the

2

results in Section 3 and Lemma 4.2. But

Rev= Pi\aif + Z X0 la,fs x, =0, o€ A(P, A)
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if ve E(P.p, V) (see Corollary 3.2). Thus (ii) is possible only if Ap, (@) =0
for all F# . Hence ¢ € (I, G) as asserted.

The next result can be considered to be the analogue for automorphic
forms of our generalization ([2], IV, 5.2, p. 132) of Howe’s theorem on
the vanishing of matrix entries at .

Theorem 4.4. Let V be an admissible, irreducible (g, K)-module. Let
T:V-—d(, G be a (g. K)-homomorphism and suppose that T(V)c
L*T\G). Then for each i=1,.... r, there exists v=Y,x,a; X;>0,

s Jir

A(R, AI) :{Ot“} SO that T(V) C«QZ(I“. G. 4\), 4’\: (p] TV, P Vool or — V,-)'

Proof. A Pa; © T: V/n,'_a V— d(FML(J M.a)-

The argument in the proof of Theorem 4.3 implies that
T((Vin, a; V),)=0
if
x =0.

Rev—p, | o, = XQ;,

LetveV, f=T(V). Let A be such that fe (A, G, T). If acA; let
a=a'a, A€ AANM,, geA,.,.
Then (6) implies

(i) |f(xa’aik)l= C(a' )y a® ™, x;>0.
Since (i) is true for all j, this implies the theorem.

We conclude this section with a technical result that will be used in the
proof of the results announced in [6].

Theorem 4.5. Let V be an admissible, irreducible (g, K)-module. Let
A;ea® i=1,...,r be such that if
(Vi V), #0
then A, —Reve*a® If T:V— A, G) is a (g, K)-homomorphism then
T(V)c A, G, A).

Proof. This is proved by exactly the same argument as the proof of
Theorem 4.4.

Appendix

If xeR" we will, as usual, denote the coordinates of x by x, ..., x,. R")"
will denote the set of xeR™ with all x;,>0. If Sc{1,..., n} we use the
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notation x5 for the element with (x®); =0 if i¢S, (x5); =x, ieS. Thus
x*=0 and x"" " =x

If xe(R" we set R(x) equal to the convex hull of the x°, Sc<
{1,...,n}. Then R(x) is a rectangle whose interior is open and contained
in (R")". If fe C*(R") then it is an easy exercise to check:

T 1 S =18 (xS

here |S| is the cardinality of S and x & (R™)™
If J,IeN" N={0,1,2,...}) we say J<Iof J;<IL alli=1,...,n
If H<R" x,€R" we use the notation H+x, for {xo+x|xeH} We
also set H® ={x*|xe H}.
The purpose of this appendix is to prove the following result.

Lemma AA1. Let @#Sc{l....,n} Let £>0 be given. Then there
exists a constant C.s>0 such that if xo€ CL({(R"") and if x¢€
(RH™)S +x with x;—(xo); > ¢ for all i€ S and if fe C*(R") is such that
3'ax"fe L'(R")™) for all {I|=n then

foi=Cs L |
I (R™)"+Xxq

=(1l..... 1)

Proof. We first note that it is enough to prove the result for x,=0
since we can translate f by x,. We therefore assume x, = 0. If gy C*(R")
and if ¢(x5)=0 for S# T and #(x™) =1 then equation (1) implies that

671
J (W) dx= (DT, (2)
R(x) 8x1 A E)xn
T af a]*f
= Cill— — f(z)| dz. 3
fDI I Z ! ax;llf x,Rtx)LR')” ax’! flz)| dz 3
Here C, are constants depending only on I and n and Il e rex) is the

L~ norm on R(x).
We now prove the lemma. Let u(x)e (R™)" be given by
ulx);=x;, 1eS
u(x), =2|xl, i€S.
Then {u(x)"|?=4|x|? for T#S, .
Let ¢, € C3(R) be such that ¢(t) =0 for lt|=2, ¢n(t)=1 for [t[|=5/2
and 0=y, (t)=1, teR.
Let ¢, € CZ(R) be such that

O=ypt)=1
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for teR and (1) =0 for [t]=1/2, (1) =1 for t=3/4. Let

o (oo
If x, >¢ for ie S then Sux)")y=0for T#S.

Formula (3) with T=S gives an estimate for |f(x)]. We are left with
estimating [[(8/0x )¢l ruw, for 1=J. Now Leibnitz rule implies that

with Cg; multinomial coefficients. Since K=J and I-K=J for K=1Iit
is easily seen that

Ll (i)
0, ) k&S
() Tos(ze) T (o)

')i’*Kz__E_l__K_ 1K l_\f_lE -
Xe anzu—m llfl‘ l (HX\P), KcS.

If ze R(u(x)) then
[0 = lx|? + 402 = 1SD {lx]*.

Hence the right-hand side of equation (3) is dominated by

d
CS,S Z J 1
(RTH"

1=J az,f(Z)

dz

with C, ¢ depending only on &, S. This completes the proof.

Note. The author thanks Roger Howe for his help with the proof of the
above lemma.

References

1. Borel, A. Introduction aux groupes arithmétiques. Act. Sci. Ind., 34,
Hermann, Paris (1969).

2. Borel, A. and Wallach, N. Continuous cohomology, discrete subgroups
and representations of reductive groups. Annals of Math. Studies, 94,
Princeton (1980).

3. Harish-Chandra. Representations of semi-simple Lie groups, I. Trans.
Amer. Math. Soc.. 75 (1953), 185-243.




