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1. Introduction

The purpose of this article is to introduce the reader to a rapidly grow-
ing part of differential geometry: the study of minimal immersions into
Riemannian manifolds. In this exposition, we concentrate on minimal
immersions of homogeneous spaces (especially symmetric spaces) into
spheres. Our reason for this emphasis is two-fold. The first (and more
important) is that we can give many interesting concrete examples of
minimal immersions of homogeneous spaces into spheres and that the
analysis of these immersions leads to a nontrivial interaction between
representation theory and differential geometry. Our second reason for this
emphasis is that this is the only direction in the subject of minimal sub-
manifolds that the author can write on with authority. This emphasis
allows this article to be an introduction to the field of minimal immersions
but (unfortunately) leaves out the very exciting directions taken by the
subject that have little connection with Lie group theory (for example, the
work of Chern, Osserman, and Lawson, to mention a few, on minimal
immersions of surfaces into Euclidean space and spheres). Our emphasis
does, however, allow the exposition to be self-contained modulo the
standard material in a first course in Riemannian geometry.

We now summarize the material of the article to give the reader an
idea of the flow of the exposition. In the second section, we study the
Laplace-Beltrami operator of a Riemannian manifold. The results in this
section are canonical. In the third section, we define the second funda-
mental form of an immersion of a manifold into a Riemannian manifold.
The Gauss—Codazzi equations are derived. In the fourth section, the no-
tion of minimal immersion of a manifold into a Riemannian manifold
is defined. We derive the first variation formula for area and prove that
n-dimensional minimal submanifclds are stationary points for n-dimen-
sional area. As an application of the first variation formula (and the
Mostow-Palais theorem), we prove that every orientable compact homo-
geneous space can be minimally, equivariantly immersed in a sphere (a
result announced by Hsiang in [9]). In Section 5 we relate minimal,
isometric immersions of Riemannian manifolds into Euclidean space and
spheres with the Laplace-Beltrami operator. We also derive estimates on
the scalar curvature of a minimal submanifold of a Riemannian manifold.
In Section 6, we give a description of all minimal immersions of con-
nected, simply connected (but not necessarily complete) spaces of constant
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positive curvature. In Section 7, several results on the Laplace-Beltrami
operator on a naturally reductive homogeneous space are proved. We use
the formalism of O'Neil [/3] to derive our results and in the process put
the fundamental equations of [ /3] into the formalism of moving frames. In
Section 8, we give an exposition of the theory of class 1 representations of
symmetric spaces of compact type. We give explicit descriptions (with
proofs) for spheres and complex projective spaces. In Section 9, we reduce
the problem of finding minimal isometric immersions of irreducible sym-
metric spaces of compact type into spheres to a problem in group theory.
We also give examples in the nonirreducible case. The problem in group
theory is the problem of rigidity. The last three sections are concerned with
this problem. We point out that several of the results and ideas in these
sections are new and have bearing on problems outside of minimal sub-
manifolds. The notion of linear rigidity of Section 11 is an outgrowth of
the work of doCarmo~Wallach [8]. Proposition 11.1 is a new generaliza-
tion of a result in [8] and its Corollaries 11.1 and 11.3 are new. The higher
fundamental forms are essentially due to Cartan. The use of the funda-
mental forms to decompose representations relative to isotropy groups
deserves further attention.

2. The Laplace—Beltrami Operator

Let E" be n-dimensional Euclidean space. Let x4, . . ., x, be the standard
coordinates of E". The differential operator A = Y'0%/0x;* is called the
Laplacian of E". To give the reader an idea of how powerful a geometric
object A is, we derive an interesting property of it.

Let ¢ : E"— E" be a diffeomorphism. We define A%/ = (A(f- ¢)) o~ !
for fe C*(E™ (C*(E"™) is the space of all real-valued C* functions on E").
Suppose A? = A. Then we have for each fe C®(E™), A(f - ¢) = (Af) - ¢.
Set ¢, = x;0¢. Then clearly ¢ = (¢y,..., ¢,). We have A¢; =
(Ax)) o ¢ = 0. We also note that A((x;- @) (x;.¢)) = (Alxix)) o b =
26;;. Combining the first observation with the second, we find

9619, _ 5
~ox, Ox, O

But this immediately implies that at each p € E", the Jacobian matrix

of ¢ is an orthogonal transformation. We have shown

Lemma 2.1. If ¢ : E* > E" is a diffeomorphism such that A® = A,
then ¢ is an isometry.
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Thus the Laplacian is one isometry invariant differential operator that
determines whether or not a diffeomorphism is an isometry.

We now give three equivalent definitions of the Laplace-Beltrami
operator on a Riemannian manifold. Let (M, ¢,>) be a Riemannian mani-
fold. Let U « M be open and let x,, ..., x, be local coordinates on U.
Set g;; = {(@/0x)), (8/dx))> on U and let (g¥) = (9:;)"". Thenon U we
set g = det(g;;) and

It is not hard to check that A is independent of the choice of local
coordinates and thus defines a differential operator on M. We note that if
(M, {,>) = E" then Ais just the ordinary Laplacian. It is not hard to prove
that if ¢ : M — M is a diffeomorphism such that A? = A, then ¢ is an
isometry.

We now give a second definition which is more useful in practice. Let
(M, ¢{,>) be a Riemannian manifold. A Riemannian vector bundle with
base M is a vector bundle £, M and a correspondence p = {.», where
{,>,1s an inner product on I~ '(p) so that if X, Y are C* cross sections of
E, then (X, Y)> e C*(M). An invariant connection on (E, {,>) is a real
bilinear pairing of vector fields and C® cross sections to C* cross sections
X, ¥ - Vyy, subject to

(i) VyFy = (XF) + FVyy for y a cross section of £, X a vector
field, and Fe C*(M).

(i) X-<PpW)> = (Vyp 4> + (Vx> for ¢, y cross sections and X a |
vector field.

We will be mainly using the case E = M x E" with the constant
Riemannian structure {(m.x), (m.»)»,, = <{x,y>. The invariant connection
that we take is Vi = y.(X) where ¢ is looked upon as a C* mapping
of Minto E", . is the differential of y, and we identify the tangent space at
each point of E" with E". In particular, if n = I, then Vi F = X-F.

If E and F are Riemannian vector bundles with invariant connections
V, V, respectively, then Hom(E, F) is a vector bundle over M and we give
it a Riemannian structure {4, B) = tr '‘BA. Equivalently, it is given by
(A,By, = Y!. (A(e), B(e)), where ey, ..., e, is an orthonormal basis
of the fiber of E at p. We define an invariant connection on Hom(E, F) as
follows: (Vy4) () = V(4y) — AV ). By Hom((E. {5, V), (F, {0, V),
we mean Hom (E, F) with the above Riemannian structure and connection.

Let T(M) be the tangent bundle of M. Then ¢,> induces the Rieman-
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nian connection on T(M), V. Let now (E, {,>, V) be an affine connected
Riemannian vector bundle over M. If y is a cross section of E, we define
Vi a cross section of Hom(7T(M), E) via

(V) (X) = V.

Now applying the affine connection on Hom(7(M), E), we define
V2(X, Y) = (Vx(V§)) (Y) for X, Y vector fields on M. We note that if
E = M x R with the above defined affine connection and if fe C*(M),
then V2fis usually called the Hessian of £. Indeed, if df, = 0 and ifx, ...,
x, are local coordinates at p, then V2f(0/0x; , 8/0x;,) = (02/6)( ox)) f.

We can now give our second definition ofA A 1// Y V2 n//(e,, e ) where
ey, ..., e,is an orthonormal basis of 7,(M).

We now give a third definition of the Laplace Beltrami operator that is
useful for integration. Let M be an orientable Riemannian manifold. Let
for each pe M, e,,..., e, be a positively oriented orthonormal frame.
Letw,,. .., w, be the corresponding coframe. Setw, = @, A+ ** AW, Then
w defines an n-form on M, the volume form of M. We extend the Rieman-
nian structure of M to APT(M)* in the usual manner. We define

CAPT(M)* — A" PT(M)* via Gy adw =0 A a, neANT(M)*, ace
A" T, (M)* Let DP(M) be the space of all C*-p-forms on M. We define
8: D7 - D! by

D% =0,
on = (=)w*m+ixg*y  for ne D?, p #0.
On p-forms we now have the Hodge-Laplacian dé + déd. For p = 0, we
set Af # —ddf. Then A is the Laplace-Beltrami operator of M. We note

that if #, o are respectively a p-form and a p + I-form, one of which has
compact support, then

j dn A *a =J n A *(oa).
M M

That is, & is the formal adjoint to d. For functions, this says

f (Af)g*1 =J fAg*l.

M M

Using this definition of A, we have

Proposition 2.1. (E. Hopf). Let M be a compact, connected Rieman-

nian manifold. If fe C*(M) and Af 2 0, then fis constant. In particular,
the only solutions to Af = 0 on M are the constants.
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Proof. We first note that {, A/*1 = Osince [, Af*1 = [, fAI*1 = 0. But
Af > 0 now implies Af = 0. Now 0 = [y Aff*1 = [y Af*f = [y df A *df.
But [y df A *df = 0 implies df = 0. The result is thus proved.

Let D be the Laplace—Beltrami operator of E"*!, A the Laplace-Beltrami
operator of S" = {pe E"*!| | p|* = 1} with the induced metric. We find a
formula for D in terms of A. Let R* = {teR| t > 0}. We look upon
E"*' — {0} as R*-S" Let y : R* x §"—> E"*! — {0} be defined by
Y(t, p) = tp. If fe CP(E"Y), set f(p) = f(tp). We pull back the Rieman-
nian structure on E"T! to RY x S" Let w = dx, A dx, -+ - dx, . If
w, is the volume element of S”, Y*w = t"dt A wy. Now df = (3f]0t)dt +
df,. We note that *dt = t"w, and *df, = —dt A *5. df, (where 1S" is
{pe E""'||p|* = t*} with the induced Riemannian structure). Thus,

*df = 1" é—wo —dt A *gadf, (2.1)
2
d*df = nt”—la—{dt A W + 1 a{dt A g
+ dt A d*gadf.. (2.2)

Now let A, be the Laplace-Beltrami operator of ¢S”, then A, = tI—ZA.
Thus

2 .
wardiop) = L g+ TLap) + Af o).

We have thus proved

Lemma 2.2.

o? I
P

A

+

i
=UES
D

3. The Second Fundamental Form

Let (M, {,>) be a Riemannian manifold and let M be a C*-manifold.
Let V be the Riemannian connection on M. Let x : M - M be an im-
mersion. Now x is locally an imbedding; thus we may identify A locally
with its image in M.

The normal bundle N(M) of the immersion is the vector bundle over M
with fiber atp e M, N, = {ve T,(M)| (v, T,(M)>, = 0}. N(M) s naturally
a Riemannian vector bundle.



Minimal Immersions of Symmetric Spaces into Spheres 7

x induces a Riemannian structure on M. Let V be the Riemannian con-
nection on M. If pe M and ve T,(M), let v”, o™ be such that v = o7 +
vV and " e T,(M), V" € N,,.

Lemma 3.1. Let pe M, ve T, (M), and let Y be a vector field on M.
Extend Y in a small neighborhood U of p in M to a vector field on U.
Then V,Y = (V,Y)".

Proof. LetZ be another vector field on M extended to a vector field on
U. Then v-{ ¥,Z> = (V,Y,.Z> + (V,V,Z2> = LV, Y),.Z) + (Y,(V,2)">.
Now if Y is a field on a neighborhood of U so that Y|y, = 0, then

v-{¥,Z> = 0. Indeed, if o is a curve in M so that 6(0) = v, then v-(¥,Z)
=djdt,_y (Y1 Zgw» = 0. But then KV, V,2>, = —(YV,2Z),=0.
Thus (V, Y)T does not depend on the extension of Y. Furthermore (Vy,,Z)

-V, N7 = (Vy,Z — V,Y) = ((v.Z],)" = [Y.Z],- Thus by the fun-'
damental theorem of Riemannian geometry (V,Y)" = V,7.

We can now define the second fundamental form of x : M — M. Let
p e M. Let X, Y be vector fields in a neighborhood of p in M, extend X, Y
to a small neighborhood of pin M. We set B(X, Y) = Vx Y — Vy, Y. We
note that B,(X, Y)— B,(Y, X)= VXPY - Vy, X — Vx,,Y + Vy,,X =
[X, Y], — [X, Y], = 0. Thus B,(X, Y) = B,(Y, X). Hence B,(X, Y)
depends only on X, Y,. We have

Lemma 3.2. Let pe M, y,, y, € T,(M), extend y,, y, to vector fields,
Y,, Y,, in a neighborhood of p in M. Then B,(y,, ;) = Vy1 Y, -V, Y,
defines 2 symmetric, bilinear map B, : T,(M) x T, (M) > N,. B, is called
the second fundamental form of x at p.

We now show that B contains all of the curvature information of M and
that B tells how M sits in M.

Lemma 3.3. M is totally geodesic in M if and only if B = 0.

Proof. 1f B = 0and if ¢ is a geodesic in M, then 0 = B((¢), 6(t)) =

Vi 0(1) — Vo, 6(t) = V(7). Thus o is a geodesic in M. Conversely,
suppose that M is totally geodesic in M. Let pe M and let y e T (M) Let
o be the geodesic in M such that 6(0) = y. Then B,(y, ») = Vs0)0 —
Vi00 = —Vs0,0. Butgisalsoa geodesic in M, thus B (v, ») = 0. Hence
B,=0.
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To show how B determines the curvature tensor of M, we derive the
Gauss—Codazzi equation (for hypersurfaces in E* this is Gauss’ “Theorema
Egregium”).

Theorem 3.1. Let R, R be respectively the curvature tensors of M and
M, let pe M, and let w, y € T,(M). Then (R(w, y) y, wp = {R(w, ) y, w)
+ <B(W, y)’ B(Myy y)> - <B(H’s MY)7 B(y, y)>’

Proof. Let X, Y be vector fields on a neighborhood of p in M extend-
ingwand . Then (R(w, p) p,w) =V, V, Y = V.V, Y — Vi yy Vo) =
(V. (VyY + B(Y, Y)) =V, (VxY + B(X, Y)) = Vixy;, ¥, wy (since
(BAX, Y], Y )y =0) =V, Vy, Yw) + (V,B(Y, Y)w) — (VyVy VW)
— (VWB(X, V), w) — (Vixy,Y. w). Now (V,B(Y, Y), w)=
w-(B(Y, Y), X) — (B(Y, Y), V,X)> = —(B(Y,Y), B(X, X)). Similarly
—<{V,B(X, Y), w) = (B(X, Y), B(X, Y)).

4, Minimal Submanifolds

Let x: M — M be an immersion where M is a C*-manifold and
(M, {,>) is a Riemannian manifold. Let B be the second fundamental
form of x. We define the mean curvature vector H of x as follows: Let
peM. Let e,,...,e, be an orthonormal basis of T,M). Then
H, = (1/’7)2?»13,; (e;, €)).

H defines a normal field on M.

Definition 4.1. x : M — M is said to be minimal if H = 0.

We note that if dim M = 1, then x(M) is locally a C* curve in M. We
may thus reparametrize x, locally, by arclength and find that x is minimal
if and only if this reparametrization of x makes x into a geodesic. Thus
minimal submanifolds generalize the notion of geodesics.

We now show that the notion of minimality is a strict generalization of
the notion of geodesic. That is, we show that if x : M — M is a minimal
submanifold of M, then x is locally a critical point for n(= dim M)-dimen-
sional area.

We first need a notion of local variation. Let M be a compact orientable
manifold possibly with boundary 6 M. Let x : M — M be an immersion. A
variation of x is a C* mapping F : (—¢, &) x M — M so that
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(1) If F(p) = F(t, p), then F, : M - M is an immersion and F; = x.

(2) If pedM, then F(p) = x(p) for te(—¢, &).

We note that if ¢: [a, b] > M is a C®-curve, then a variation of o
in the above sense is exactly what is usually meant by a variation of o.

The variation field of the variation F of x is defined by E, = Fy0,,(/01)
for p € M. We note that E, = 0 for p € M. Let Ag(?) be the Rieman-
nian volume of M relative to F,*{,>. We wish to compute explicitly 44(0),
for M, possibly “shrunk.”

We are interested (as in the case of geodesics) in the case of local critical
points for A¢. Thus we assume that x : M — M is an imbedding. Thus ET
defines a vector field on M with compact support, vanishing on dM. Hence
ET defines a I-parameter group of diffeomorphisms of M, ¢,. Let y :
(—e &) x M - (—¢ ¢) x M be defined by y(t, p) = (1, d_(p)). Let
F = Foy. Then F is a variation of x and the variation field of F is EV.
Furthermore Ap(t) = Ap(1). We may thus assume E = EN, F=F.

Setg, = F*{,>. We compute g, to second orderinz. Let M = M — dM.
Let U, VeT,(M). Theng, (U, V) = (F, U, F,, V>. Set 6(t) = F(p) and
let D/dt be covariant differentiation along ¢ in M. Set X(1) = F, U,
Y(1) = F,, V. By Taylor’s theorem,

9., (U, V) = go,(U, V) + 1(d]dr) = o X(1), Y(1)) + o(r?).
But
d DX DY
E,:0<X(t)’ Y(0)) = (0, Vo + KU, = (0.
Now if we extend X, Y, E to a small neighborhood of p in M, we have

b
dt;—o

But by the definition of E, we have [E, X], = [E, Y], =0. (E = F,(¢/01)
and U, V are tangent to M.) Thus,

d - _
i X)), Y(O> = (VyE, YD + (X, VyE).

t=0
Now if @ (resp. y) is a curve in M such that &(0) = U (resp. 7(0) = V),
then <E, YD = 0(resp. {E, XD, = 0). Thus U-(E,Y) = UCE, X) =
0. Hence (V,E, YY)+ (X, V,E) = —(E, V,Y) - (E Vo X) =
—~2 (E, B(U, V)).
We thus find that

g.,(U, V) =go, U V) - 2UE, B(U, V)) + O(?).

X = V4E + [E, X], (6(D) = E,u).
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Let ey, €,,..., e, be a positive frame in a neighborhood of p for M.
Then

gle, e;) = 6;; — 2t {Ble;, ep), E) + o).

Let w, be the volume element of g, on M. Then w, = ([det(g (e;, e,)]'*)w, f
= (1 — nt {H, EY)w, + O(1*).
Thus, we find that

Af(t) = A(0) — mf CH, Edwy + O(t?).
M

We thus have the first variation formula

Proposition 4.1. Let x : M - M be an imbedding of M, a compact,
orientable manifold with boundary into (M, ¢{,>), a Riemannian manifold.
If Fis a variation of M with variation vector F and if 4g(t) is the volume
of M induced by F,, then

A(0) = —nj {H, E>w.
M

Corollary 4.1. Let x : M - M be an immersion. Then x is minimal
if and only if M is locally a critical point for n (= dim M) volume.

Proof. 1f H = 0, then M is clearly locally a critical point for n-dimen-
sional volume. If M is locally a critical point for n-dimensional volume, let
pelU c M, Uopen in M, be such that x|U is a critical point for any varia-
tion of x[U. Let ¢ € C*(U) be a nonnegative function having compact sup-
port and such that ¢(p) = 1, ¢ = 0 on dU. Set F(q) = Exp,,, (td(q)H,).
Then the variation vector of Fis ¢pH. Thus Ap0) = —n[,¢<{H, HDw,.
Thus A£(0) = 0 implies H, = 0.

Using Corollary 4.1, we give a proof of a theorem of Hsiang [9]. We
first need the notion of equivariant immersion. Let M be a manifold, G a
compact Lie group acting on M. Let M be a Riemannian manifold and let
I(M) be the group of isometries of M. An immersion x : M — M is said
to be G-equivariant if there is a continuous group homomorphlsm P
G — I(M) such that x(gp) = p(g)x(p) forge G, pe M.

Theorem 4.1. (Hsiang [9]). Let G be a compact Lie group and let K
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be a closed subgroup of G. Let M = G/K. Then there is a G-equivariant
minimal immersion of M into S" for »n large enough.

Proof. The Mostow—Palais theorem [/2, /4] says that there is an
equivariant embedding x : G/K — ST = E"*l. Let x(92) = p(g)x(2),
geG, zeG/K. Let X = {ze Sf|p(k)z = z for all ke K}. Then X is a
compact subset of ST and X # @. Let for each z€ X, f, : G/K - S] be
defined by f.(gK) = p(g)z. Then f, is a C*-mapping for cach ze X. If f, is
regular, define B(z) to be the volume of G/K, induced by the Riemannian
structure pulled back by f.. K, is the connected open subgroup of K. If £,
is not regular, define B(z) to be 0. We assert that the function B : X — R
so defined is continuous. Indeed, let g be the Lie algebra of G, f the Lie
algebra of K. Let {,> be an Ad(G) invariant inner product on g. Let p be
the orthogonal complement to f in g. Let x,, ..., x, be an orthonormal
basis for p, relative to {,>. Let w, ..., w,, be the dual basis. Then w =
w, A * A o, induces a G-invariant volume element @ on G/K,. We
may assume that [g,x@ = 1. Now if z € X is an element so that f; is
regular, then the induced volume element on G/K, is ¢(2)@, ¢(z) a positive
constant. We compute c(z). Let x(gw) = p(g)x(w), w € G/K, g € G.
p 1 G - O(n + 1) is a representation. Let us denote also by p the repre-
sentation of g on E"*'. Then c(z) = [det({p(x))z, p(x;)z))]'/?. Thus
B(z) = [det({p(x)z, p(x,;)z))]"/* and is clearly continuous.

Since X is compact, B takes a maximum, say at z,. B(z,) # 0; thus
Sz 1 GIK — ST is an equivariant immersion. Let H be the mean curva-
ture vector of f, . Then p(g)H, = H,, for g € G, p € G/K. Let F(p) =
Expy. (1 H). Then F(g-p) = Expy, g p(t Hy. ) = EXPyigyy. m (1 (9 H,)
= p(g)F(p). Thus F, = fy k) The variation vector of F, is H. Let
A(1) be the induced area given by F,. Then A(t) = B(F(eK)). Thus,
since A(0) = A(t), t # 0, we have 4’(0) = 0. But then 0 = 4'(0) =
—mfgx(H, H) A(0)@. Thus, H = 0. Q.E.D.

5. Minimal Immersions into Euclidean Space and into Spheres

Let M be a C*® manifold and let x : M — E" be an immersion. We com-
pute the mean curvature vector of x. Since the mean curvature vector is
locally defined, we may assume that x is an imbedding. We thus assume
that M is a submanifold of E".

Letpe M. Let E,, ..., E, be a (local) moving frame on M in a neigh-
borhood of p (that is, E,, ..., E, are mutually orthogonal relative to the
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induced Riemannian structure). We may extend £,,..., E, to a local
moving frame £, ..., E, on a sufficiently small neighborhood of p in E".

We assume that VE[,,EJ- =0,1 <14 j< m, Vis the induced connection
on M. We look at x as a cross section of the trivial bundle M x E". Using
the second definition of the Laplace-Beltrami operator, we find

m m

Ax(p) = :21 Ei Ex = .;1 VE:‘,,Ei

where V is the connection on E". But VE,-,,E,- =0,i=1,..., m. Thus
Ve, Ei = (Ve E)Y. Hence Ax(p) = Y (Ve E)Y = mH,. We have

Lemma 5.1. Let x : M — E" be an immersion; then Ax = mH.

Corollary 5.1. There are no minimal immersions of compact mani-
folds into Euclidean space.

Proof. If M is compact, x : M — E" minimal, then Ax = 0. Thus if
X =(x,..., X,), Ax; = 0. Hence x; is constant on components. Thus,
x cannot be an immersion.

Corollary 5.2. (Takahashi [/6]). Let M be a connected m-dimen-
sional Riemannian manifold. Let x : M — E" be an isometric immersion.

Suppose that Ax = — Ax, 1 # 0. (Here we look at x as a cross section of
M x E".1n any event, it is the componentwise Laplacian.) Then
(a) A>0,

(b) x(M) < r-S""' (the sphere of radius r),

(©) r= (m/H'? and

(d) x:M - rS"1is minimal.

Furthermore, if x : M — r$"~! is minimal, then Ax = (—m/r?)x.

Proof. By Lemma 5.1, H = —(A/m)x. Thus, since 2 # 0, we have for
peM and ve T(M), (x(p), x.,(v)> = 0. Thus p — {x(p), x(p)) is con-
stant; this proves (b). Let E£,,..., E, be a moving frame on M in a
neighborhood of p. Let £, ..., E, |, be an extension of E,, ..., E toa
moving frame in a neighborhood of p in r$"7 !, Set E, = (1/r)x(q). Let
N, be a normal projection relative to x in »S"~'. The mean curvature
vector of x in r§"~! is given by

i YV EN =H - iz (H, x>x = 0.
mi;= F
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Thus (d) is proved. Now

_v/o. g2\ LS g Esp= -T2
mH, = igl <VE,-E1" r> Fr- 2 ig'l (E; Epp 2 p.
This proves (a), (c), and the last statement of the Corollary.

We now derive the relationship between the square of the norm of the
second fundamental form of a minimal immersion and scalar curvature.
First, we recall some definitions. Let (M, (,>) be a Riemannian manifold.
Let R be the curvature tensor of M. If pe M and x, y € T,(M), we define

S,(x,y) = tr(z > R(z, x)y).

S defines a tensor field on M called the Ricci tensor. We note that
S(x, ) = S(y, x). Using the Ricci tensor, we define the scalar curvature

() = ¥ Sy(eie)

where e, ..., e, is an orthonormal frame at p. Using the frame ey, . ..,
e,, we note that 1, (p) = 2t Yz (Rlej, e, €,

Now suppose that x : M - Misa minimal immersion where (M, {,)) is
a Riemannian manifold. Let R be the curvature tensor of M, and let R be
the induced curvature tensor of M. Then by Theorem 3.1, {R(ej, e)e;, e;)
= <R(eja ei)ei’ ej> + <B(€,, ej)a B(ei’ﬁj)> - <B(ei7 ei)’ B(eja ej)>‘

From this, we see that if x : M - M is minimal, then

Z <R(€j, e)e;, €j> = Z <R(ej’ e, ej> + ZI<B(€’;’9 ej)’ B(e;, ej)>'
= i=1 i=
This implies immediately

Lemma 5.2. If all of the sectional curvatures of M are <0, then the
Ricci tensor of M is negative semidefinite.

We recall that the sectional curvature of a plane P in T,(M) spanned by
u, v, an orthonormal basis, is K(P) = {R(u, v)u, v).

Suppose that all of the plane sectional curvatures of M are bounded
above by a constant K. Then we have by the above computation

Sp(ei’ ej) = - I)K - _21<B(ej, e), B(eja e).
i=
Now ||B, |2 = Y7 ;=1 {Bles €)), Bley, ¢))>. Thus, we have
14(p) < n(n — DK — ||B, |
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Lemma 5.3. Let x : M — M be a minimal immersion. Suppose that all
of the sectional curvatures of M are bounded above by K; then

Ty < n(n — DK — || B|]2.

Corollary 5.3. Let M be a Riemannian manifold whose scalar curva-
ture is nonnegative. Let x : M — E" be a minimal isometric immersion.
Then M is flat and x : M — E" is totally geodesic.

Proof. 0 < 1y = —|B|* < 0. Thus |B||* = 0. Hence B = 0.

6. Minimal Immersions of Spheres into Spheres

Let S be the unit sphere of R**! with the Riemannian metric of constant
curvature k. Let U < S} be a connected open subset so that if x € U, then
—x ¢ U, and let

f:U-> 87

be a minimal isometric immersion. We analyze this situation in this
section,

Let f = (fy,...,fp+1), fi : U > R. Then by Takahashi’s result (Corol-
lary 5.2), if A is the Laplace-Beltrami operator on S7, Af; = —nf,. Let A
be the Laplace-Beltrami operator of S7. Then A = kA. Thus Af, =
—(n/k)f;.

We need an auxiliary notion.

Definition 6.1. Let CU = {tx| te R, t >0, xe U} = R*U. Let ie
R. Then a fractional spherical harmonic of degree A on CU is a C® func-
tion,

h:CU->R
such that
(1) h(ex) = t*h(x) for x e CU, t € R so that tx e CU.
n+1 62

) ; szh=0

i

Set as usual D = Y'0%/ox .
Now using Lemma 2.2, we see that if / is a fractional spherical harmonic
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of degree 4 on CU, then A(h|,) = —A(A + n — 1) (h]). Using Lemma 2.2
we also easily derive a converse.

Lemma 6.1. Let 2:U — R be a C* function so that Ah = —puh,
p>0.If A= —n+ [(n— 1)® + 4u]"%/2, then the function i: CU— R
defined by h(tp) = t’h(p), te R, t >0, pe U is a fractional spherical
harmonic of degree A.

Let fi, ..., f,+1 be as above. Then we extend f,, ..., f,., to CU as in
Lemma 6.1 as fractional spherical harmonics of degree determined by the
appropriate 4 > 0. Thus finduces a mapping f: CU - R"*1,

Let g be the constant curvature 1 metric on S”, and let cg be the constant
curvature k metric. (¢ = 1/k.) The isometry condition on f says that if
i : U — CU is the canonical injection, then

*Sdf, ® df; = cqg.
Let x, ..., x,4, be the standard coordinates on R"*!, then
g = i*Ydx; ® dx,.
We use these formulas to derive a formula for Y.df; ® df;.
Let @ : R* x U — CU be defined by ®(¢, x) = tx. Explicit computa-
tions using the differential ®@. of ® yield
CD*(dei ® dx), . = t*g, + (dt ® ar),. 6.1)
CD*(Zdﬁ ® df), . = 222272 (dr @ dr) + (tu)i*(dei ® df).. (6.2)

Thus we have

pt+1
O*( Y df; ® df) .y = A2 73(dt ® db), + ct*'g,
i=1

= 227202 — o) (dt @ dt), + ct?*2(dt ® dt, + t2g,). (6.3)
Setting r(x) = Yx?, we have ®*r'/2 =1t Thus (@ ")*dr), =
r 2 Y dx,.
This combined with (6.3) yields
Ydfi @ dfy = or* " 'Ydx; @ dx; + r* (A% — )Y xx; dx; @ dx;. (6.4)
Equation (6.4) is equivalent to the system of partial differential equations

Rof O _ s

= A—1 2 __ . ).-—2. 65
Lax, %, r + (4 X X;r (6.5)

i

This motivates
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Lemma6.2. Letf,,...,f,,, be nonzero fractional spherical harmonics
of degree 2 > 0 on CU satisfying the system of differential equations

afk afk _ A-1 A2
ox; Ox, 167 + X (6.6)
forc,c;eR, 1<i,j<n+ 1.Thene¢, 2 0.If ¢, =0, then 4 = 0 and
Sis -, fasy are constant on CU. If ¢; > 0, then A > 1. If A = 0, then

¢, = 0.

Proof. Equation (6.6) implies that i*Ydf, ® df, = c,g; thus cy = 0.
If ¢y =0, theni*df, =0,k =1,...,p + 1. Thus, since U is connected,
filv is constant for i = 1,..., p + 1. But then f; = b*2. But Df, =0
implies 2 =0, and f; = b;. If ¢, > 0 and A = 0, then *Ydf,@df,= c,g,
and Af;=0,i=1,....,p+ LThus (f;,....f,s))=fly: U>R"*'isa
minimal isometric immersion. But 7, = n(n — 1)/¢, > 0, contradicting
Corollary 5.3. Thus A > 0. Now, by Corollary 5.2, f(U) < roS?. Thus set-
ting y = (1/ro)f, we have y : U — S{and Ayl, = —A(d + n — 1) (y).
Thus the induced curvature on U is [n/A(L + n — )] < 1 by Corollary
5.2; thus A > 1. Finally, suppose 4 = 0. If ¢, > 0, then 4 > 1 hence
¢; = 0. Q.E.D.

Lemma 6.3. Let f,,..., f,,, be fractional spherical harmonics of
degree A, A > 1, satisfying system (6.6). Let A,, ... s Pt 1yp+ 1y be the
df;/éx; arranged in some order. Then A, .. h(,,+,)(p+1) are fractional

spherical harmonics of degree 1 — 1 satlsfymg the system (6.6) for ap-
propriate ¢/, ¢;.

Proof.

byl 2 S e i

- m1 K= 0x;0x, 0x;0x,,
(n+1)(m+1) ahk ahk
& Ox; Ox;

Now the result follows from Dr” = 2y(n + 2y — 1)r"™!, Dx,x; = 24,
and Y, (3/0x,) (x;x,) (8/ox)r? = 4y x ot
We can now prove

Proposition 6.1. Let f,,..., f»+1 be nonzero fractional spherical
harmonics of degree 4 > 0 satisfying on CU the system (6.6). Then A is
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an integer and f; extends to a harmonic homogeneous polynomial of degree
Ain R"*'. Furthermore, f,, ..., f, satisfy (6.6) on R"*".

Proof. We show that A must be an integer. If 2 = 0, there is nothing
to show. If A > 0, then by Lemma 6.2, 4 > 1. Let [A] be the greatest
integer less than or equal to 4. Apply Lemma 6.3, [ 1] times and we have a
solution to Eq. (6.6) by spherical harmonics of degree 0 < 1 — [1] < 1.
Hence / = [4]. Now Lemma 6.3 implies that the ¢*f/ox;, - - - Ox,, are
constants. Thus, fi,..., f,+, extend to harmonic homogeneous poly-
nomials on R"*! of degree A. Since (6.6) is a polynomial system for A > 1,
the extension of fy, . . ., f,+ satisfies (6.6) on R"*1.

Corollary 6.1. Let U be an open connected Riemannian submanifold
of Si. Let f:U — SP <« EF*! be a minimal isometric immersion, f =
(fis -+ s fo41)- Then

(1) There is a positive integer m so that k = [n/m(m + n — 1)].

(2) fextends to a minimal isometric immersion of S} into S¥.

(3) f;is a spherical harmonic of degree mfor i = 1,...,p + 1.

In Section 9 we prove an abstract (global) version of this result for
arbitrary symmetric spaces.

7. The Laplace-Beltrami Operator of a Homogeneous Space

Let M, M be Riemannian manifolds. Let f : M - M be a C™ mapping
which is onto. Then fis said to be a Riemannian submersion if

(1) fis a submersion. That is, for each p e M, f., : T,(M) - T, (M)
is onto.

(2 By (1), £~ !(p) is a submanifold for each pe M. Let pe M, p, €
S~ p). Thenf., - T, (f ~'(p) ) > T,(M)is anisometry (where T, (f ~'(p) )*
is the orthogonal complement of 7, (f~ '(p))in T, (M)).

Let f: M - M be a Riemannian submersion. We derive the funda-
mental equation of f using moving frames. The notion of Riemannian sub-
mersion is due to O’Neil [/13].

LetpeM,p,ef '(p). Let E,, ..., E, be a moving frame in a neighbor-
hood Uofp,in MsothatfLE,,; =0,j=1,...,n— m,and LE; = E,,
i=1,..., mdefines a moving frame in M in a neighborhood of p. We

let our indices run as follows:
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1 <ijk: <m,
m+1<a p,y<n,
1 <A, B, C<n

Let8,, .,0,bethecoframefor E,,..., E,andletw,, ..., », be the
coframe for E,, ..., E,. Then f*w, =0,,i=1,..., m.

The connection forms for M relative to £,, .. ., E, are uniquely defined
by

dOA = Z OAB A 03, OAB + ()BA = 0.
B=1

The connection forms for M relative to E,, . . ., E,, are uniquely defined
by

dw-Za)U/\w w;; +w; = 0.

) iJ Jji
j=

Now f*dw; = ¥ f*w;; A 0;,i=1,...,m Thusdf, = ¥ f*w,; A 0,
= Y5-10i5 A Op.

From this we find the fundamental equation of a submersion
YO, - fro)al;=— Y 0,r0, for i=1,...,m (7.1)
ji=t a=m+1

We now derive some consequences of Eq. (7.1). Let 1 < r, s < m; then
evaluating both sides of (7.1) on (E,, E,), we have

Z (Oij - f*wij) A gj(En E) = 0.

Let for each g e U, T be the linear span of E, o> Em, Then we have
"0 - ffols, A 0. iz, =0,i=1,..., m Hence

0; — f*wij)qu = k; hijk0k|Tq

and Ay = hyj, hjj = —hy. But this implies that A;; = 0. (In fact,
hiw = —hju = —hpy = by = hyj = —hy; = —h,.) Thus, (7.1) im-
plies

OijITq =f*wij|Tq’ ge U. (7.2)

We now evaluate both sides of (7.1) on (E,, Ep), m+ 1 < a, f < n.
Then

Y, 0y A O(E, Ep) =0, i=1,...,m

y=m+1
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Let T, for g € U be the linear span of E,,, 1y -+« En,. Then as above
we find

0,)r, = Yais0s with  a;,; = ag, (7.3)
Clearly the a;,; are the entries of the second fundamental form

of f "'(f(g)) at g in the ith direction. Hence if £~ !(p) is totally geodesic
for each p € M then we have

0,7, =0 (7.3)
Putting Eqgs. (7.1), (7.2), and (7.3") together, we have

Proposition 7.1. Let f: M - M be a Riemannian submersion. Sup-
pose /™' (p) is totally geodesic in M for each p in M. Let A, A be respec-
tively the Laplace-Beltrami operators of M, M. Let A € C*(M). Then

(AR) o f = Ah o ).

Proof. Let pe M, p,ef™\(p), and let E,, E;, 0, ©;, 045, ©,; be as
above. If ¢ € C°(M) (resp. h e C*(M)), then

n

A(p,) = AZI (Ve, dd)Eyy,) (resp. Ah(p) = Y(VE, dh) (Ey,)).

Now

dp = Y (Ep)0, (resp. dh = Y(Emw,).
Thus
Ab(p1) = sl Eap(Esd)}05(E ) + Yus(Es®) (p1)(Viy, Os)Enp,)
= ZAEAp,EA¢ - ZAB(EBp1¢) QB(VEAHEA)
= YaEapEad — Y us(Esd) (p1) 04n(Eay,)
(resp. (Ah)(p) = :-'LIEiPEih - Zfij(Ejph)a)ij(Ei) ).
Now suppose that ¢ = /. f. Then Ep=0,a=m+1,...,n Thus

Ad(py)

i
s

E, Eid — ¥ Y(Ej, )04 (ED

1

B Eb + T Y(E;, ) 00) (Ea,,):

Il
s

i
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Now Eq. (7.3’) says that 0,,(E,) = 0form + | < « < n. Thus
(Ag) (py) = ZEjplEj(b + Z‘(Ejpl(b)eji(Eip)
LY

1 s
[xoil

-

L Eih + Y(E; B (o) (E,)  (by (7.2))

s
t

—-

inih + Z_(Ej,,h) wji(Ei,,) = (Ah) (J(p1))- Q.E.D.

Let G be a compact Lie group and let K be a closed subgroup. Let {,)
be a Riemannian structure on G that is invariant under the action of
G x GonGgivenby(g,,9,)'9d =49,99,"' Let M = G/Kandletn: G -
G/K be the canonical map. Let e be the identity of G. Identify 7,(G) with
g, the Lie algebra of G. Let I be the Lie algebra of K and let p = t relative
to ¢,>,. Let {,>,¢ be the inner product on T,,(M)which makes ”*elp an
isometry. Then the corresponding Riemannian structure on M is such that
7 :G — M is a Riemannian submersion so that n~'(p) is totally geodesic
for each p in M. A Riemannian structure on M defined as above is called
naturally reductive. By Proposition 7.1, in order to find the Laplace-
Beltrami operator of (M, {,)>) we need only find the Laplace-Beltrami
operator of G, relative to {,).

Let g be the Lie algebra of G looked upon as the space of right invariant
vector fields. Let E,, . .., E, be an orthonormal basis of g relative to {,).

Lemma 7.1. A = YE7.

Proof. If X, Yeg, we define Vi Y =4[ X, Y]. Then V, ¥ — V, X —
[X, Y] = 0. Furthermore, if X, Y, Z€ g, then X-(Y, Z) = 0. Thus V is
the Riemannian connection of ¢,>. In particular, if g € G, then (V. E), =
0. Now if fe C*(G), (&) (9) = Xi=1(Ve, (@) (Ey,) = XiciEES —
Ydf(VE, E) = YE,Ef.  QED. ’

Corollary 7.1. Let G/K = M as above and let {,> be the Rieman-
nian structure on M defined as above. If X e g and fe C*(M), let X f =
d/dt,.of(exp tXp). Then the Laplace-Beltrami operator on M, Ay, is
given by Y7 (E})*.

Proof. Let fe C®(M). Then (Ayf) o = A(fom)(9) = Y1 1EX(fom)
= Yd/dt® flexp tEn(g) ) = Y(EDip(f)-  QE.D.
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Corollary 7.2. Let M, A,, be as above. Let G act on C*(M) via
@of) (P) = flgs 'p).

(@) If Vis a G-invariant finite dimensional subspace of C*(M), then
Ay(V)yc V.
(b) If Vis irreducible and G-invariant, then Ay |, = AL

Proof. (a) Since V is G-invariant, V is g-invariant under the action
Xf(p) = djdt,_, flexp(—tX)p). Thus by Corollary 7.1, Ay (V) = V.
(b) Let (,) be any G-invariant inner product on V. Then
relative to (, ), X * is skew-symmetric for each X € g. Hence (X*)?is sym-
metric. Thus A,, is symmetric on V.

8. Class 1 Representations

Let G be a compact Lie group. Then an orthogonal G-module, ¥, is a
real inner product space on which G acts linearly via orthogonal transfor-
mations. Let X be a closed subgroup of G. A class 1 representation of
(G, K) is an irreducible orthogonal G-module V' so that there is a unit
vector ve Vsuch thatk-v = vforall ke K.

Proposition 8.1. Let G be a compact Lie group and let K be a closed
subgroup of G. Let M = G/K and suppose that the isotropy action of X
1s irreducible. Let ¥ be a nontrivial Class 1 representation of (G, K) with
K-fixed unit vector v. Then the map x : M —» S (the unit sphere of V)
defined by x(gK) = g-v is a minimal isometric immersion of a multiple of
the G-invariant metric of M.

Proof. Letv = v, v,,...,v,,; be an orthonormal basis of V. Define
figK) = {g-v,v;). Then f; € C*M), i=1,...,p+ 1. Let ¢ : V >
C*(M) be defined by ¢(w) (gK) = {gv,w). Let G act on C*(M) via
(9of)g) =f(gy'g). Then ¢ is a G-module isomorphism. In fact,
$(gow)gK) = (gu,gow) = (g5 'gv.w) = $(w)gs 'gK). Thus ¢ is a G-
module homomorphism. But V is irreducible; thus ¢ is an isomorphism.
Clearly fie ¢(V), i =1,...,p + I.

Let {,> be a G-invariant Riemannian structure on M. Let A be the
Laplace-Beltrami operator of M. Since M is isotropy irreducible, M is
naturally reductive as in Section 7. Thus, by Corollary 7.2, Alyy, = AL
Thus Af; = Af;. Since V is nontrivial, A # 0. Now Y?*ldf; ® df; is
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the metric on M induced by x. Y?'ldf; ® df; is G-invariant, thus
Y.df; ® df; = ¢{,), ¢ > 0. Thus x is an immersion. Corollary 5.2 now
implies that x is minimal. The proposition is now proved.

We now confine our attention to the case (G, K) is a symmetric pair of
compact type. That is, G is a compact, connected Lie group with discrete
center and there is an involutive automorphism ¢ : G — G so that if
k € K, (k) = k and K is open in the fixed point set of ¢. The classification
of symmetric spaces says that G/K is the most general symmetric space
having nonnegative curvature up to locally Euclidean factors. Also, every
G-invariant Riemannian structure on G/K is naturally reductive as in
Section 7.

We give a complete description of C*(G/K, C) through complex, class
1 representations of (G, K). A complex class 1 representation of (G, K) is
an irreducible unitary representation of G with a K-fixed unit vector. Let
{V.,}. <1 be a collection of complex class 1 representations of (G, K) so
that if o # B, ¥V, is not equivalent to ¥, and if V' is a complex class 1
representation of (G, K), that ¥ is equivalent to V, for some x € I.

Let ¢, : V, = C®(G/K, C) be defined by ¢ (@) (¢K) = {gv,, w>, where
v, € V, is a K-fixed unit vector. Then ¢, is a G-module isomorphism.

Theorem 8.1. (E. Cartan [3]). Y. ¢.(V,) is a dense subspace of
C™(G/K, C) with respect to the L? topology relative to any G-invariant
volume element on G/K.

Note. Thissaysthateveryirreducible G-subrepresentation of C*(G/K,C)
is class 1 for (G, K) and that each such subrepresentation appears
exactly once in C*(G/K, C).

Proof. We prove the statement of the note since the note combined
with the Peter—~Weyl theorem implies the theorem. Suppose that ¥, W are
irreducible subrepresentations of C*(G/K, C) such that as G-modules, V
is equivalent to W. Let ey, ..., e, (resp. f,, ..., f,) be an orthonormal
basis of ¥ (resp. W), so that g-e; = Yg e, (resp. g f; = Y.g,./;) forgeG.
This can be done since ¥ and W are equivalent. Let s, : G/K - G/K be
defined by s,(9K) = c6(9)K. Set Sf = fos, for fe C*(G/K, C). Let
7n: G — G/K be the canonical map, and abusing notation, let ¢; = e;0 7,
fi = fi o m. Let g be the Lie algebra of G, f the Lie algebra of K, and let
p = {xeg|o,(X) = —X} (where o, is the differential of o). Then



Minimal Immersions of Symmetric Spaces into Spheres 23

g =t@p. Let P=exp p. Set p, = eK. Then G/K = Pp,. Define F(g,, g,)
=Y"_1e{g)f{g2)- Thenif geG, F(gg,,gg,) = Fig1. 95). Hence if pe p,
we have F(p, ¢) = Fle, p~"). Now so(p) = p™ ' F(p, ¢) = Y. 7{@ed(p).
Fle, p7') = Yedo)fp™") = Yede)Sfi(p). Thus ¥V A SW# (0). (Now
letting W = V, we also have W n SW # 0.) But W and ¥V are irreducible
and SW is G-invariant. Thus V < SW (resp. W = SW). Thus since
dim ¥ =dim W =dim SW,wesee V=SW= W.

Now let ¥ be an irreducible subrepresentation of C*(G/K, C). Let
Sis++ ., [ be an orthonormal basis of V. Let f: G/K — C™ be defined by
f@K) = (f/1(gK), ..., f(gK)). Let 4: V> C™ be defined by AQa.f) =
(a,...,ay,).

If geG, let g-f; = Y9/} Set p(g) = (g,,)- Then A(g-h) = p(g)4h for
he V. Thus flg'p) = p(g)f(p). Set vy = f(eK). Then 4™ '(vy) e V and is
K-fixed. The theorem is now proved.

We now prove a formal result known as the Frobenius reciprocity
theorem. We first need the notion of an induced representation. Let G be
a compact group and let K be a closed subgroup. Let W be a unitary (resp.
orthogonal) K-module. Let I'(W) be the vector space of all continuous
functions f': G —» W so that f{kg) = k-f(g). Let dg be Haar measure on G
and define for £, f, € T(W), (/1. f2) = [¢</1(9), /2(9)> dg. Define for
SeT (W), (g90f) (@) = flggo)- Then (T(W), {,>) is a unitary (resp. orthogo-
nal) G-module called the G-module induced by W.

If W,, W, are unitary (resp. orthogonal) G-modules, then by
Homg (W), W,) we mean the space of all continuous linear maps
A: W, - W, so that Agw, = gAw,.

Theorem 8.2. (Frobenius Reciprocity). Let G be a compact group,
K a closed subgroup of G. Let M be a finite dimensional unitary (resp.
orthogonal) K-module, let T(M) be the induced unitary (resp. orthogonal)
G-module. Let U be a finite dimensional unitary (resp. orthogonal)
G-module. Then Homg(U, I'(M)) is canonically isomorphic with
Hom(U, M).

Proof. Let A € Homg(U, T(M)). Define 4:U > M by Au) =
A(u)(e) for u e U. Then A(ku) = kA(u). Hence A € Homy(U, M).

Now let 4 € Homg(U, M). If u € U, set /T(u)(g) = A(gu). Then A(u)(kg)
= A(kgu) = kA(gu) = k(A(u) (g)). Thus A(u) € T(M). Algou) (9) =
A(ggou) = A(u)ggo) = (9oA() )(g). Thus A € Homg(U, I'(M)). Clearly
A=, 7i=4 Q.E.D.
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Corollary 8.1. (E. Cartan [3]). Let V be a class 1 unitary module
for the symmetric pair (G, K). Then V¥ = {ve V| kv = v, ke K} is one-
dimensional

Proof. Let C be the trivial K-module. Then. if fe C*(G/K, C), fe T(C),
where f(g) = f(n(g™") ). The map f— fon maps C°(G/K, C) - IT(C)
is a unitary G-module isomorphism. It is standard that the image of this
isomorphism is dense in T'(C). The result now follows by Frobenius
reciprocity.

Let (G, K) be a symmetric pair as above. Let ¥ be an irreducible G-
submodule of C*(G/K, C). Then since dim V¥ = 1, there is ¢ € ¥ such
that ¢(kgK) = ¢(gK) for all k € K, g € G. Furthermore, by the proof of
the existence of ¢, ¢(eK) # 0. Let ¢, € V¥ be the element such that
¢y(eK) = 1. ¢y is called the zonal spherical function of V.

Lemma 8.1. Let V be an irreducible submodule of C*(G/K, C), then
V=WnC*M))®gCif and only if ¢,(G/K) = R.

Proof. 1f ¢(G/K) = R, then ¢, € C*(M). Thus G- ¢, < V n C*(M).
Let V, be the R-linear span of G- ¢, ; then ¥ is a G-submodule of C*(M).
Clearly V = V, ® gC.

Suppose that V'~ C*(M) # (0). Then by Frobenius reciprocity (ap-
plied to R-modules), ¥ n C*(M) has a K-fixed vector. Corollary 8.1
implies ¢, €V n C®(M). Now suppose ¢, ¢ VNC*(M); then by the above
Vi C®(M)=0.

We prove a result that tells us for what pairs (G, K), ¢, is always real.

Theorem 8.3. Let g =T @ p as in the proof of Theorem 8.I. Let
a < p be a maximal abelian subsystem. Let M* = {m e K] Ad(m)a < a}.
Then ¢, is real valued for any irreducible subrepresentation of C*(G/K, C)
if there is an m e M* so that Ad(m)|, = —1I.

Note. This condition is actually necessary and sufficient.*

Proof. We use the facts Ad(K)a = p and exp(p)py, = G/K where
po = eK. These facts imply that if 4 = expa, then ¢, is completely
determined by its values on Ap,. ’

*This is a result of Professor Joseph Wolf.
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Now by the proof of dim ¥'* # (0), there is v, € VX so that ¢, (gK) =
{g+vo, o). Thus ¢ (gK) = ¢,(g~'K) (the inner product is Hermitian).
Suppose that there is m € M* so that Ad(m)|a = —I. If a € A, then
dv(apo) = ¢y(map,) = dpy(mam™"'py) = ¢py(a™'py). Now if xe p.x =
Ad(k)y, yea and ¢y(exp xpo) = ¢y(k(exp y)h 'po) = ¢y(exp yp,) =
dy(exp (3)7'po) = ¢y(k exp(=3)k~"po) = ¢y (exp(—(x) )po). Now this
implies by the above that ¢, = ¢,.

Corollary 8.2. If (G, K) is a symmetric pair corresponding to a rank
1 symmetric space, then all the zonal spherical functions of C*(G/K, C)
are real valued.

Proof. 1f (G, K) is rank 1, then K acts transitively on the unit sphere
of 7, (G/K). Thus if a is as in the proof of Theorem 8.3, dim a = . If
X € a is a unit vector, then the orbit Ad(K)x must contain — x. Thus there
is k € K so that Ad(k)x = —x. Q.E.D.

Combining Lemma 8.1 with Corollary 8.2 we have

Corollary 8.3. Let (G, K) correspond to a rank | symmetric space.
Let V7 = ¢ (V) n C°(G/K) where ¢,, V, are as in Theorem 8.1. Then
C*(G/K) = Y.erV? and V7 is not equivalent to V2 for o # f.

We give some concrete examples of this situation.

EXAMPLE 1. Let G = SO(n + 1), K = SO(n). Then (G, K) is rank 1.
Let 72 be as in Corollary 8.3. Proposition 8.1 says thatif £}, ..., f,,, is
an orthonormal basis of ¥ (volume G/K = p + ) andifx : (§" = G/K) —
SY is defined by x(9K) = (f,(gK), ... , f»+1(@K)), then x is minimal. Ap-
plying Corollary 6.1, we find that f; is a spherical harmonic of degree k
on S"fori=1,...,p + 1. Let H*" be the space of all spherical harmon-
ics of degree k on S". Then Corollary 8.3 says that }'° o H*" is dense in
C®(S"), and every class 1 representation of (G, K) is of the form H*" for
some k.

EXAMPLE 2. Let G = SU(m + 1), K = U(n). G/K = CP", complex
projective space. (G, K) is again rank 1. We wish to give an explicit descrip-
tion of the ¥72.

Let $2"*! — CP" be the Hopf fibration defined as follows:

We look at $?"*! as the unit sphere in C"*!. To each pe $**! we
assign the complex line [p] through p and 0. Thus n(p) = [p] where
g€ [p]ifand onlyif g e ¢p for some 6 € R.
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CP" is isotropy irreducible and we may define a Riemannian structure on
CP" such that = is a Riemannian submersion. Indeed, let 7* act on S?**!
by left multiplication. Then T acts transitively on each =~ '(p).

Now let fe C*(CP") be such that Acp.f = Af. Then Ag(fon) =
(Acpnf) o m. Thus Agu(f o m) = Af o m. This implies that A = —m(m + 2n)
and that fon is a spherical harmonic of degree m by Example 1. Now
Jom = Zai.‘..i,.ﬂ,jl ,,,,, Feed 20 Z 2 Y

Zik + Zje = m,
and Df o m = 0. Now (o n) (¢’p) = f o n(p). Thus Yi, = Y j..

Let #™" be the collection of all harmonic polynomials on C"*! of
degree minz,...,z,,, and degree min z,, ..., Z,,,. Then fe #™" is
completely determined by its (well defined) restriction to CP" and C®(CP")
= Yo o™ A" is called the space of Hermitian harmonics in n + |
variables. Acpn|gpmn = 4m(m + n)l.

We note that the Riemannian structure defined above on CP" is that
structure with sectional curvatures varying from 1 to 4. Thus if we are
interested in the Riemannian structure with sectional curvatures varying
from } to 1 (i.e., holomorphic curvature 1) we must consider the operator
1Acpn with eigenvalues m(m + n).

We have proved

Proposition 8.2. Let x : CP" - S < EF*! be a minimal isometric
immersion of a metric of constant holomorphic curvature K. Then

(a) there is a positive integer m so that K = 2n)/(m(m + n));

(b) x=(xy,...,x,4+)and x; is a Hermitian harmonic of degree m.

9. The Classification Theorem

In this section, we give a description of minimal isometric immersions
of compact symmetric spaces into spheres. We first consider M = G/K
where G is a compact connected subgroup, K is a closed subgroup of G,
M is orientable, and the isotropy action of Kis irreducible. Let {,> be some
G-invariant Riemannian structure on M ({,) is unique up to scalar mul-
tiple and is thus naturally reductive). Let A be the Laplace-Beltrami opera-
tor of (M, {,>). Let, for each 1 € R, V, be the eigenspace with eigenvalue
A. Then V, # 0 only if 4 < 0 (see Section 1). Also, dim V, < 0. Let
(1, f2) = {uf1 /20 where o is the Riemannian volume element of (M, {,>)
(w = *1). Let p, + 1 = dim V,. For each A such that 4 # 0 and ¥, #
(0),let ¢y, ..., ¢,,+, bean orthonormal basis of V. Define

X3 M o EPa
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via

X)) = = @1(@)s - -5 by, (D)

(p; +1)

Then x; defines an isometric immersion of (M, ¢{,>) into $?*, for some
¢ > 0. (Indeed Yd¢; ® dp; is an invariant nonzero bilinear form on
T(M); thus Ydo, ® do; = c¢{,>, ¢ > 0.) Now applying Takahashi’s result,
Corollary 5.2, we see that x, is a minimal immersion and ¢ = — A/n.

Theorem 9.1. Let x : (M, ¢{,>) = S? be a minimal isometric immer-
sion so that x(Af) is not contained in a great sphere of S7. Then there is an
eigenvalue 4 < 0 of the Laplace-Beltrami operator of (M, {,>) so that
¢ = —A/n and a linear isometric injection A4 : E4*! - EP**1and a linear
map B : EP**! - EP++lgso that Ao x = Box,.

Proof. The statement that x(M) is not contained in a great sphere of
S{ is just the statement that the height functions ¢,,..., $g+1 of x
[x(p) = (¢:(p), - .., &,+1(p))] are linearly independent. Now Corollary
5.2 implies that (1/c)A¢; = —nd,. Thus setting 1 = —cn, we have the
first assertion. Now since ¢, .. ., ¢, .+ are linearly independent, g < p,.
Let ¥y,..., Y4, be an orthonormalization of ¢,..., ¢4+1- Then
x = C® where Cis a nonsingular (g + 1) x (g + 1) matrix. Now extend
Y15+, Yauy to an orthonormal basis, y,,..., W,,+1 of V,. Then
Wi s¥,,410) = (p; + DY2U-x; where U is an orthogonal transforma-
tion of E. Let A(yi,..., ¥pey) = Wiy--y Ypr1r 0,..., 0)€ EP**!
and let C(zy,..., z,,,,) = AC(z,, ..., z,+1). Then we have Ax =
(P, + DY2CUx. Set B = (p, + DV2CU.

If (G, K) is a symmetric pair of compact type and if the isotropy repre-
sentation splits into k > 1 irreducible parts, then there are many con-
formally inequivalent Riemannian structures that make G/K into a
Riemannian symmetric space. Thus there are many eigenspace decomposi-
tions of C*(G/K, C) for the various Laplace-Beltrami operators of the
many symmetric Riemannian structures. Thus the above simple classifica-
tion for the isotropy irreducible case has no immediate generalization to
the isotropy reducible case.

We give examples that give an idea of how we can use the classification
theorem to control the isotropy reducible case. Let M = M, x M,, M;an
isotropy irreducible symmetric space of compact type or a l-torus. Let
X; i M; > S = EP*1 be a minimal isometric immersion of some mul-
tiple of the symmetric Riemannian structure of M i
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ExaMPLE 1. Let 0 € R and set

x5 (P, q) = (cos 0x,(p), sin Ox,(q)),

then x; : M, x M, - S?**P2*1 js a minimal isometric immersion of a
symmetric metric on M, x M,.

In particular, if M, = S7* and M, = S7* and if x; = identity on ST,
then x, is a Clifford minimal immersion of S x S$"into S7'*"*1. Note
that in this case it is an equivariant minimal hypersurface. In particular if
n; = 1, i = 1, 2, this gives the Clifford torus, minimally, equivariantly
immersed as a hypersurface of S;.

ExaMmpLE 2. Let x,, x, be as above and define
X®(p, q) — xl(P) ® xz(q)e Epitl ® Ep2tl — plpit Dip2+ 1)

Then x® : M, x M, —» S+ D2+ D=1 453 minimal isometric immersion
of a symmetric metric on M, x M,.

If again M, = S' < E*, i =1, 2, and if x; is the identity map then
x® :T?* 5 8§} < E*isaminimal equivariant immersion, giving the Clifford
torus.

10. Rigidity Questions

Let M be a Riemannian manifold and let x : M — S? < EP*! be a
minimal isometric immersion. Then x is said to be rigid if whenever
x,: M — S? is another minimal isometric immersion, there is an isometry
U of S? with S¥ so that U x = x,. We note that in particular a rigid
isometric immersion of a homogeneous space is equivariant.

It was expected that if the metric structure of M were severely limited,
then any minimal isometric immersion of M into a sphere would be rigid.
The constructions of Section 9 show that if M is a symmetric space but
not isotropy irreducible, then nonrigidity for minimal isometric immer-
sions of symmetric metrics on M is not hard to find.

If (G, K) is an isotropy irreducible symmetric pair of compact type but
if each eigenspace for the Laplace-Beltrami operator of M is not irreduc-
ible as a representation of G, then using Corollary 5.2 it is again not hard
to find examples of nonrigidity.

The condition that guarantees the irreducibility of each eigenspace for
the Laplace-Beltrami operator is that (G, K) be rank 1. Indeed, we have
seen this to be true if G/K = S" or CP". In [6], doCarmo and Wallach
conjectured rigidity for rank 1 symmetric spaces. In [5], Chern et al.
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indicated that it was highly likely for constant curvature spheres. For the
remainder of this article, we will analyze these questions. We first introduce
a weaker notion than rigidity which we will call linear rigidity.

Definition 10.1. Let M be a Riemannian manifold and let
x: M — ST < E" ! be an isometric immersion of M into ST. Then x is said
to be linearly rigid if whenever 4 : E"*! —» E"*! js a linear map so that

(1) A(x(M)) = S, and

(2) Aox:M - E™!isan isometric immersion,
then A is orthogonal.

Corollary 5.2 immediately implies that rigidity for minimal isometric
immersions implies linear rigidity. We also note that for minimal isometric
immersions, Corollary 5.2 says that (2) implies (1).

We indicate that in some cases linear rigidity is actually equivalent to
rigidity for minimal isometric immersions.

Lemma 10.1. Let (G, K) be a pair of a compact Lie group G and a
closed subgroup K of G so that G/K = M is isotropy irreducible. Let A be
the Laplace-Beltrami operator of some G-invariant Riemannian structure
on M. Let 1 be a nonzero eigenvalue for A and let x, : M — §P* < EPr*1
be the minimal isometric immersion defined as in Section 9. Then X, is
rigid if and only if x is linearly rigid.

Proof. This lemma is just a restatement of Corollary 5.2.

Thus for isotropy irreducible symmetric spaces of compact type, rigidity
and linear rigidity are essentially the same notions.

Let M,(R) be the space of all # x n matrices with real entries. Then
M, (R) has a polar decomposition. That is, if 4 € M,(R), 4 can be written
uniquely in the form UP where U is orthogonal and P is symmetric and
positive semidefinite, written P > 0. Using the polar decomposition of
 M,(R), we may reformulate the notion of linear rigidity.

Lemma 10.2. Let M be a Riemannian manifold. Let x : M — A=
E™"! be a minimal isometric immersion. Then x is linearly rigid if and on]y
if whenever A :E""' - E"*! is symmetric and positive semidefinite
v (4 = 0) satisfying
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() Aox: M- EM!

is an isometric immersion, then A is the identity.

Now we may identify the space of all symmetric mappings of E"*!
with S2(E"*1), the symmetric square of E"*!, as follows: if u, ve E"*!,
wv e SYE"Y) (the symmetric product of two vectors will be denoted uv),
andif 1€ E"*', we set uvo(t) = 4{<u, t>v + (v, tDu} where {,) is the inner
product on E"*'. Under this identification, the inner product on S*(E"*")
is given by (A4, B) = tr ‘BA (where B is the transpose of B). We note that
if Ae SYE" Y and ifu, we E"!, then (Au, w) = (A, uw).

Let x : M - S7 < E"*! be an isometric immersion. We identify (as usu-
al) T,(S7) with {v e E""'|{v, p) = 0}. Let for each p € M, S*(x(T,(M))
be the symmetric square of x.(T,(M)) in S*(E"*"). Let W, = W be
the subspace of S*(E"*") spanned by U, S*(x(T,(M))). Let W, be the
orthogonal complement of Win S*(E"*!). Let L = {Ce W,|C + I > 0}.

Lemma 10.3. Let x : M — S} be a minimal isometric immersion.

(@) If Ae S*(E"*") and 4 > 0, then A satisfies (2') of Lemma 10.2 if
and only if 42 — IeL.

(b) Let W, be the space spanned in S*(E"*!) by the set {x(p)* | p e M}.
Then W, < W.

Proof. Foreachpe M, (4. x)., = A x., by the above identifications.
Let X e T,(M). Then if A4 satisfies (2'), (A -x.,(X), Ax., (X)) =
(xa(X)xe (X)), Thus (4%, (x.,(X))?) = (I, (x.,(X))?). Thus 4% — I'is
orthogonal to Sz(x.p(Tp(M))). But p is arbitrary in M, thus 42 — I is
orthogonal to W. Hence 4% — I € L. The sufficiency is proved by reversing
the above steps.

The proof of (b) is an instructive exercise in the use of Corollary 5.2.

11. The Higher Fundamental Forms

Let M be a Riemannian manifold of constant curvature K. Let M be a
Riemannian manifold. Let x : M - M be an isometric immersion. We
define the higher fundamental forms of x and the osculating spaces of x.

Let pe M and let B, : T, (M) x T, (M) - N (M) be the second funda-
mental form of x. We set O2(M) equal to the linear span of the image of.
B,. Wesay that p € M is degree 2 regular if O%(M) is of maximal dimension.
Let R, = M be the space of all degree 2 regular elements of M. Then R,
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isopenin M. Let p € R,. Let N, be normal projection in N, (M) relative to
N, (M) = 0, @ 07" (we write v - v € 0}). Set B,, = B, and define
By (X, X,, X3) = (Vxy,By(Xy, Xy))¥2 for X, X,, X, T (M) arbitrarily
extended to vector fields on M. B, , is well defined and defines a symmetric
tensor field on R,. Let O} be the linear span of the image of By, We call
an element p € R, degree 3 regular if dim 03 is maximal. We deﬁne B,
0‘ fori=2,3,... by recursion as above on the space R;_, of all degree
i — 1 regular elements of M. Clearly the above process must eventually
stop since dim(T (M) + O] + O, ++ - -+ OF) < dimT,(M). Let m be
the first integer > 2 such that B, ;é 0 but B, ., = 0. Then we call m the
degree of x and the set of all m-regular elements will be called the set of
all completely regular points of M, denoted M’ = R,,. We note that M’ is
open in M, M’ # (. Let for each nonnegative integer &, SYT,(M)) be
the k-fold symmetric power of T, »(M). The universal property of S"( T,(M))
says that for pe R,_|, B, 1nduces a linear map of ST, (M)) — O?. Let
S(TM)) = Y2 oSHT,(M)); then S(T,(M)) is an algebra under sym-
metric product. Let S™(T,(M)) = Y2 1S“(T (M)). Then S™(T,(M)) is a
subalgebra of S(7,(M)). Let Q, :S(T,(M)) - T, (M) for pe M’ be
deﬁnedbyQ—x.,,,+B2 + -+ B,

Let r,e ST, (M)) be deﬁned as follows let e;, ..., e, be an ortho-
normal ba51s of T,(M), setr, = Ye?. Then p — r, defines a tensor field on
M.

Lemma 11.1. If x: M — M is minimal, then for each peM,
Kernel Q, > S(T,(M))r,.

Proof. We need only prove that if £, . . , E,is an orthonormal mov-
ing frame in a neighborhood of p e M’, then BiioE;, - Eir)=01in
a small neighborhood of p. This statement for k = 0 is just the statement
of minimality. If it is true for k — 1, then B, ,(E, - E,r) =
(VE“(BHI(E“ + E;r))¥+1 = 0. Thus the result is true by 1nduct10n

We give some examples of the notion of degree defined above.

ExamPLE 1. Let

x 8",
kKn¥k=1)

- S¥x

where p, + 1 = dim H*" (see Section 8, Example 1 for notation) be the
minimal isometric equivariant immersion. Then the degree of x, is k.
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ExaMPLE 2. Let

x, : CP3, — SMm+2-1
n+1
be the equivariant minimal isometric immersion corresponding to the
Hermitian harmonics of degree | (see Section 8§, Example 2). Then x; has
degree 2.

Proposition 11.1. Let M be a connected analytic Riemannian mani-
fold and let x : M — S} < E"*! be an analytic isometric immersion so
that x(M ) is not contained in a great sphere of ST. If x is of degree <3, then
x 1s linearly rigid.

Proof. Since x is analytic and not contained in a great sphere of Sf,
we note that if pe M’, then Rp + Q(S(T,(M))) = E™*'. This says that
Rp + x (T, (M)) + B,,(SHT,(M))) + B3, (ST, (M))) = E""! for each
p € M. In the notation of Section 10, we show that if X e T,(M) and if
o :(—¢, &) > M is the geodesic through p in M with tangent vector X.
then p?, p6(0), p5(0), p5(0)e W + W, = V. Indeed, W, (see Lemma 10.3(b)
for the definition) is the linear span in S?(E"*!) of all the ¢2, g € x(M).
Thus o(t)? e V for all € (—¢, ¢). Hence d/dt o(t)* e V. Thus 24(1)o(t) € V,
for te(—¢, &). This implies that 6(0):-a(0) e V. Now d/dt 6(t)o(t) =
#()a(t) + 6(1)é(t). Now the definition of W implies &(1)> € V. Thus
d()a(t) eV for all t € (—¢, €). In particular, §(0)p € V. Again, d/dt 6(t)a(t)
= &()a(t) + 6(1)6(1). Also, d/dté(t)* = 26(t)6(t). Thus 5(0)a(0) = 6(0)p €
V, as we asserted. Suppose C € V' in S2(E"*1). Then (C, p?) = (C, pi(0))
= (C,p5(0)) = (C.p§(0) ) = 0. Thus (Cp, p) = (Cp, 6(0)) = {Cp, 5(0))
= {Cp, 6(0)) = 0. But since x is of degree at most 3, this says Cp = 0.
Now p € M’ is arbitrary and M’ is open in M. If x(M’) is contained in a
proper subspace U of E"*', then x(M) < U by analyticity. Thus by our
assumption on x, we have Cx(M) = 0. Thus C = 0. This implies that
V = S?(E"Y). Hence x is linearly rigid.

We note that if (M, {,>) is an analytic Riemannian manifold and
x: M — S is a minimal isometric immersion, then x is analytic.

Corollary 11.1. Let (M, {,>) be an analytic Riemannian manifold
and let x : M — S{ be a minimal isometric immersion not contained in a
great sphere of S7. If n-dim M < 2, then x is linearly rigid.

Note. 1f we replace minimal by analytic in the above statement, we have
the same conclusion.
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Corollary 11.2. Let x:S} — S < E**' be a minimal isometric
immersion not contained in a proper subspace of EP*'. If K = |,
(n2(n + 1)), (n/3(n + 2)), then p = p, (k = 1, 2, or 3) and there is an
orthogonal transformation U of E7*' so that U - x = x, where x, is as in
Example | above.

Corollary 11.3. Let
x:CP

14 p+1
- SYcE
T

n
2n
n+
be a minimal immersion so that x(CP") is not contained in a subspace of
EP*!. Then p = n(n + 2) — 1 and there is an orthogonal linear transfor-
mation U of E**! so that x = U . x, where x, is as in Example 2 above.,

12. Rigidity and Nonrigidity for Spheres

We have seen in Corollary 11.2 and Corollary 6.1 that if U is an open
connected subset of a constant curvature sphere S and if x : U —» SPis a
minimal isometric immersion not contained in a great sphere, then K =
nlk(n + k — 1) for some k, a positive integer. Furthermore, if k = 1, 2, 3,
then x is rigid. We ask in this section, how far does this result extend ? Our
first result in this direction is

Theorem 12.1. Let U be as above and let n = 2. If x : U > S? is a
minimal isometric immersion such that x is not contained in a great
hypersphere, then x is rigid.

The global version of this result is due to Calabi [2] and doCarmo and
Wallach [6]. Due to Corollary 6.1, the global version implies the local
version.

To prove Theorem 12.1 we actually prove a stronger result due to
doCarmo and Wallach [6].

Proposition 12.1. Let {f,,..., f,} be a linearly independent set of
spherical harmonics of degree k£ on S{. Suppose that Y /2 as a function on
S} is identically 1. Then p =2k + 1 and ((2k+ DY®f, ...,
((2k + 1'?) fy4+, is an orthonormal basis of the space H*2? of spherical
harmonics of degree k on S2.

Proposition 12.1 combined with Corollary 6.1 immediately implies




34 Nolan R. Wallach

Theorem 12.1. We prove Proposition 12.1 by analyzing the osculating
spaces for equivariant minimal immersions. To this end, we begin our
study of a more general situation. Suppose that G is a compact Lie group
and that K is a closed subgroup of G. Let G/K = M. Let x : M - §?7 <
EP*! be an equivariant immersion. Then it is clear that M’ = M, that is,
the higher order fundamental forms are all defined. Furthermore, if we let
x(eK) = v, and if we denote the action of G on E”*! by (g, u) — g-u, then
x(gK) = gv, and extending the isotropy action of K to S(7T.x(M)), we have
Bk u) = k- Bju)forke K, ue SU(T,(M)). Thus Ol is K-invariant for
j=1,2,....Now we assume that x(M) is not cortained in a great sphere
of S”. Then by analyticity, we have E?™' = Rvo + Olx + Oy + - - +
0!y, an orthogonal direct sum of K-invariant subspaces of E”*' where m
is the degree of x.

Now suppose that G = SO(n + 1) and K = SO(n). Let P, = eKe
SO(n + 1)/SO(n) = S". Then the isotropy action of SO(n) on T, (S") is
exactly the usual action of SO(n) on E". Thus as a K-module, S/(T,, (S"))
is equivalent to the SO(n) module of all homogeneous polynomials of
degree j on E". Let r be as in Section 11. Then it is easy to check that as a
K-module, SU(T,(S")) = H"™' @ §/7*(T,(S") )r. We have shown

Lemma 12.1. Let x:Sf— SP c EP*' be a minimal equivariant,
isometric immersion, not contained in a great sphere of S7. If degree (x) =
m, then as an SO(n+ 1) module, E7*! is equivalent to the space of spherical
harmonics of degree m, H™". Furthermore, as a K = SO(n) module, 0,
is equivalent to the space of spherical harmonics of degree j on st

The abstract statement H™" = Y™ (H’"~! as an SO(n — 1) module
is a special case of the branching theorem which we will describe later in
this section. The critical point of Lemma 12.1 for our purposes is that
0} is isomorphic with H/"~ L

Proposition 12.2. Let ¥ be aclass 1 representation of (SO(n + 1), SO(n))
= (G, K). Let ve V be a K-fixed unit vector. Let W, be the linear
span of G-v? in S*(¥). Then W, contains all G-subrepresentations of
S2(V) which are class 1 for (G, K).

Proof. Let p, = eK. Let x : S" — S (the unit sphere of V') be defined
by x(gK) = g -v. Then x defines a minimal isometric immersion of S — S.
Set V; = 0;,0, i=1,..., m(m = degree of x = degree of the spherical
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harmonics that comprise V). Set V, = Ro. Then V=V, + V, + - - - +
Ve By Lemma 12.1, Homg(V;, V;) = 0if i # j. Let now ¢ be an arbitrary
geodesic through p,. Then ((d*/dt*)x o 6) 0)e Vo + V, + -+ - + ¥V, by

the definition of B;, j = 0, ..., k.

Now suppose that 4 : V' — Vis linear, A = 0, A e Homg(V, V) (kA4 =
Ak for k e K) and A(G-v) = S. We show that A4 is the identity. Indeed, if
ke K, then Akv = kAv, hence kAv = Av. Thus Av is K-fixed which
implies Av = v since 4 > 0. By Schur’s lemma, AV, = V,;,j=0,1,...,
mand A|V; = ;1. Thus we need only show that A; = 1 for all j. We have
shown that A, = 1. Suppose Aq, ..., Ag_; are all 1. We show A5 = 1. Let
o be an arbitrary nontrivial geodesic through p, in S”. Let y(¢) = x(a(¢) ).
Set yU(r) = (d'y/d)(t). We note that by the definition of B,
y™(0) projects nontrivially on Vs. Thus it is enough to prove that

(Ay(0), 4yD(0)) = (y®(0), ¥*(0)).

Now
dZS 28 ., .
0 = oAy, Ay = X () <Ay, 4y,
Thus
S—-1
YO A0 = 3, af CAyP(O), A0 (12.0)
with

af = =20 G9!

which is independent of A. In particular, (12.1) is true for 4 = I. Now if
u>S—1,then y®0) =wo +w, + - - +w, weV,ji=01,...,
wlIfi>S—1,j<S—1, then (y9(0), Aw,> = 0 by Schur’s lemma.
Thus, for j < S — 1, u > S — 1, we have
{AyD(0), Ay(0)> = <{y¥(0), 4y (0)>

S—=1

= Y, 3V0),Awp = ¥, YPO0),w)> = <y90),y“(0)>.
i=1 i=1

Thus,
s -

<4y(0), 4y(0)>

1
aj {Ay(0), Y320
1

j:

T af 90, 12570 = G0, ¥,

Thus the induction is complete and 4 = I.
We now complete the proof of Proposition 12.2. Suppose U = S*(V) is
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a G-submodule which is Class | for (G, K) and that U is not contained in
W,. Then by orthogonal projection, we may assume that U L W,. Let
C e U be K-fixed. Then C e Homy(V, V). Let t > 0 be so small that 1 +
tC > 0. Then (1 + (C,g-v?) = | for all ge G. Thus if B = (1 + 1C)"?,
then (Bgv, Bgv) = 1 for all g € G. Thus by the above, B = I. Hence
1 + ¢+C = [, thus C = 0. Hence U = (0). Q.E.D.

Proposition 12.1 follows directly from Proposition 12.2. Indeed, every
representation of SO(3) is class 1 for SO(2). Thus W, = S*(V), for any
class 1 representation of (SO(3), SO(2) ). Let fi, ..., f, be as in Proposi-
tion 12.1. Let ¢, ..., ¢4, be an orthonormal basis of H*2 Then
Y7 =2k + 1. Thus if x(z) = (1/2k + 1)'?) ($4(2). - . ., P2ur1(2)),
x: 8% 5 S is an equivariant minimal immersion of S+ 1) into S
(fisfaseoosfp 0,...,0) = Ax for some A€ My, (R). Let w—g-w
denote the action of SO(3) on E**! induced by x, and v = x(eK), then
(('AA — I)g-v,g-v)y =0 for ge G SO3). Thus (‘44 — I, (gv)®) = 0.
But then ‘44 — [ is orthogonal to W, = S*(V'). Hence ‘44 = . This
proves Proposition 12.1.

Our next result shows that Theorem 12.1 and Corollary 11.2 are the
only rigidity statements true for minimal isometric immersions of con-
stant curvature spheres into constant curvature spheres.

Let us say that two minimal immersions x : S§ — S{ and y : S¢ = S7
are equivalent if there is an isometry 4 of S so that 4 .. x = y.

Theorem 12.2. (doCarmo, Wallach [8]). For each » > 3 and K > 0,
there is a vector space W, x and a compact convex body L, x = W, x that
parametrizes (smoothly) the set of all inequivalent minimal isometric im-
mersions x : S§ — S? that are not contained in a great sphere. If K # 1,
(nf2(n + 1)), (n/3(n + 2)) and if L, x # &, then dim L, x > 18. The
interior points of L, x correspond to the minimal immersions where p is
maximal

The meaning of the smoothness is that the map L, x Sg — ST*(px
is the maximum of the above defined p’s) given by (x, z) — x(z) is smooth.
Clearly, by Corollary 6.1, it is implied that L, # Jonly if K=
(njk(n + k — 1)) for some integer k& > 1. The existence of L, =
Ly (njkn+k—1y, With the required properties is a direct consequence of
Lemma 10.3(a). We recall the construction leading to Lemma 10.3(a).
Let X, = Xpintk—19): Sokinsk—1y = 5P < EP** ! be the equivariant mini-
mal immersion defined as in Section 9. That is, let ¢, ..., ¢, . be an
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orthonormal basis of H*", the space of spherical harmonics of degree
k on S" Set x, = (1/(pe + DV*) (¢4, ..., &, +1)- The action on EP+!
of SO(n + 1) is defined as follows: if g € SO(n + 1), g- ¢, = Zgﬁ¢j. Set
p(g) = (g:;)- Then x(g) = p(g)x(z) for ze S", g € SO(n + 1). The space W,
is the subspace of S*(Ef«*!) orthogonal to the subset U pesa(Xk, (T(S™)).
Lt = {CeW}C+ I=0} (>0 means symmetric positive definite). We
note that if ¥, = Xgux(Tox(S™) ), then U, cnS?(x, (T(S™)) = G- S*(V).
Thus W} is a G-submodule of S?(EP<*!). If CelLk then the corre-
sponding minimal isometric immersion of y¢ : 8¢, imsx—1) — SPIs given
by ye = (C + I)"%; x,. The correspondence C — y. clearly satisfies the
conditions of Theorem 12.2 for the parametrization. We therefore need
only prove dim Wy > 18 for n > 3, k > 4. Let V; be the K = SO(n)
module of spherical harmonics of degree ;. We need a preliminary lemma.
Let V* be EP<*! with the action of SO(n + 1) defined above.

Lemma 12.2. Let Uf be the sum of all G-submodules Z — S2(V'*) such
that Z contains no K-submodules isomorphic with ¥, or ¥,. Then U}
Wk

Proof. Let X = {ue S*(VY|(u, S*(¥,)) = 0}. Then as a K-module
SHVY = S*(V,) @ X. Let P:S*V% — S*¥V,) be the corresponding
projection. Let T'(S%(¥,)) be the orthogonal SO(n + 1) = G-module
induced by S*(¥,) (see Section 8 for the definition). If u e S2(V'¥), define
fu: G- SXV)), via f,(g) = P(gu) for g € G. Then £, e I'(S*(V,)). Define
¥ SAVY - T(S* (V) by Y(u) = f,. Then Y(gou) (9) = f,u(9) = P(ggon)
= fg90) = (go°1.) (g) for gy, g € G, ue S} (V*). Thus ¥ is a G-module
homomorphism. Ker ¢ = Wk Indeed, ue S*(V*) and if Yyu) =0,
then f,(g) = O for all g € G. Thus P(gu) = O for all g € G. This says that
(gu, S*(V})) = 0 for all g € G. Thus by definition of Wk ue Wk Let T
be the linear span of G-S*(V,) in S2(VY (T = W in S%(V¥)), then
Yy :T—TI(S*V,)) is a K-module injection. This implies that
dim Homg(U%, T) < dim Homg(Uk, T(S%(V,))) = dim Homy(U¥, S*(V,))
by Frobenius reciprocity. Now as a K-module, S?(V,) = V, + V,. Thus
by hypothesis on U, dim Homg (U}, $%(V,)) = 0. Hence Homg(UX, T) =
0. This implies U} L T. Hence U* < Wk,

To complete the proof of Theorem 12.2, we need some results in the
representation theory of SO(n + 1) which can be found for example in
Boerner [ /]. We first give the classification of representations of SO(n + 1)
= (. Let T = G be the subgroup consisting of matrices of the form
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- 4 —
A, 0
if n=2p
AP
_ 0 I _
or
- 4, _
A, 0
' if n=2p—1
0 A, _
where

I: cos t; sin ti]
A; = . .
—sin 7; cos t;

Let E;; be the (n + 1) x (n + 1) matrix with 1 in the /, j position and 0
elsewhere. Set h; = E,;_y 2; — Ey;5;-1,i = 1,...,p. Thenif b is the Lie
algebra of T, h, . . ., h, is a basis of h. Let h* be the real dual of b, and let
¢4, ..., ¢, be the dual basis for A,,..., h, Order the elements of h*
lexicographically relative to ¢y, ..., ¢,.

Let W be a continuous complex G-module. Then a weight for W is an
element ¢ € h* such that0 # W, = {we W|h-w = i¢(h)w for all h e h}.

Suppose now that W is irreducible. Then W =YW, ¢ a weight for W.
Let ¢y be the highest (largest) weight of W relative to the above order.
Then ¢y = 2nY) mp, where m; = p,/2, p; an integer, and

(*)2p mlszZ".ZmpZO’

(*)Zp—l m, > n, > 2 mp_l > |mp|

Theorem 12.3. (E. Cartan, c.f. [7]). Let ¢ = 2nYm;$; subject to (¥),,
if n =2p or (*);,_, if n=2p — 1. Then ¢ is the highest weight for an
irreducible complex G-module. If W, W, are two irreducible complex G-
modules, then W, is equivalent to W, if and only if ¢, = dw,.

Let (m) = (my, ..., m,), m; half-integers subject to (*),, or (*)z,-
depending on whether n = 2p or 2p — 1. Let V'™ be the irreducible
SO(n + 1) module with highest weight 21) m;¢,.
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Theorem 12.4. (The Branching Theorem, c.f. [/]). As an SO(n),
SO(n + 1) module, V™ =Y .,(,—,V™") summed over all indices (m’)
such that

v
v

mz--+2=2m lm| if n=2p,

m, »
if n=2p—1.

m Im

’
m = m; = o

v

ol

m;{ is half integral only if m; is half integral.
Now let , ¥ be the complex SO(n + 1) module of spherical harmonics
of degree k. Then ¢ ,x = 2nk¢,.

Lemma 12.3. dim; (Uf ®g C) = dim; Y43} p(k=2520.0....00
dimcU*™ 1, where [k/2] is the largest integer less than or equal to /2.

Proof. 1In the Appendix to doCarmo and Wallach [8], it is proved that
as an SO(n + 1) module,

SZ(,,V") @R C = [%]V(Zk—Zj,Zj,O ..... 0) + SZ(,,Vk_l).
ji=0
Now ,V(2k=24.20,0,...0) contains
if j =0, 1, by Theorem 12.4.
We can now prove Theorem 12.2. Indeed, let » = 3, k > 4. Then
dim LY = dim W} > dim U} > dim U} > dim U} = d1m3 y@d =949
= 18.

V(O,O,..A,O) or "+1V(2’0""'0) only

n—1

The author would like to thank the members of the audience of the short course
at Washington University, St. Louis (especially Professors Coifman and Jensen). Their
comments were invaluable aids in the preparation of this exposition.
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