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1. Introduction 

The purpose of this article is to introduce the reader to a rapidly grow­
ing part of differential geometry: the study of minimal immersions into 
Riemannian manifolds. In this exposition, we concentrate on minimal 
immersions of homogeneous spaces (especially symmetric spaces) into 
spheres. Our reason for this emphasis is two-fold. The first (and more 
important) is that we can give many interesting concrete examples of 
minimal immersions of homogeneous spaces into spheres and that the 
analysis of these immersions leads to a nontrivial interaction between 
representation theory and differential geometry. Our second reason for this 
emphasis is that this is the only direction in the subject of minimal sub­
manifolds that the author can write on with authority. This emphasis 
allows this article to be an introduction to the field of minimal immersions 
but (unfortunately) leaves out the very exciting directions taken by the 
subject that have little connection with Lie group theory (for example, the 
work of Chern, Osserman, and Lawson, to mention a few, on minimal 
immersions of surfaces into Euclidean space and spheres). Our emphasis 
does, however, allow the exposition to be self-contained modulo the 
standard material in a first course in Riemannian geometry. 

We now summarize the material of the article to give the reader an 
idea of the flow of the exposition. In the second section, we study the 
Laplace-Beltrami operator of a Riemannian manifold. The results in this 
section are canonical. In the third section, we define the second funda­
mental form of an immersion of a manifold into a Riemannian manifold. 
The Gauss-Codazzi equations are derived. In the fourth section, the no­
tion of minimal immersion of a manifold into a Riemannian manifold 
is defined. We derive the first variation formula for area and prove that 
n-dimensional minimal submanif6lds are stationary points for n-dimen­
sional area. As an application of the first variation formula (and the 
Mostow-Palais theorem), we prove that every orientable compact homo­
geneous space can be minimally, equivariantly immersed in a sphere (a 
result announced by Hsiang in [9]). In Section 5 we relate minimal, 
isometric immersions of Riemannian manifolds into Euclidean space and 
spheres with the Laplace-Beltrami operator. We also derive estimates on 
the scalar curvature of a minimal submanifold of a Riemannian manifold. 
In Section 6, we give a description of all minimal immersions of con­
nected, simply connected (but not necessarily complete) spaces of constant 
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positive curvature. In Section 7, several results on the Laplace-Beltrami 
operator on a naturally reductive homogeneous space are proved. We use 
the formalism of O'Neil [ 13] to derive our results and in the process put 
the fundamental equations of [ 13] into the formalism of moving frames. In 
Section 8, we give an exposition of the theory of class 1 representations of 
symmetric spaces of compact type. We give explicit descriptions (with 
proofs) for spheres and complex projective spaces. In Section 9, we reduce 
the problem of finding minimal isometric immersions of irreducible sym­
metric spaces of compact type into spheres to a problem in group theory. 
We also give examples in the nonirreducible case. The problem in group 
theory is the problem of rigidity. The last three sections are concerned with 
this problem. We point out that several of the results and ideas in these 
sections are new and have bearing on problems outside of minimal sub­
manifolds. The notion of linear rigidity of Section 11 is an outgrowth of 
the work of doCarmo-Wallach [8]. Proposition 11.1 is a new generaliza­
tion of a result in [8] and its Corollaries 11.l and 11.3 are new. The higher 
fundamental forms are essentially due to Cartan. The use of the funda­
mental forms to decompose representations relative to isotropy groups 
deserves further attention. 

2. The Laplace-Beltrami Operator 

Let E" be n-dimensional Euclidean space. Let x 1 , ••• , x" be the standard 
coordinates of E". The differential operator A = L82 /ox; 2 is called the 
Laplacian of E". To give the reader an idea of how powerful a geometric 
object A is, we derive an interesting property of it. 

Let ¢ : E"--+ E" be a diffeomorphism. We define A'i'f = (A(f o ¢)) o ¢- 1 

for f E C 00 (E") ( C 00 (E") is the space of all real-valued C 00 functions on E"). 
Suppose A4> =A. Then we have for each/EC00 (E"), A(f o ¢)=(A/) o ¢. 
Set ¢; = X; o ¢. Then clearly ¢ = (¢ 1 , ••• , ¢n). We have A¢;= 
(Ax;) o ¢ = 0. We also note that A( (x; o ¢)(xi o ¢)) = (A(x;xi)) o ¢ = 
2bii. Combining the first observation with the second, we find 

~8¢; 8¢j = t; .. 
faxk axk •)" 

But this immediately implies that at each p EE", the Jacobian matrix 
of¢ is an orthogonal transformation. We have shown 

Lemma 2.1. If ¢ : E"--+ E" is a diffeomorphism such that A4> = A, 
then ¢ is an isometry. 
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Thus the Laplacian is one isometry invariant differential operator that 
determines whether or not a diffeomorphism is an isometry. 

We now give three equivalent definitions of the Laplace-Beltrami 
operator on a Riemannian manifold. Let (M, (,))be a Riemannian mani­
fold. Let Uc M be open and let x 1, ••• , xn be local coordinates on U. 
Set gij = ((f!/rlxJ, ((!/{Ix)) on U and let (gij) = (g;)- 1

• Then on U we 
set g = det(g ;) and 

1 " a (" ik ,- a ) 
A= ./g "r oxk 'Tg yg OX; . 

It is not hard to check that A is independent of the choice of local 
coordinates and thus defines a differential operator on M. We note that if 
(M, (,)) = £ 11

, then A is just the ordinary Laplacian. It is not hard to prove 
that if¢ : M-+ Mis a diffeomorphism such that Ac/J = A, then ¢ is an 

isometry. 
We now give a second definition which is more useful in practice. Let 

(M, (,)) be a Riemannian manifold. A Riemannian vector bundle with 
base Mis a vector bundle E ~ Mand a correspondence p -+ (.) r where 
(,) r is an inner product on rr- 1(p) so that if X, Y are C'' cross sections of 
E, then < X, Y) E CJ:)(M). An invariant connection on (£, (,)) is a real 
bilinear pairing of vector fields and C 00 cross sections to C 00 cross sections 

X, t/! -+ V xt/!, subject to 

(i) V xFt/! = (XF)t/! + FV xt/! for t/! a cross section of E, X a vector 
field, and FE C 00 (M). 

(ii) X·(¢,t/!) = (Vxc/J,t/!) + (¢,Vxt/!) for¢, t/! cross sections and Xa 
vector field. 

We will be mainly using the case E = M x En with the constant 
Riemannian structure <(m,x), (m,y))m = (x,y). The invariant connection 
that we take is V xt/! = t/f.(X) where t/! is looked upon as a C 00 mapping 
of Minto£", t/!. is the differential oft/!, and we identify the tangent space at 
each point of£" with En. In particular, if /1 = I, then V xF = X· F. 

If E and Fare Riemannian vector bundles with invariant connections 
V, V, respectively, then Hom(£, F) is a vector bundle over Mand we give 
it a Riemannian structure (A, B) = tr 'BA. Equivalently, it is given by 
(A,B)r = L;'~ 1 (A(e;), B(e;))r where e 1 , ••• , en is an orthonormal basis 
of the fiber of Eat p. We define an invariant connection on Hom(£, F) as 
follows: (VxA) (t/!) = Vx(At/!)- A(Vxt/f). By Hom((£.(,), V), (F, (,), V)), 
we mean Hom(£, F) with the above Riemannian structure and connection. 

Let T(M) be the tangent bundle of M. Then (,) induces the Rieman-
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nian connection on T(M), V. Let now(£, (,), V) be an affine connected 
Riemannian vector bundle over M. If t/! is a cross section of E, we define 
Vt/! a cross section of Hom(T(M), E) via 

(Vt/!) (X) = Vxt/!· 

Now applying the affine connection on Hom(T(M), E), we define 
V 2 tf!(X, Y) = (V x(Vt/!)) ( Y) for X, Y vector fields on M. We note that if 
E = M x R with the above defined affine connection and if f E C 00 (M), 
then V 2f is usually called the Hessian off Indeed, if dfp = 0 and if x 1 , ••• , 

xn are local coordinates at p, then V2f(o/ox;"' o/oxj,) = (o2/ox;,,ox)f 
We can now give our second definition of A. Apt/! = LS2t/!(e;, e;) where 

e 
1

, ••• , en is an orthonormal basis of TP( M). 
We now give a third definition of the Laplace-Beltrami operator that is 

useful for integration. Let M be an orientable Riemannian manifold. Let 
for each p E M, e 1, ••• , en be a positively oriented orthonormal frame. 
Let w 

1
, ••• , wn be the corresponding co frame. Set wr = w 1 /\ • • • /\ wn. Then 

w defines an 11-form on M, the volume form of M. We extend the Rieman­
nian structure of M to 1\PTq(M)* in the usual manner. We define 
* : APTq(M)*-+ A"-pTq(M)* via (*IJ, a)w = 1J /\ a, 1J E APTq(M)*, a E 
A"- PTq( M)*. Let DP( M) be the space of all C 00 -p-forms on M. We define 
c5: DP -+ DP- l by 

c5D0 = 0, 

c51] = (-i)"p+n+l*d*I] for IJ EDP, p f:. 0. 

On p-forms we now have the Hodge-Laplacian dc5 + c5d. For p = 0, we 
set!::,,,( =I: -c5df Then A is the Laplace-Beltrami operator of M. We note 
that if IJ, a are respectively a p-form and a p + I-form, one of which has 
compact support, then 

f M dri /\ *a = f M IJ /\ *(c5a). 

That is, c5 is the formal adjoint to d. For functions, this says 

f M (Aj)g*l = f MfAg*l. 

Using this definition of A, we have 

Proposition 2.1. (E. Hopf). Let M be a compact, connected Rieman­
nian manifold. lf/E C"'(M) and A/~ 0, then/is constant. In particular, 
the only solutions to A/ = 0 on M are the constants. 



---- ~· 
' r;~ 

;, ~. ' 

,~ 

4 Nolan R. Wallach 
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Proof We first note that fMAf*l = Osince fMLif*l = fMfAI *l = 0. But 
Af'2. OnowimpliesAf= 0. NowO = fMAff*l = fMAf*f= fMdf /\ *df 
But f M df /\ *df = 0 implies df = 0. The result is thus proved. 

Let D be the Laplace-Beltrami operator of En+ 1
, A the Laplace-Beltrami 

operator of sn = {p E e + 1 I llP 11
2 = 1} with the induced metric. We find a 

formula for D in terms of A. Let R+ = {t E RI t > O}. We look upon 
En+ 1 - {O} as R+ · S". Let t/1 : R+ x sn -> e+ 1 - {O} be defined by 
t/J(t, p) = tp. IffE C 00 (En+ 1

), setJ;(p) =f(tp). We pull back the Rieman­
nian structure on En+I to R+ x Sn. Let w = dx 1 /\ dx2 • • • dxn+t· If 
Wo is the volume element of sn, t/J*w = tndt /\ Wo. Now df = (oflot)dt + 
dft. We note that *dt = tnw0 and *dJ; = -dt /\ *is" df1 (where tSn is 
{p E En+ 1 I llPll 2 = t 2

} with the induced Riemannian structure). Thus, 

*dlf - tn of d * dlf 
J - at Wo - t /\ tS" J t (2.1) 

olj o2f d*df = ntn-l - dt /\ w + tn- dt /\ w 1 ot 0 ot2 0 

+ dt /\ d*1sndf1. (2.2) 

Now let A1 be the Laplace-Beltrami operator of tSn, then A1 = 1z. A. 
t 

Thus 
n of o2f . 

*d*df(tp) = - ~ (tp) + D (tp) + A1fi(p). 
t ut ut 

We have thus proved 

Lemma 2.2. 

n 0 o2 1 
D = - -;::- + - +-A. 

t ot ot2 t 2 

3. The Second Fundamental Form 

Let (M, (,)) be a Riemannian manifold and let M be a C 00 -manifold. 
Let V be the Riemannian connection on M. Let x : M-> M be an im­
mersion. Now xis locally an imbedding; thus we may identify M locally 
with its image in M. 

The normal bundle N(M) of the immersion is the vector bundle over M 
with fiber atp EM, NP= {v E Tp(M)I (v, TP(M))P = O}. N(M) is naturally 
a Riemannian vector bundle. 

'"-"\ 
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x induces a Riemannian structure on M. Let V be the Riemannian con­
nection on M. If p EM and v E TP(M), let vT, vN be such that v = vT + 
vN and vT E Tp(M), vN E NP. 

Lemma 3.1. Let p E M, v E TP(M), and let Y be a vector field on M. 
Extend Yin a small neighborhood U of p in M to a vector field on U. 

Then VvY = (VvY)T. 

Proof Let Z be another vector field on M extended to a vector field on 
U. Thenv·(Y,Z) = (V"Y,Z) + (Y,VvZ) = ((VvYl,Z) + (Y,(VvZ)T). 
Now if Y is a field on a neighborhood of U so that YIMnu = 0, then 
v · < Y,Z) = 0. Indeed, if a is a curve in M so that 0-(0) = v, then v · ( Y,Z) 
= d/dt 1 ~o ( Y11c1l, Z 11ctJ) = 0. But then (Vv Y,Z) P = -( Y,VvZ) P = 0. 
Thus (V v Y)T does not depend on the extension of Y. Furthermore (V YpZ)T 
- (V Zp Y)T = (V Ypz - V Zp Y)T = ([ Y,Z]P)T = [ Y,Z]P. Thus by the fun-· 
damental theorem of Riemannian geometry (V v Y)T = V v Y. 

We can now define the second fundamental form of x : M -> M. Let 
p E M. Let X, Y be vector fields in a neighborhood of p in M, extend X, Y 
to a small neighborhood of pin M. We ~et Bp(X,_Y) = V xp Y - V xp Y. We 
note that Bp(X, Y)-Bp(Y, X)=VxvY-VypX-VxvY+VypX= 
[X, Y]P - [X, Y]P = 0. Thus Bp(X, Y) = Bp( Y, X). Hence Bp(X, Y) 
depends only on XP, YP. We have 

Lemma 3.2. Let p EM, y 1, y 2 E Tp(M), extend y 1 , y2 to vector fields, 
Y 1 , Y2 , in a neighborhood of pin M. Then BP(y1 , y 2) =Vy, Y2 - Vy, Y2 

defines •1 symmetric, bilinear map BP : Tp(M) x TP(M) -> NP. BP is called 
the second fundamental form of x at p. 

We now show that B contains all of the curvature information of Mand 
that B tells how M sits in M. 

Lemma 3.3. M is totally geodesic in M if and only if B = 0. 

Proof If B = 0 and if a is a geodesic in M, then 0 = B(O-(t), 0-(t)) = 
Vu(t>O-(t) - Vu<nO-(t) = V"'nO-(t). Thus a is a geodesic in M. Conversely, 
suppose that Mis totally geodesic in M. Let p EM and let y E Tp(M). Let 
a be the geodesic in M such that 0-(0) = y. Then B/y, y) = Vu(oJO- -
V u(OlO- = -V u<O>O-. But a is also a geodesic in M, thus B/y, y) = 0. Hence 

BP= 0. 



6 Nolan R. Wallach 

Proof We first note that fMAf*l = Osince fMLif*l = fMfAI *l = 0. But 
Af'2. OnowimpliesAf= 0. NowO = fMAff*l = fMAf*f= fMdf /\ *df 
But f M df /\ *df = 0 implies df = 0. The result is thus proved. 

Let D be the Laplace-Beltrami operator of En+ 1
, A the Laplace-Beltrami 

operator of sn = {p E e + 1 I llP 11
2 = 1} with the induced metric. We find a 

formula for D in terms of A. Let R+ = {t E RI t > O}. We look upon 
En+ 1 - {O} as R+ · S". Let t/1 : R+ x sn -> e+ 1 - {O} be defined by 
t/J(t, p) = tp. IffE C 00 (En+ 1

), setJ;(p) =f(tp). We pull back the Rieman­
nian structure on En+I to R+ x Sn. Let w = dx 1 /\ dx2 • • • dxn+t· If 
Wo is the volume element of sn, t/J*w = tndt /\ Wo. Now df = (oflot)dt + 
dft. We note that *dt = tnw0 and *dJ; = -dt /\ *is" df1 (where tSn is 
{p E En+ 1 I llPll 2 = t 2

} with the induced Riemannian structure). Thus, 

*dlf - tn of d * dlf 
J - at Wo - t /\ tS" J t (2.1) 

olj o2f d*df = ntn-l - dt /\ w + tn- dt /\ w 1 ot 0 ot2 0 

+ dt /\ d*1sndf1. (2.2) 

Now let A1 be the Laplace-Beltrami operator of tSn, then A1 = 1z. A. 
t 

Thus 
n of o2f . 

*d*df(tp) = - ~ (tp) + D (tp) + A1fi(p). 
t ut ut 

We have thus proved 

Lemma 2.2. 

n 0 o2 1 
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t ot ot2 t 2 
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'"-"\ 

Minimal Immersions of Symmetric Spaces into Spheres , 7 

x induces a Riemannian structure on M. Let V be the Riemannian con­
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To show how B determines the curvature tensor of M, we derive the 
Gauss-Codazzi equation (for hypersurfaces in E 3 this is Gauss' "Theorema 
Egregium"). 

Theorem 3.1. Let R, R be respectively the curvature tensors of M and 
M, let p E AI, an<l let w, y E Tp(lvf). Then <R.(w, y) y, w) = <R(1r, y) y, w) 
+ <B(w, y), B(w, y)) - <B(w, w), B(y, y)). 

Proof Let X, Y be vector fields on a neighborhood of p in M extend­
ing wand y. Then <R.(w, y) y, w) = <VwV y Y - VYV x Y - V [X ,YJp Y, w) = 

<VwCY'rY + B(Y, Y)) - Vy(Y'xY + B(X, Y)) - Y'[x.rJpY, w) (since 
(B([X, Y]P, Yp),w) = 0) = (Y'wY'r Y,w) + (VwB( Y, Y),w) - (V'yY'x Y,w) 
- (VyB(X, Y), w) - (Y'[x.npY, w). Now (VwB(Y, Y), w) = 

w·(B(Y, Y), X) - (B(Y, Y), VwX) = -(B(Y, Y), B(X, X)). Similarly 
-<VyB(X, Y), w) = <B(X, Y), B(X, Y)). 

4. Minimal Submanifolds 

Let x: M ~ M be an immersion where M is a C"'-manifold and 
(M, (,))is a Riemannian manifold. Let B be the second fundamental 
form of x. We define the mean curvature vector H of x as follows: Let 
p E M. Let e 1, ... , e" be an orthonormal basis of Tp(M). Then 
HP= (l/n)~} 1 BP (e;, e;). 

H defines a normal field on M. 

Definition 4.1. x : M ~ Mis said to be minimal if H = 0. 

We note that if dim M = 1, then x(M) is locally a C"' curve in M. We 
may thus reparametrize x, locally, by arc length and find that xis minimal 
if and only if this reparametrization of x makes x into a geodesic. Thus 
minimal submanifolds generalize the notion of geodesics. 

We now show that the notion of minimality is a strict generalization of 
the notion of geodesic. That is, we show that if x : M ~ M is a minimal 
submanifold of M, then xis locally a critical point for n( = dim M)-dimen­
sional area. 

We first need a notion of local variation. Let M be a compact orientable 
manifold possibly with boundary oM. Let x : M ~ M be an immersion. A 
variation of xis a C"' mapping F: (-e, e) x M ~ M so that 

l'!" ,' :~ 

" 

-1 

:~~ 
l 
~ 
•!i -,: .. 
l 
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(1) If F,(p) = F(t, p), then F, : M ~Mis an immersion and F0 = x. 
(2) If p E oM, then F,(p) = x(p) for t E ( -e, e). 
We note that if er: [a, b] ~ M is a C"'-curve, then a variation of er 

in the above sense is exactly what is usually meant by a variation of er. 
The variation field of the variation F of xis defined by EP = F*<O.pl(o/ot) 

for p E M. We note that Ep = 0 for p E oM. Let AF(t) be the Rieman­
nian volume of M relative to F,*<,). We wish to compute explicitly A~(O), 
for M, possibly "shrunk." 

We are interested (as in the case of geodesics) in the case of local critical 
points for AF. Thus we assume that x : M ~ Mis an imbedding. Thus ET 
defines a vector field on M with compact support, vanishing on oM. Hence 
ET defines a I-parameter group of diffeomorphisms of M, ¢,. Let 1/1 : 
(-e e) x M ~ (-e e) x M be defined by l/J(t, p) = (t, </J_,(p) ). Let 
F = F o !/J. Then F is a variation of x and the variation field of F is EN. 
Furthermore Ap(t) = AF(t). We may thus assume E = EN, F = F. 

Set gt = F,*<,>· We compute g, to second order int. Let M = M - oM. 
Let U, VE Tµ( M). Then gt/ U, V) = <F,." U, F,*P V). Set cr(t) = F,(p) and 
let D/dt be covariant differentiation along er in M. Set X(t) = Ft U, *P 
Y(t) = Ft.p V. By Taylor's theorem, 

gt/U, V) = g0 ,,(U, V) + t(d/dt),= 0 <X(t), Y(t)) + O(t
2

). 

But 

d DX DY 

d
- <X(t), Y(t)) = <-

1
-(0), V) + <U, -

1 
(0)). 

tr=o ct ct 

Now if we extend X, Y, E to a small neighborhood of p in M, we have 

D -
-d X = Y'uE + [E, X]P(O-(t) = Ea<rl). 

tr=O 

Bt!.!, by the definition of E, we have [E, X]P = [£, Y]P = 0. (£ = F*(o/ot) 
and U, V are tangent to M.) Thus, 

d - -
dt,=o <X(t), Y(t)) = <V uE, Y) + <X, Y'vE). 

Now if w (resp. y) is a curve in M such that ciJ(O) = U (resp. Y(O) = V), 
then<£, Y)w(tl = 0 (resp. <E, X\ui = 0). Thus U · <£, Y) = U<E, X) = 
0. Hence (VuE, Y) + (X, VvE) = -(£, VuY) - (£, VvX) = 
-2 (£, B(U, V)). 

We thus find that 

gt (U, V) = g0 (U, V) - 2t<E, B(U, V)) + O(t
2

). 
p p 



8 Nolan R. Wallach 

To show how B determines the curvature tensor of M, we derive the 
Gauss-Codazzi equation (for hypersurfaces in E 3 this is Gauss' "Theorema 
Egregium"). 

Theorem 3.1. Let R, R be respectively the curvature tensors of M and 
M, let p E AI, an<l let w, y E Tp(lvf). Then <R.(w, y) y, w) = <R(1r, y) y, w) 
+ <B(w, y), B(w, y)) - <B(w, w), B(y, y)). 

Proof Let X, Y be vector fields on a neighborhood of p in M extend­
ing wand y. Then <R.(w, y) y, w) = <VwV y Y - VYV x Y - V [X ,YJp Y, w) = 

<VwCY'rY + B(Y, Y)) - Vy(Y'xY + B(X, Y)) - Y'[x.rJpY, w) (since 
(B([X, Y]P, Yp),w) = 0) = (Y'wY'r Y,w) + (VwB( Y, Y),w) - (V'yY'x Y,w) 
- (VyB(X, Y), w) - (Y'[x.npY, w). Now (VwB(Y, Y), w) = 

w·(B(Y, Y), X) - (B(Y, Y), VwX) = -(B(Y, Y), B(X, X)). Similarly 
-<VyB(X, Y), w) = <B(X, Y), B(X, Y)). 

4. Minimal Submanifolds 

Let x: M ~ M be an immersion where M is a C"'-manifold and 
(M, (,))is a Riemannian manifold. Let B be the second fundamental 
form of x. We define the mean curvature vector H of x as follows: Let 
p E M. Let e 1, ... , e" be an orthonormal basis of Tp(M). Then 
HP= (l/n)~} 1 BP (e;, e;). 

H defines a normal field on M. 

Definition 4.1. x : M ~ Mis said to be minimal if H = 0. 

We note that if dim M = 1, then x(M) is locally a C"' curve in M. We 
may thus reparametrize x, locally, by arc length and find that xis minimal 
if and only if this reparametrization of x makes x into a geodesic. Thus 
minimal submanifolds generalize the notion of geodesics. 

We now show that the notion of minimality is a strict generalization of 
the notion of geodesic. That is, we show that if x : M ~ M is a minimal 
submanifold of M, then xis locally a critical point for n( = dim M)-dimen­
sional area. 

We first need a notion of local variation. Let M be a compact orientable 
manifold possibly with boundary oM. Let x : M ~ M be an immersion. A 
variation of xis a C"' mapping F: (-e, e) x M ~ M so that 

l'!" ,' :~ 

" 

-1 

:~~ 
l 
~ 
•!i -,: .. 
l 

Minimal Immersions of Symmetric Spaces into Spheres 9 

(1) If F,(p) = F(t, p), then F, : M ~Mis an immersion and F0 = x. 
(2) If p E oM, then F,(p) = x(p) for t E ( -e, e). 
We note that if er: [a, b] ~ M is a C"'-curve, then a variation of er 

in the above sense is exactly what is usually meant by a variation of er. 
The variation field of the variation F of xis defined by EP = F*<O.pl(o/ot) 

for p E M. We note that Ep = 0 for p E oM. Let AF(t) be the Rieman­
nian volume of M relative to F,*<,). We wish to compute explicitly A~(O), 
for M, possibly "shrunk." 

We are interested (as in the case of geodesics) in the case of local critical 
points for AF. Thus we assume that x : M ~ Mis an imbedding. Thus ET 
defines a vector field on M with compact support, vanishing on oM. Hence 
ET defines a I-parameter group of diffeomorphisms of M, ¢,. Let 1/1 : 
(-e e) x M ~ (-e e) x M be defined by l/J(t, p) = (t, </J_,(p) ). Let 
F = F o !/J. Then F is a variation of x and the variation field of F is EN. 
Furthermore Ap(t) = AF(t). We may thus assume E = EN, F = F. 

Set gt = F,*<,>· We compute g, to second order int. Let M = M - oM. 
Let U, VE Tµ( M). Then gt/ U, V) = <F,." U, F,*P V). Set cr(t) = F,(p) and 
let D/dt be covariant differentiation along er in M. Set X(t) = Ft U, *P 
Y(t) = Ft.p V. By Taylor's theorem, 

gt/U, V) = g0 ,,(U, V) + t(d/dt),= 0 <X(t), Y(t)) + O(t
2

). 

But 

d DX DY 

d
- <X(t), Y(t)) = <-

1
-(0), V) + <U, -

1 
(0)). 

tr=o ct ct 

Now if we extend X, Y, E to a small neighborhood of p in M, we have 

D -
-d X = Y'uE + [E, X]P(O-(t) = Ea<rl). 

tr=O 

Bt!.!, by the definition of E, we have [E, X]P = [£, Y]P = 0. (£ = F*(o/ot) 
and U, V are tangent to M.) Thus, 

d - -
dt,=o <X(t), Y(t)) = <V uE, Y) + <X, Y'vE). 

Now if w (resp. y) is a curve in M such that ciJ(O) = U (resp. Y(O) = V), 
then<£, Y)w(tl = 0 (resp. <E, X\ui = 0). Thus U · <£, Y) = U<E, X) = 
0. Hence (VuE, Y) + (X, VvE) = -(£, VuY) - (£, VvX) = 
-2 (£, B(U, V)). 

We thus find that 

gt (U, V) = g0 (U, V) - 2t<E, B(U, V)) + O(t
2

). 
p p 



10 Nolan R. Wallach 

Let e 1, e2 , ••• , en be a positive frame in a neighborhood of p for M. 
Then 

g,(ei, e) = [Jij - 2t <B(ei, e), E) + O(t 2
). 

Let w, be the volume element of g, on M. Then w, = ([ det(g i(e i• e ))] 112 )w0 

= (I - nt (H, E))w0 + O(t 2
). 

Thus, we find that 

AF(t) = A(O) - tn f M <H, E)w0 + O(t 2
). 

We thus have the first variation formula 

Proposition 4.1. Let x : M --+ M be an imbedding of M, a compact, 
orientable manifold with boundary into (M, <.>),a Riemannian manifold. 
If Fis a variation of M with variation vector E and if AF(t) is the volume 
of M induced by F,, then 

A~(O) = -n f M <H, E)w0 • 

Corollary 4.1. Let x : M--+ M be an immersion. Then x is minimal 
if and only if Mis locally a critical point for n ( = dim M) volume. 

Proof If H = 0, then M is clearly locally a critical point for n-dimen­
sional volume. If Mis locally a critical point for n-dimensional volume, let 
p E U c M, U operi in M, be such that xiv is a critical point for any varia­
tion of xiv· Let </> E C 00

( U) be a nonnegative function having compact sup­
port and such that </J(p) = 1, </> = 0 on au. Set F,(q) = Expx(qJ (t</J(q)Hq). 
Then the variation vector of Fis <f>H. Thus A;(O) = -nfM<f><H, H)Wo. 
Thus A;(O) = 0 implies HP = 0. 

Using Corollary 4.1, we give a proof of a theorem of Hsiang [9]. We 
first need the notion of equivariant immersion. Let M be a manifold, G a 
compact Lie group acting on M. Let M be a Riemannian manifold and let 
/(M) be the group of isometries of M. An immersion x : M--+ M is said 
to be G-equil'ariant if there is a continuous group homomorphism p : 
G--+ l(M) such that x(gp) = p(g)x(p) for g E G, p EM. 

Theorem 4.1. (Hsiang [9]). Let G be a compact Lie group and let K 

ll 
f""I' 
' i· 

''··. ··~ . ~· 

', 

f ~-

'(' 

~ 
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be a closed subgroup of G. Let M = G/K. Then there is a G-equivariant 
minimal immersion of M into sn for n large enough. 

Proof The Mostow-Palais theorem [ 12, 14] says that there is an 
equivariant embedding x: G/K--+ S~ c En+i. Let x(gz) = p(g)x(z), 
g E G, z E G/K. Let x = {z E s71p(k)z = z for all k EK}. Then xis a 
compact subset of s~ and x * ¢. Let for each z Ex, fz : G/K--+ s~ be 
defined by fz(g K) = p(g )z. Then fz is a C 00 -mapping for each z E x. If fz is 
regular, define B(z) to be the volume of G/K0 induced by the Riemannian 
structure pulled back by f~. K0 is the connected open subgroup of K. If fz 
is not regular, define B(z) to be 0. We assert that the function B : X--+ R 
so defined is continuous. Indeed, let g be the Lie algebra of G, f the Lie 
algebra of K. Let <.> be an Ad(G) invariant inner product on g. Let p be 
the orthogonal complement to f in g. Let x 1, ••• , xn be an orthonormal 
basis for p, relative to<,). Let w 1, ••• , wm be the dual basis. Then w = 
w 1 /\ • • • /\ Wm induces a G-invariant volume element w on G/K0 . We 
may assume that f c;Kw = 1. Now if z E X is an element so that fz is 
regular, then the induced volume element on G/K0 is c(z)w, c(z) a positive 
constant. We compute c(z). Let x(gw) = p(g)x(w), w E G/K, g E G. 
p : G --+ O(n + 1) is a representation. Let us denote also by p the repre­
sentation of g on e+ 1

• Then c(z) = [det((p(xi)z, p(x)z))]1 12
• Thus 

B(z) = [det((p(xJz, p(x)z))] 112 and is clearly continuous. 
Since Xis compact, B takes a maximum, say at z0 . B(z0 ) #- O; thus 

fzo : G/K--+ S7 is an equivariant immersion. Let H be the mean curva­
ture vector of fz

0
• Then p(g)HP = H

9
P for g E G, p E G/K. Let F,(p) = 

Exp1 ,,<p>(t Hp). Then F,(g ·p) = Exph<n>(t H9 • p) = Expp<olf,,<P> (t p(g)Hp) 
= p(g)F,(p). Thus F, = fF«eK)· The variation vector of F, is H. Let 
A(t) be the induced area given by F,. Then A(t) = B(F,(eK) ). Thus, 
since A(O) ~ A(t), t #- 0, we have A'(O) = 0. But then 0 = A'(O) = 
-mfc;K(H, H) A(O)w. Thus, H = 0. Q.E.D. 

5. Minimal Immersions into Euclidean Space and into Spheres 

Let M be a C 00 manifold and Jet x : M--+ En be an immersion. We com­
pute the mean curvature vector of x. Since the mean curvature vector is 
locally defined, we may assume that x is an imbedding. We thus assume 
that Mis a submanifold of E". 

Let p E M. Let E 1, ••• , Em be a (local) moving frame on M in a neigh­
borhood of p (that is, £ 1, ••• , Em are mutually orthogonal relative to the 
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Exp1 ,,<p>(t Hp). Then F,(g ·p) = Exph<n>(t H9 • p) = Expp<olf,,<P> (t p(g)Hp) 
= p(g)F,(p). Thus F, = fF«eK)· The variation vector of F, is H. Let 
A(t) be the induced area given by F,. Then A(t) = B(F,(eK) ). Thus, 
since A(O) ~ A(t), t #- 0, we have A'(O) = 0. But then 0 = A'(O) = 
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5. Minimal Immersions into Euclidean Space and into Spheres 

Let M be a C 00 manifold and Jet x : M--+ En be an immersion. We com­
pute the mean curvature vector of x. Since the mean curvature vector is 
locally defined, we may assume that x is an imbedding. We thus assume 
that Mis a submanifold of E". 

Let p E M. Let E 1, ••• , Em be a (local) moving frame on M in a neigh­
borhood of p (that is, £ 1, ••• , Em are mutually orthogonal relative to the 
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induced Riemannian structure). We may extend £ 1, ••• , Em to a local 
moving frame E 1 , ••• , En on a sufficiently small neighborhood of pin En. 

We assume that VE;,,Ej = 0, I ::; i, j::; m, Vis the induced connection 
on M. We look at x as a cross section of the trivial bundle M x En. Using 
the second definition of the Laplace-Beltrami operator, we find 

m m 

Lix(p) = ~ £. Ex = ~ VE E-'-' i,, l '-' lp t 
i= I i= t 

where V is the connection on En. But V E;"E; = 0, i = 1, ... , m. Thus 
VE;"E; = (VE;,,E;)N. Hence Lix(p) = L7'= 1(VE;"E;r = mHP. We have 
proved 

Lemma 5.1. Let x : M --> En be an immersion; then Lix = mH. 

Corollary 5.1. There are no minimal immersions of compact mani­
folds into Euclidean space. 

Proof If M is compact, x : M --> En minimal, then Lix = 0. Thus if 
x = (x 1 , ••• , xn), Lix; = 0. Hence X; is constant on components. Thus, 
x cannot be an immersion. 

Corollary 5.2. (Takahashi [ 16]). Let M be a connected m-dimen­
sional Riemannian manifold. Let x : M--> En be an isometric immersion. 
Suppose that Lix = - Jex, Jc f= 0. (Here we look at x as a cross section of 
M x En. In any event, it is the componentwise Laplacian.) Then 

(a) ), > 0, 
(b) x(M) c ,..5n-t (the sphere of radius r), 
(c) r = (m/Jc) 112

, and 
(d) x : M--> rsn- l is minimal. 

Furthermore, if x : M--> rsn- 1 is minimal, then Lix = ( -m/r 2 )x. 

Proof By Lemma 5.1, H = -()./m)x. Thus, since ), f= 0, we have for 
p E M and v E TP(M), (x(p), x.p(v)) = 0. Thus p --> (x(p), x(p)) is con­
stant; this proves (b ). Let E 1, ••• , Em be a moving frame on M in a 
neighborhood of p. Let E 1, ••• , En- 1 be an extension of E 1 , ••• , Em to a 
moving frame in a neighborhood of pin rsn- 1

• Set En = (I/r)x(q). Let 
N 1 be a normal projection relative to x in rsn- 1

• Th~ mean curvature 
Vector of X in rsn- I is given by 

I ~ - NI 1 - .t....,(VE,E;) = H - 2 (H, x)x = 0. 
m i=1 r 

I 

1; 

' ',:/ 

~ 
f 
!. 

i 
;~" 
i: 
.;i 

;J 
f" 
If 
~·-: 

I 
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Thus (d) is proved. Now 

m / - p)p I m m 
mHP = L \ VE,E;, - - = - 2 L <E;, E;)p = - 2 p. 

i=t \ r r r i=I r 

This proves (a), (c), and the last statement of the Corollary. 

We now derive the relationship between the square of the norm of the 
second fundamental form of a minimal immersion and scalar curvature. 
First, we recall some definitions. Let (M, (,))be a Riemannian manifold. 
Let R be the curvature tensor of M. If p E Mand x, y E Tp(M), we define 

SP(x, y) = tr(z --> R(z, x)y). 

S defines a tensor field on M called the Ricci tensor. We note that 
S(x, y) = S(y, x). Using the Ricci tensor, we define the scalar curvature 

m 

rM(P) = L SP(e;, e;) 
i= 1 

where e
1

, ••• , en is an orthonormal frame at p. Using the frame e 1 , ••• , 

en, we note that rM(p) = L7'= 1 Lj*; (R(ej, e;)e;, e). 
Now suppose that x : M--> Mis a minimal immersion where (M, <,))is 

a Riemannian manifold. Let R be the curvature tensor of M, and let R be 
the induced curvature tensor of M. Then by Theorem 3.1, <R.(ej, e;)e;, e) 

= <R(ej, e;)e;, e) + <B(e,, e), B(e;, ej)) - <B(e;, e;), B(ej, e)). 
From this, we see that if x : M --> M is minimal, then 

m m m 

L (R(ej, e;)e;, e) = L (R(ej, e;)e;, e) + L (B(e;, e), B(e;, ej)). 
j=l j=l j=l 

This implies immediately 

Lemma 5.2. If all of the sectional curvatures of M are ::; 0, then the 

Ricci tensor of Mis negative semidefinite. 

We recall that the sectional curvature of a plane Pin Tp(M) spanned by 

u, v, an orthonormal basis, is K(P) = (R(u, v)u, v). 
Suppose that all of the plane sectional curvatures of M are bounded 

above by a constant K. Then we have by the above computation 

n 

Sp(e;, e) ~ (n - l)K - L (B(ej, e;), B(ej, e;)). 
j=l 

Now llBPll 2 = D.j=t <B(e;, e), B(e;, e)). Thus, we have 

rM(P)::; n(n - l)K - llBPll 2
· 
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Lemma 5.3. Let x : M--> M be a minimal immersion. Suppose that all 
of the sectional curvatures of M are bounded above by K; then 

TM ::; n(n - I)K - llBll 2
• 

Corollary 5.3. Let M be a Riemannian manifold whose scalar curva­
ture is nonnegative. Let x : M --> En be a minimal isometric immersion. 
Then M is fiat and x : M --> E" is totally geodesic. 

Proof 0::; TM = -llBll 2 ~ 0. Thus llBll 2 = 0. Hence B = 0. 

6. Minimal Immersions of Spheres into Spheres 

Let sz be the unit sphere of Rn+ 1 with the Riemannian metric of constant 
curvature k. Let U c SZ be a connected open subset so that if x E U, then 
-x ¢ U, and let 

f: U--> Sf 

be a minimal isometric immersion. We analyze this situation in this 
section. 

Let/= (/1, ••• ,fp+ 1),f;: U-. R. Then by Takahashi's result(Corol­
lary 5.2), if 3. is the Laplace-Beltrami operator on S~, 3.f; = -nf;· Let A 
be the Laplace-Beltrami operator of S~. Then 3. = kA. Thus Af; = 
-(n/k)f;· 

We need an auxiliary notion. 

Definition 6.1. Let CU= {txj t ER, t 2:: 0, x EU} = R+ U. Let Jc E 
R. Then a fractional spherical harmonic of degree Jc on CU is a C 00 func­
tion, 

h: CU--> R 

such that 
(1) h(tx) = t;.h(x) for x E CU, t ER so that tx E CU. 

n+ 1 a2 
(2) i~l OX;2 h = 0. 

Set as usual D = "f.,8 2/ox/. 

Now using Lemma 2.2, we see that if his a fractional spherical harmonic 

:• 

~·· 

71 
""'.; 
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of degree Jc on CU, then A(hiu) = -Jc(Jc + n - I) (hlu). Using Lemma 2.2 
we also easily derive a converse. 

Lemma 6.1. Let h : U --> R be a C 00 function so that Ah = - µh, 
µ > 0. If Jc = (1 - n + [(n - 1 )2 + 4µ] 112)/2, then the function ii: CU-. R 
defined by h(tp) = t;·h(p), t ER, t > 0, p EU is a fractional spherical 
harmonic of degree Jc. 

Let/1, ••• ,fp+ 1 be as above. Then we extend/1, ••• ,fp+ 1 to CU as in 
Lemma 6.1 as fractional spherical harmonics of degree determined by the 
appropriate Jc > 0. Thus/ induces a mapping/: CU-. RP+ 1 • 

Let g be the constant curvature I metric on S", and let cg be the constant 
curvature k metric. (c = I/k.) The isometry condition on f says that if 
i : U--> CU is the canonical injection, then 

i*"f.,df; ® df; = cg. 

Let x 1, ••• , xn + 1 be the standard coordinates on R" + 1 , then 

g = i*"f.,dx; ® dx;. 

We use these formulas to derive a formula for "f.,df; ® df;. 
Let <1> : R+ x U--> CU be defined by <l>(t, x) = tx. Explicit computa­

tions using the differential <1>. of <1> yield 

<l>*("f.,dx; ® dx;),,x = t 2gx + (dt ® dt),. (6.1) 

<l>*("f.,df; ® dfJ,,x = Jc 2tu- 2 (dt ® dt) + (t 2 ,.)i*("f.,df; ® dfJ.. (6.2) 

Thus we have 
p+l 

<l>*C L. df; ® dD(t.x) = Jc 212
,._

2 (dt ® dt), + ctugx 
i= 1 

= tu- 2(Jc 2 
- c) (dt ® dt), + ctu- 2(dt ® dt, + t2gx). (6.3) 

Setting r(x) = L,xf, we have <1>*r 1!2 = t. Thus (<1>- 1)*(dt)x = 
,-l/l LX;dX;. 

This combined with (6.3) yields 

"f.,df; ® df; = cr;.- 11.,dx; ® dx; + ,;.- 2 (A2 
- c)l.,x;xi dxi ® dxi. (6.4) 

Equation (6.4) is equivalent to the system of partial differential equations 

pf~!k ofk = ci5;jr).-1 + (Jc2 - c)x;xjr).-2. 
k=loxi oxj 

This motivates 

(6.5) 
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Lemma 6.2. Let/1, ••• ,fp+ 1 be nonzero fractional spherical harmonics 
of degree A ;;::: 0 on CU satisfying the system of differential equations 

"afk afk =cc5 . .r'--1 +cx.x.r'--2 (66) 
'-kax.ax. 111 211 . 

I J 

for c 1, c2 ER, 1 ::; i, j ::; n + 1. Then c 1 2:: 0. If c 1 = 0, then A = 0 and 
/ 1, ••• , fn+ 1 are constant on CU. If c 1 > 0, then A;;::: I. If Jc = 0, then 
C1 = 0. 

Proof. Equation (6.6) implies that i*Ldh ®di,. = c 1g; thus c
1 

;;::: 0. 
If c1 = 0, then i*df,. = 0, k = 1, ... , p + 1. Thus, since U is connected, 
filu is constant for i = 1, ... , p + 1. But then Ji = b;r;.12 . But Df; = 0 
implies A = 0, and/; = b;. If c 1 > 0 and Jc= 0, then i*Ldf,.®dfk= c1g, 
and 11/i = 0, i = 1, ... ,p + 1. Thus (/1 , ••• ,fp+ 1) =f/u: U-+Rp+I is a 
minimal isometric immersion. But ru = n(n - 1)/c 1 > 0, contradicting 
Corollary 5.3. Thus A> 0. Now, by Corollary 5.2,f(U) c r0 Sf. Thus set­
ting y = (I/r0 )f, we have y : U-+ Sf and 11y/u = -A.(Jc + n - 1) (Yiu). 
Thus the induced curvature on U is [n/A.(A. + n - I)] ::; 1 by Corollary 
5.2; thus A 2:: 1. Finally, suppose A = 0. If c 1 > 0, then A ;;::: 1; hence 
C1 = 0. Q.E.D. 

Lemma 6.3. Let / 1 , ••• , fp+ 1 be fractional spherical harmonics of 
degree Jc, Jc 2:: 1, satisfying system (6.6). Let h 1, ••• , h(n+l)(p+t) be the 
~{;/axj arranged in some order. Then h 1 , ••• , h<n+ l)(p+ t) are fractional 
spherical harmonics of degree Jc - 1 satisfying the system (6.6) for ap­
propriate c{, c;. 

Proof. 

DLafk afk = ;~ pf a
2
fk a

2
fk 

ax; axj m=I k=I axiaxm axjaxm 
(n+l)(m+l) ah ah 

= L _k_k 
k= 1 axi axj 

Now the result follows from DrY = 2y(n + 2y - l)rY- 1, Dx;xj = 2c5ij, 
and Lk(a;axk) (xix) ca;axk)rY = 4y XiX/Y- 1. 

We can now prove 

Proposition 6.1. Let / 1, ••• , fp+ 1 be nonzero fractional spherical 
harmonics of degree A ;;::: 0 satisfying on CU the system (6.6). Then A is 

I 
'· 
i' 
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an integer andfi extends to a harmonic homogeneous polynomial of degree 
Jc in R"+ 1

• Furthermore, / 1, ••• , fp+ 1 satisfy (6.6) on R"+ 1
• 

Proof. We show that Jc must be an integer. If A = 0, there is nothing 
to show. If Jc > 0, then by Lemma 6.2, A ;;::: 1. Let [Jc] be the greatest 
integer less than or equal to Jc. Apply Lemma 6.3, [A.] times and we have a 
solution to Eq. (6.6) by spherical harmonics of degree 0 ::; }, - [A] < I. 
Hence Jc = [A]. Now Lemma 6.3 implies that the a;f/axi, · · · axi,. are 
constants. Thus, / 1 , ••• , fp+ 1 extend to harmonic homogeneous poly­
nomials on R" + 1 of degree ) .. Since (6.6) is a polynomial system for Jc ;;::: I, 
the extension of / 1 , ••• , fp+ 1 satisfies (6.6) on R"+ 1

• 

Corollary 6.1. Let U be an open connected Riemannian submanifold 
of s;:. Let f: U-+ Sf c p+ 1 be a minimal isometric immersion, f = 
Cf1, ... ,Jp+ 1). Then 

(I) There is a positive integer m so that k = [n/m(m + n - I)]. 
(2) f extends to a minimal isometric immersion of s;: into Sf. 
(3) f; is a spherical harmonic of degree m for i = 1, ... , p + I. 

In Section 9 we prove an abstract (global) version of this result for 
arbitrary symmetric spaces. 

7. The Laplace-Beltrami Operator of a Homogeneous Space 

Let M, M be Riemannian manifolds. Let f : M -+ M be a C 00 mapping 
which is onto. Then f is said to be a Riemannian submersion if 

(I) f is a submersion. That is, for each p E M, .f.p : Tp(M)-+ Tf<P>(M) 
is onto. 

(2) By (1), f- 1(p) is a submanifold for each p EM. Let p EM, p 1 E 
1- 1(p). Thenf.P

1
: TP

1
(f- 1(p) )l_-+Tp(M) is an isometry (where Tp,(r 1(p) l 

is the orthogonal complement of TP
1
(f- 1(p)) in TP

1
(M) ). 

Let f: M-+ M be a Riemannian submersion. We derive the funda­
mental equation of/using moving frames. The notion of Riemannian sub­
mersion is due to O'Neil [13]. 

Letp EM,p1 Ef- 1(p). Let £ 1 , •.• , E. be a moving frame in a neighbor­
hood U of p 1 in M so thatf.Em+ j = O,j = 1, ... , n - m, and.f.Ei = E;, 
i = 1, ... , m defines a moving frame in M in a neighborhood of p. We 
let our indices run as follows: 
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Lemma 6.3. Let / 1 , ••• , fp+ 1 be fractional spherical harmonics of 
degree Jc, Jc 2:: 1, satisfying system (6.6). Let h 1, ••• , h(n+l)(p+t) be the 
~{;/axj arranged in some order. Then h 1 , ••• , h<n+ l)(p+ t) are fractional 
spherical harmonics of degree Jc - 1 satisfying the system (6.6) for ap­
propriate c{, c;. 

Proof. 

DLafk afk = ;~ pf a
2
fk a

2
fk 

ax; axj m=I k=I axiaxm axjaxm 
(n+l)(m+l) ah ah 

= L _k_k 
k= 1 axi axj 

Now the result follows from DrY = 2y(n + 2y - l)rY- 1, Dx;xj = 2c5ij, 
and Lk(a;axk) (xix) ca;axk)rY = 4y XiX/Y- 1. 

We can now prove 

Proposition 6.1. Let / 1, ••• , fp+ 1 be nonzero fractional spherical 
harmonics of degree A ;;::: 0 satisfying on CU the system (6.6). Then A is 

I 
'· 
i' 
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an integer andfi extends to a harmonic homogeneous polynomial of degree 
Jc in R"+ 1

• Furthermore, / 1, ••• , fp+ 1 satisfy (6.6) on R"+ 1
• 

Proof. We show that Jc must be an integer. If A = 0, there is nothing 
to show. If Jc > 0, then by Lemma 6.2, A ;;::: 1. Let [Jc] be the greatest 
integer less than or equal to Jc. Apply Lemma 6.3, [A.] times and we have a 
solution to Eq. (6.6) by spherical harmonics of degree 0 ::; }, - [A] < I. 
Hence Jc = [A]. Now Lemma 6.3 implies that the a;f/axi, · · · axi,. are 
constants. Thus, / 1 , ••• , fp+ 1 extend to harmonic homogeneous poly­
nomials on R" + 1 of degree ) .. Since (6.6) is a polynomial system for Jc ;;::: I, 
the extension of / 1 , ••• , fp+ 1 satisfies (6.6) on R"+ 1

• 

Corollary 6.1. Let U be an open connected Riemannian submanifold 
of s;:. Let f: U-+ Sf c p+ 1 be a minimal isometric immersion, f = 
Cf1, ... ,Jp+ 1). Then 

(I) There is a positive integer m so that k = [n/m(m + n - I)]. 
(2) f extends to a minimal isometric immersion of s;: into Sf. 
(3) f; is a spherical harmonic of degree m for i = 1, ... , p + I. 

In Section 9 we prove an abstract (global) version of this result for 
arbitrary symmetric spaces. 

7. The Laplace-Beltrami Operator of a Homogeneous Space 

Let M, M be Riemannian manifolds. Let f : M -+ M be a C 00 mapping 
which is onto. Then f is said to be a Riemannian submersion if 

(I) f is a submersion. That is, for each p E M, .f.p : Tp(M)-+ Tf<P>(M) 
is onto. 

(2) By (1), f- 1(p) is a submanifold for each p EM. Let p EM, p 1 E 
1- 1(p). Thenf.P

1
: TP

1
(f- 1(p) )l_-+Tp(M) is an isometry (where Tp,(r 1(p) l 

is the orthogonal complement of TP
1
(f- 1(p)) in TP

1
(M) ). 

Let f: M-+ M be a Riemannian submersion. We derive the funda­
mental equation of/using moving frames. The notion of Riemannian sub­
mersion is due to O'Neil [13]. 

Letp EM,p1 Ef- 1(p). Let £ 1 , •.• , E. be a moving frame in a neighbor­
hood U of p 1 in M so thatf.Em+ j = O,j = 1, ... , n - m, and.f.Ei = E;, 
i = 1, ... , m defines a moving frame in M in a neighborhood of p. We 
let our indices run as follows: 
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I :::; i, j, k · · · :::; m, 

m + I :::; rx, /3, y :::; n, 

I :::; A, B, C :::; n. 

Let el, . 'on be the coframe for El, ... ' En and let W1, ... ' Wm be the 
coframe for E1 , ••• , Em. Thenf*w; = 8,, i = I, ... , m. 

The connection forms for M relative to E 1, ••• , En are uniquely defined 
by 

n 

dOA = L OAB /\ OB, OAB + OBA = 0. 
B=I 

The connection forms for M relative to E 1, ••• , Em are uniquely defined 
by 

m 

dw; = LWij /\ wj, 
j=l 

wij + wji - 0. 

Nowf*dwi =Li= J*wij /\ ej, i= I, ... ' m. Thus d()i = Lj"= d*wij 1\ ()j 
= L~- l()iB /\ OB. 

From this we find the fundamental equation of a submersion 
m n 

L (eij - f*wi) /\ oj = - L oi, /\ o, for i = 1, ... , m. (7.1) 
j=I "=m+I 

We now derive some consequences of Eq. (7.1). Let I :::; r, s:::; m; then 
evaluating both sides of (7.1) on (E,, E.), we have 

m 

L (Oij - f*wi) /\ 8/E,, E,) = 0. 
j=l 

Let for each q E U, Tq be the linear span of E 1 , •.• , Em . Then we have 
Li~ 1(0ij - f*w;)Jr. /\ ojJt. = 0, i = I, ... ' m·. Hence q 

m 

(Oij - f*w;)Jr. = L hijkekJr. 
k=l 

and hijk = hikj• hijk = -hjik· But this implies that hijk = 0. (In fact, 
hijk = -hjik = -hjki = hkji = hkij = -hikj = -hijk·) Thus, (7.1) im­
plies 

Q .. Jr· =f*W··lt t} q l) q' qE U. (7.2) 

We now evaluate both sides of (7.1) on (E,, Ep). m + 1 :::; rx, f3 :::; rt. 

Then 
n 

L Oiy /\ Oy(E,, Ep) = 0, i =I, ... , m. 
y=m+ 1 
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Let Tq for q EU be the linear span of Em+ 1., ••• , En.· Then as above 
we find 

eiylr. = Laiybeb with aiyJ = a;Jy (7.3) 

Clearly the a;yJ are the entries of the second fundamental form 
of f- 1(f(q)) at q in the ith direction. Hence if .f- 1(p) is totally geodesic 
for each p EM then we have 

{). j-T = 0 iy q (7.3') 

Putting Eqs. (7.1), (7.2), and (7.3') together, we have 

Proposition 7.1. Let f: M -+ M be a Riemannian submersion. Sup­
pose /-1 (p) is totally geodesic in M for eachp in M. Let Ii, f! be respec­
tively the Laplace-Beltrami operators of M, M. Leth E C 00 (M). Then 

(~h) of= !J.(h of). 

-1 -
Proof Let p EM, p 1 E/ (p), and let EA, Ei, OA, w;, OAB• wij be as 

above. If <PE C 00 (M) (resp. h E C 00 (M) ), then 

n 

li</J(P1) = A~I (VEAp1d</J)(EAp) (resp. f!h(p) = L(V£ipdh) (E;) ). 

Now 

d</J = L(EA¢)8A (resp. dh = L(Eih)w;). 

Thus 

A¢(P1) = LAB{ EApl(EB</J) }OB(EAp) + LAiEB</J )(p,)(V EAp,()B)(EAp) 

= LAEAP1EA - LAB(EBP1</J) ()B(VEAplEA) 

= LAEAp,EA<P - LAiEB</J) (Pi) ()AB(EAp) 

(resp. (Ah)(p) = L~·,EipE;h - Li;/Ejph)wij(E;) ). 

Now suppose that </J = h of Then E,</J = 0, a = m + I, ... , n. Thus 

m 

A¢(P1) = I. Eip Ei</J - L L(Ej </J){)A/EA) 
i= 1 i A j Pi 

m 

= I. Ei E;</J + L L(Ej </J) (()jA) (EA ). 
i = l P1 A j Pi P1 
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Now Eq. (7.3') says that ()j0 (E0 ) = 0 form + I ~ rx ~ n. Thus 

(ti</J) (P1) = ~£. £.r!. + ~(£. </J)() . .(E.) 
'-' )pl 1o/ '-' Jpl Jl lp 

i ,j 

m 

= ~ E,. E-h + ~(E· h) (f*w .. ) (E. ) 
'-' lp l '-' )p Jl lpl 
i= 1 j,i 

(by (7.2)) 

m 

= L E;.£;h + L(Ej"h) wJE;") = (tih) (f(p 1) ). 
k= I i,j 

Q.E.D. 

Let G be a compact Lie group and let K be a closed subgroup. Let <.> 
be a Riemannian structure on G that is invariant under the action of 
G x GonGgivenby(g 1,g 2)·g =g 1gg]. 1 .LetM= G/Kandletrr:G~ 
G/K be the canonical map. Let e be the identity of G. Identify Te(G) with 
g, the Lie algebra of G. Let f be the Lie algebra of Kand let µ = f.l relative 
to <.>e· Let <,)eK be the inner product on TeK(M)which makes rr*elp an 
isometry. Then the corresponding Riemannian structure on Mis such that 
rr : G ~ Mis a Riemannian submersion so that rr- 1(p) is totally geodesic 
for each p in M. A Riemannian structure on M defined as above is called 
naturally reductive. By Proposition 7.1, in order to find the Laplace­
Beltrami operator of (M, < ,) ) we need only find the Laplace-Beltrami 
operator of G, relative to (,). 

Let g be the Lie algebra of G looked upon as the space of right invariant 
vector fields. Let E,, ... , En be an orthonormal basis of g relative to <,). 

Lemma 7.1. ti = '[.Ef. 

Proof. If X, Y E g, we define V x Y = t[ X, Y]. Then V x Y - Vy X -
[ X, Y] = 0. Furthermore, if X, Y, Z E g, then X · < Y, Z) = 0. Thus V is 
the Riemannian connection of<,). In particular, if g E G, then (V E,E;)9 = 
0. Now if /E C 00 (G), (t1/) (g) = L7=1(V£. (df)) (E;) = Li=IEi EJ-
Ldf(VE. E;) =LE; EJ Q.E.D. lg g g 

lg g 

Corollary 7.1. Let G/K = M as above and let <.> be the Rieman­
nian structure on M defined as above. If XE g and f E C 00 (M), let x: f = 
d/dt1=0 f(exp tXp). Then the Laplace-Beltrami operator on M, tiM, is 
given by Li= 1(Ei) 2

• 

Proof. Let f E C 00
( M). Then (tiMf) 0 rr = ti(f 0 rr)(g) = L7 =I Ef(f 0 rr) 

= Ld/dt 2 /(exp tE;rr(g)) = L(Ei);<ul(f). Q.E.D. 

,ll, 

i-
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Corollary 7.2. Let M, tiM be as above. Let G act on C 00 (M) Via 
(go/) (p) = f(go Ip). 

(a) If Vis a G-invariant finite dimensional subspace of C 00 (M), then 
tiM(V) c V. 

(b) If Vis irreducible and G-invariant, then tiMlv = U. 

Proof. (a) Since V is G-invariant, V is g-invariant under the action 
Xf(p) = d/dt 1=0 f(exp(-tX)p). Thus by Corollary 7.1, tiM(V) c V. 

(b) Let (,) be any G-invariant inner product on V. Then 
relative to (, ), X* is skew-symmetric for each XE g. Hence (X*) 2 is sym­
metric. Thus tiM is symmetric on V. 

8. Class 1 Representations 

Let G be a compact Lie group. Then an orthogonal G-module, V, is a 
real inner product space on which G acts linearly via orthogonal transfor­
mations. Let K be a closed subgroup of G. A class 1 representation of 
(G, K) is an irreducible orthogonal G-module V so that there is a unit 
vector v E V such that k · v = v for all k E K. 

Proposition 8.1. Let G be a compact Lie group and let K be a closed 
subgroup of G. Let M = G/K and suppose that the isotropy action of K 
is irreducible. Let V be a nontrivial Class 1 representation of (G, K) with 
K-fixed unit vector v. Then the map x : M ~ S (the unit sphere of V) 
defined by x(gK) = g ·vis a minimal isometric immersion of a multiple of 
the G-invariant metric of M. 

Proof Let v = v1, v2 , ••• , vP+ 1 be an orthonormal basis of V. Define 
fi(gK) = (g·v,v;). Then/; E cxi(M), i = 1, ... , p + 1. Let </J: V ~ 
C 00(M) be defined by </J(w) (gK) = (gv,w). Let G act on C 00 (M) via 
(g 0 f)(g) = f(g01g). Then </J is a G-module isomorphism. In fact, 
<fJ(g 0w)(gK) = (gv, g0 w) = (g01gv,w) = </J(w)(g0 1gK). Thus </J is a G­
module homomorphism. But Vis irreducible; thus </J is an isomorphism. 
Clearly/; E </J(V), i = 1, ... , p + 1. 

Let <,) be a G-invariant Riemannian structure on M. Let ti be the 
Laplace-Beltrami operator of M. Since M is isotropy irreducible, M is 
naturally reductive as in Section 7. Thus, by Corollary 7.2, til<1>cvJ = U. 
Thus ti/; = Af;. Since V is nontrivial, )._ f= 0. Now Lf~: df; <8l df; is 
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,ll, 

i-

Minimal Immersions of Symmetric Spaces into Spheres 21 

Corollary 7.2. Let M, tiM be as above. Let G act on C 00 (M) Via 
(go/) (p) = f(go Ip). 

(a) If Vis a G-invariant finite dimensional subspace of C 00 (M), then 
tiM(V) c V. 

(b) If Vis irreducible and G-invariant, then tiMlv = U. 

Proof. (a) Since V is G-invariant, V is g-invariant under the action 
Xf(p) = d/dt 1=0 f(exp(-tX)p). Thus by Corollary 7.1, tiM(V) c V. 

(b) Let (,) be any G-invariant inner product on V. Then 
relative to (, ), X* is skew-symmetric for each XE g. Hence (X*) 2 is sym­
metric. Thus tiM is symmetric on V. 

8. Class 1 Representations 

Let G be a compact Lie group. Then an orthogonal G-module, V, is a 
real inner product space on which G acts linearly via orthogonal transfor­
mations. Let K be a closed subgroup of G. A class 1 representation of 
(G, K) is an irreducible orthogonal G-module V so that there is a unit 
vector v E V such that k · v = v for all k E K. 

Proposition 8.1. Let G be a compact Lie group and let K be a closed 
subgroup of G. Let M = G/K and suppose that the isotropy action of K 
is irreducible. Let V be a nontrivial Class 1 representation of (G, K) with 
K-fixed unit vector v. Then the map x : M ~ S (the unit sphere of V) 
defined by x(gK) = g ·vis a minimal isometric immersion of a multiple of 
the G-invariant metric of M. 

Proof Let v = v1, v2 , ••• , vP+ 1 be an orthonormal basis of V. Define 
fi(gK) = (g·v,v;). Then/; E cxi(M), i = 1, ... , p + 1. Let </J: V ~ 
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module homomorphism. But Vis irreducible; thus </J is an isomorphism. 
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Let <,) be a G-invariant Riemannian structure on M. Let ti be the 
Laplace-Beltrami operator of M. Since M is isotropy irreducible, M is 
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Thus ti/; = Af;. Since V is nontrivial, )._ f= 0. Now Lf~: df; <8l df; is 
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the metric on M induced by x. If+: df; ® df; is G-invariant, thus 
L;df; ® df; = c<,), c > 0. Thus x is an immersion. Corollary 5.2 now 
implies that x is minimal. The proposition is now proved. 

We now confine our attention to the case (G, K) is a symmetric pair of 
compact type. That is, G is a compact, connected Lie group with discrete 
center and there is an involutive automorphism a : G --+ G so that if 
k EK, a(k) = k and K is open in the fixed point set of a. The classification 
of symmetric spaces says that G/K is the most general symmetric space 
having nonnegative curvature up to locally Euclidean factors. Also, every 
G-invariant Riemannian structure on G/K is naturally reductive as in 
Section 7. 

We give a complete description of C'J(G/K, C) through complex, class 
1 representations of (G, K). A complex class 1 representation of (G, K) is 
an irreducible unitary representation of G with a K-fixed unit vector. Let 
{Va} a e 1 be a collection of complex class 1 representations of ( G, K) so 
that if 1J. =/= {3, Va is not equivalent to Vp, and if Vis a complex class 1 
representation of (G, K), that Vis equivalent to Va for some 1J. E /. 

Let <Pa : Va--+ CJ(G/K, C) be defined by </J,(w) (gK) = (gva, w), where 
va E Va is a K-fixed unit vector. Then <Pa is a G-module isomorphism. 

Theorem 8.1. (E. Cartan [3]). Lael </Ja(Va) is a dense subspace of 
C 10 (G/K, C) with respect to the L2 topology relative to any G-invariant 
volume element on G/K. 

Note. This says that every irreducible G-subrepresentation of C 00 (G/ K,C) 
is class 1 for (G, K) and that each such subrepresentation appears 
exactly once in C 00 (G/K, C). 

Proof We prove the statement of the note since the note combined 
with the Peter-Wey! theorem implies the theorem. Suppose that V, Ware 
irreducible subrepresentations of C 00 (G/K, C) such that as G-modules, V 
is equivalent to W. Let e 1, ••• , em (resp. / 1, ••• , fm) be an orthonormal 
basis of V(resp. W), so that g·e; = Lgjiej (resp. gf; = LgjJ) for gEG. 
This can be done since V and Ware equivalent. Let s0 : G/K--+ G/K be 
defined by So(gK) = a(g)K. Set Sf= f 0 So for f E C 00 (G/K, C). Let 
rr: G--+ G/K be the canonical map, and abusing notation, let e; = e; o rr, 
f; = f; o rr. Let g be the Lie algebra of G, f the Lie algebra of K, and let 
p = {x E giaAX) = - X} (where a* is the differential of a). Then 
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g = f E8 p. Let P =exp p. Set Po= eK. Then G/K = Pp0 • Define F(g 1 , g
2

) 

= L~= 1e;(g 1)flgz). Then if g E G, F(gg 1, gg 2 ) = F(g 1, g 2 ). Hence if p EP, 
we have F(p, e) = F(e, p- 1

). Now s0(p) = P- 1
• F(p, e) = Lf;(e)e;(p), 

F(e, p- 1
) = Ie;(e)Up- 1

) = Ie;(e)Sj~(p). Thus V n SW=/= (0). (Now 
letting W = V, we also have W n SW=/= 0.) But Wand V are irreducible 
and SW is G-invariant. Thus V c SW (resp. W c SW). Thus since 
dim V = dim W = dim SW, we see V = SW= W. 

Now let V be an irreducible subrepresentation of C 00 (G/K, C). Let 
f 1, ••• Jm be an orthonormal basis of V. Let/: G/K--+ cm be defined by 
f(gK) = U1(gK), ... .Jm(gK)). Let A: V-+ cm be defined by A(IaJJ = 
(a;, ... ' am). 

If gEG, let gf; = Lgjih Set p(g) = (g;)· Then A(g·h) = p(g)Ah for 
hE V. Thusf(g·p) = p(g)f(p). Set v0 =f(eK). Then A- 1(v0)E Vandis 
K-fixed. The theorem is now proved. 

We now prove a formal result known as the Frobenius reciprocity 
theorem. We first need the notion of an induced representation. Let G be 
a compact group and let K be a closed subgroup. Let W be a unitary (resp. 
orthogonal) K-module. Let f'( W) be the vector space of all continuous 
functions f : G --+ W so that /(kg) = k f(g ). Let dg be Haar measure on G 
and define for / 1, / 2 E f'(W), (/1,f2) = JG(/1(g),f2(g)) dg. Define for 
f E r(W), (g 0 f) (g) = f(gg 0 ). Then (f'(W), (,))is a unitary (resp. orthogo­
nal) G-module called the G-module induced by W. 

If W1 , W2 are unitary (resp. orthogonal) G-modules, then by 
HomG ( W1 , W2 ) we mean the space of all continuous linear maps 
A: W1 --+ W2 sothatAgw1 = gAw 1 • 

Theorem 8.2. (Frobenius Reciprocity). Let G be a compact group, 
K a closed subgroup of G. Let M be a finite dimensional unitary (resp. 
orthogonal) K-module, let f'(M) be the induced unitary (resp. orthogonal) 
G-module. Let U be a finite dimensional unitary (resp. orthogonal) 
G-module. Then HomG(U, r(M)) is canonically isomorphic with 
HomK(U, M). 

Proof Let A E HomG(U, f'(M) ). Define A: U--+ M by A(u) = 
A(u)(e) for u E U. Then A(ku) = kA(u). Hence A E Homx(U, M). 

Now let A E HomK(U, M). If u E U, set A(u)(g) = A(gu). Then A(u)(kg) 
= A(kgu) = kA(gu) = k(A(u) (g) ). Thus A(u) E r(M). A(g0 u) (g) = 
A(ggou) = A(u)(gg0 ) = (g 0 A(u) )(g). Thus A E HomG(U, r(M) ). Clearly 

x = A, A = A. Q.E.D. 



22 Nolan R. Wallach 
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x = A, A = A. Q.E.D. 
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Corollary 8.1. (E. Cartan [J]). Let V be a class 1 unitary module 
for the symmetric pair (G, K). Then VK = {v E VI kv = v, k EK} is one­
dimensional 

Proof Let C be the trivial K-module. Then. if f E C00 (G/K, C),]E r(C), 
where f(g) = f(n:(g- 1) ). The map f--+f on: maps C 00 (G/K. C)--+ r(C) 
is a unitary G-module isomorphism. It is standard that the image of this 
isomorphism is dense in r(C). The result now follows by Frobenius 
reciprocity. 

Let (G, K) be a symmetric pair as above. Let V be an irreducible G­
submodule of C 00 (G/K, C). Then since dim VK = 1, there is </> E v such 
that <f>(kgK) = <f>(gK) for all k EK, g E G. Furthermore, by the proof of 
the existence of <f>, <f>(eK) # 0. Let <Pv E VK be the element such that 
<f>v(eK) = I. <Pv is called the zonal spherical function of V. 

Lemma 8.1. Let V be an irreducible submodule of C 00 (G/K, C), then 
V = (V n C'"'(M)) ®RC if and only if <f>v(G/K) c R. 

Proof If <f>v(G/K) c R, then <f>v E C 00 (M). Thus G·<f>v c V n C 00 (M). 
Let V0 be the R-linear span of G · <f>v; then V0 is a G-submodule of C 00 (M). 
Clearly V = V0 ®RC. 

Suppose that V n C 00 (M) # (0). Then by Frobenius reciprocity (ap­
plied to R-modules), V n C 00 (M) has a K-fixed vector. Corollary 8.1 
implies<f>vEVnC 00 (M). Nowsuppose<f>v~ VnC"'(M); then by the above 
V n C 00 (M) = 0. 

We prove a result that tells us for what pairs (G, K), <Pv is always real. 

Theorem 8.3. Let g = f EB p as in the proof of Theorem 8.1. Let 
a c p be a maximal abelian subsystem. Let M* = {m E Kl Ad(m)a c a}. 
Then <f>v is real valued for any irreducible subrepresentation of C 00 (G/K, C) 
if there is an m E M* so that Ad(m )1 0 = - I. 

Note. This condition is actually necessary and sufficient.* 

Proof We use the facts Ad(K)a = p and exp(p)p0 = G/K where 
Po = eK. These facts imply that if A = exp a, then <Pv is completely 
determined by its values on Ap0 • 

*This is a result of Professor Joseph Wolf. 
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Now by the proof of dim VK # (0), there is v0 E VK so that <f>v(gK) = 
<u · v0 , v0 ). Thus <f>v(gK) = <f>v(g- 1 K) (the inner product is Hermitian). 
Suppose that there is m E M* so that Ad(m)/a = -I. If a E A, then 
<f>v(apo) = <f>v(mapo) = <f>v(mam- 1p0 ) = <f>v(a- 1p0 ). Now if x E p, x = 

Ad(k)y, y Ea and </>v(exp xp0 ) = <f>v(k(exp y)h;: 1p0 ) = </>v(exp yp0 ) = 

<f>v(exp (y)- 1p0 ) = <f>v(kexp(-y)k- 1p0 ) = <f>v(exp(-(x))p0 ). Now this 
implies by the above that <Pv = <Pv· 

Corollary 8.2. If (G, K) is a symmetric pair corresponding to a rank 
1 symmetric space, then all the zonal spherical functions of C'"'(G/ K, C) 
are real valued. 

Proof If (G, K) is rank 1, then K acts transitively on the unit sphere 
of TP

0
(G/K). Thus if a is as in the proof of Theorem 8.3, dim a = I. If 

x Ea is a unit vector, then the orbit Ad(K)x must contain -x. Thus there 
iskEKsothatAd(k)x = -x. Q.E.D. 

Combining Lemma 8.1 with Corollary 8.2 we have 

Corollary 8.3. Let (G, K) correspond to a rank 1 symmetric space. 
Let V~ = </>,(V) n C00 (G/ K) where </>0 , V, are as in Theorem 8.1. Then 
C 00(G/K) = Loelv~ and v~ is not equivalent to vg for Cl# [3. 

We give some concrete examples of this situation. 

EXAMPLE I. Let G = SO(n + 1), K = SO(n). Then (G, K) is rank I. 
Let V~ be as in Corollary 8.3. Proposition 8.1 says that if / 1 , ••• , fp+ 1 is 
an orthonormal basis of V(volumeG/K = p + l)andifx: (Sn= G/K)--+ 
Sf is defined by x(gK) = (f1(gK), ... ,fp+ 1(gK)), then xis minimal. Ap­
plying Corollary 6.1, we find that f; is a spherical harmonic of degree k 
on S" for i = 1, ... , p + 1. Let Hk,n be the space of all spherical harmon­
ics of degree k on sn. Then Corollary 8.3 says that L~oHk,n is dense in 
C 00(S"), and every class 1 representation of ( G, K) is of the form Hk,n for 
some k. 

EXAMPLE 2. Let G = SU(n + 1), K = U(n). G/K = CPn, complex 
projective space. (G, K) is again rank I. We wish to give an explicit descrip­
tion of the V~. 

Let sin+ 1 --+ CP" be the Hopf fibration defined as follows: 
We look at sin+ 1 as the unit sphere in en+ 1• To each p E sin+ 1 we 

assign the complex line [p] through p and 0. Thus n:(p) = [p] where 
q E [p] if and only if q e e;op for some (} e R. 
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cpn is isotropy irreducible and we may define a Riemannian structure on 
cpn such that n is a Riemannian submersion. Indeed, let T 1 act on sin+ 1 

by left multiplication. Then T 1 acts transitively on each n- 1(p). 
Now let f E C 00

( CPn) be such that !:i.cp,,f = Af. Then f:i.s,,(f o n) = 
(!:i.CP,..f) on. Thus f:i.s,,(.f on) = Jcf on. This implies that A = -m(m + 2n) 
and that f on is a spherical harmonic of degree m by Example 1. Now 

/ ·orr ='°'a· . . . zi1 ... zin+1·zJ1 ... zjn+1 
• ~ t1 ... 111 +1,J1, ... ,J 11 +1 1 n+I I n+I' 

Lik +Lie= m, 

and Df o n = 0. Now (f o n) (e;0p) = f o n(p). Thus Lik = Lie· 
Let ym,n be the collection of all harmonic polynomials on en+ I of 

degree min z 1, ••• , zn+t and degree min z 1, ••• , zn+t· ThenfE.Yfm,n is 
completely determined by its (well defined) restriction to cpn and C 00 (CP") 
= L;;-;= 0 .Yfm.n. ytm,n is called the space of Hermitian harmonics inn + I 

variables. f:i.cP"IJI"""" = 4m(m + n)l. 
We note that the Riemannian structure defined above on CP" is that 

structure with sectional curvatures varying from 1 to 4. Thus if we are 
interested in the Riemannian structure with sectional curvatures varying 
from i to I (i.e., holomorphic curvature I) we must consider the operator 
i!:i.cP" with eigenvalues m(m + n). 

We have proved 

Proposition 8.2. Let x : cpn ~ SP c £P+ 1 be a minimal isometric 
immersion of a metric of constant holomorphic curvature K. Then 

(a) there is a positive integer m so that K = (2n)/(m(m + n) ); 
(b) x = (x 1 , ••• , xp+ 1) and X; is a Hermitian harmonic of degree m. 

9. The Classification Theorem 

In this section, we give a description of minimal isometric immersions 
of compact symmetric spaces into spheres. We first consider M = G/K 
where G is a compact connected subgroup, K is a closed subgroup of G, 
Mis orientable, and the isotropy action of K is irreducible. Let<,) be some 
G-invariant Riemannian structure on M ( <.> is unique up to scalar mul­
tiple and is thus naturally reductive). Let ti. be the Laplace-Beltrami opera­
tor of (M, <,) ). Let, for each A ER, v,. be the eigenspace with eigenvalue 
Jc. Then V,. =I 0 only if A :::;; 0 (see Section I). Also, dim V,. < ro. Let 
(f, ,f2 ) = f MfJ2w where w is the Riemannian volume element of (M, <,)) 
(w = *I). Let p,. + I =dim V,.. For each A such that A =I 0 and V,. =I 
(0), let <P 1 , ••• , <Pp;.+ 1 be an orthonormal basis of V. Define 

x,.: M ~ Ep,.+l 
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via 

1 
x,.(q) = (p,. + !)1;2(¢,(q), · ·., <Pp,.+1(q) ). 

Then x,. defines an isometric immersion of (M, c<,)) into Sf\ for some 
c > 0. (Indeed Ld</J; ® d</J; is an invariant nonzero bilinear form on 
T(M); thus Ld</J; ® d</J; = c<,), c > 0.) Now applying Takahashi's result, 
Corollary 5.2, we see that x,. is a minimal immersion and c = - Jc/n. 

Theorem 9.1. Let x : (M, c<,)) ~ S'f be a minimal isometric immer­
sion so that x(M) is not contained in a great sphere of S'f. Then there is an 
eigenvalue A < 0 of the Laplace-Beltrami operator of (M, <.>) so that 
c = - Jc/n and a linear isometric injection A : £H 1 ~£PA+ 1 and a linear 
map B: £P;.+l ~ £P;.+l so that A oX =Box,.. 

Proof The statement that x(M) is not contained in a great sphere of 
S'f. is just the statement that the height functions ¢ 1 , ••• , <Pq+ 1 of x 
[x(p) = (</J 1(p), ... , </Jq+ 1(p))] are linearly independent. Now Corollary 
5.2 implies that (1/c)f:i.</J; = -n</J;. Thus setting A= -en, we have the 
first assertion. Now since ¢ 1, ••• , </Jq+ 1 are linearly independent, q :::;; p,.. 
Let 1/1 1, ••• , l/Jq+I be an orthonormalization of ¢ 1 , ••• , </Jq+l· Then 
x = C<l> where C is a nonsingular (q + 1) x (q + 1) matrix. Now extend 
1/1 1 , ••• , l/lq+ 1 to an orthonormal basis, 1/1 1 , ••• , l/Jp,_+ 1 of V,.. Then 
(l/1 1, ... , l/J p,. + i) = (p,. + 1)112 U· x,. where U is an orthogonal transforma­
tion of E. Let A(y1,. • ., Yp+ 1) = (y 1,. • ., Yp+I• 0,. . ., O)EEp;.+l 
and let C(z 1, ••• , zp,_+ 1) = AC(z 1, ••• , zq+ 1). Then we have Ax= 
(p,. + I) 112 CUx. Set B = (p,. + I) 112cu. 

If (G, K) is a symmetric pair of compact type and if the isotropy repre­
sentation splits into k > l irreducible parts, then there are many con­
formally inequivalent Riemannian structures that make G/K into a 
Riemannian symmetric space. Thus there are many eigenspace decomposi­
tions of C 00 (G/K, C) for the various Laplace-Beltrami operators of the 
many symmetric Riemannian structures. Thus the above simple classifica­
tion for the isotropy irreducible case has no immediate generalization to 
the isotropy reducible case. 

We give examples that give an idea of how we can use the classification 
theorem to control the isotropy reducible case. Let M = M 1 x M 2 , M; an 
isotropy irreducible symmetric space of compact type or a I-torus. Let 
X; : M; ~ Sf' c £P•+ 1 be a minimal isometric immersion of some mul­
tiple of the symmetric Riemannian structure of M;. 
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28 Nolan R. Wallach 

EXAMPLE I. Let 0 E R and set 

xt(p, q) =(cos Ox 1(p), sin Ox2(q) ), 

then xt : M 1 x M 2 --+ Sf'+Pi+t is a minimal isometric immersion of a 
symmetric metric on M 1 x M 2 • 

In particular, if M 1 = S~' and M 2 = S~2 and if x; = identity on S~', 
then xt is a Clifford minimal immersion of S" 1 x S"2 into S'{' +nz+ 1

• Note 
that in this case it is an equivariant minimal hypersurface. In particular if 
n; = I, i = I, 2, this gives the Clifford torus, minimally, equivariantly 
immersed as a hypersurface of S{. 

EXAMPLE 2. Let x 1, x 2 be as above and define 

x®(p, q) = x 1(p) ® Xz(q) E £P1+1 ® £P2+1 = £<P1+l)(p2+1i_ 

Then x®: M
1 

x M 2 --+ s<Pi+l)(pz+lJ-l is a minimal isometric immersion 

of a symmetric metric on M 1 x M 2 • 

If again M; = S 1 c £ 2
, i = I, 2, and if X; is the identity map then 

x® : T 2 --+ S{ c £ 4 is a minimal equivariant immersion, giving the Clifford 
torus. 

10. Rigidity Questions 

Let M be a Riemannian manifold and let x : M --+ Sf c £P+ 1 be a 
minimal isometric immersion. Then x is said to be rigid if whenever 
x 1 : M --+ Sf is another minimal isometric immersion, there is an isometry 
U of Sf with Sf so that U o x = x 1 • We note that in particular a rigid 
isometric immersion of a homogeneous space is equivariant. 

It was expected that if the metric structure of M were severely limited, 
then any minimal isometric immersion of M into a sphere would be rigid. 
The constructions of Section 9 show that if M is a symmetric space but 
not isotropy irreducible, then nonrigidity for minimal isometric immer­
sions of symmetric metrics on M is not hard to find. 

If (G, K) is an isotropy irreducible symmetric pair of compact type but 
if each eigenspace for the Laplace-Beltrami operator of M is not irreduc­
ible as a representation of G, then using Corollary 5.2 it is again not hard 
to find examples of nonrigidity. 

The condition that guarantees the irreducibility of each eigenspace for 
the Laplace-Beltrami operator is that (G, K) be rank 1. Indeed, we have 
seen this to be true if G/K = S" or CP". Jn [6], doCarmo and Wallach 
conjectured rigidity for rank 1 symmetric spaces. In [5], Chern et al. 
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indicated that it was highly likely for constant curvature spheres. For the 
remainder of this article, we will analyze these questions. We first introduce 
a weaker notion than rigidity which we will call linear rigidity. 

Definition 10.1. Let M be a Riemannian manifold and let 
x: M--+ s7 c E"+ I be an isometric immersion of Minto s7. Then xis said 
to be linearly rigid if whenever A : E"+ 1 --+ E"+ 1 is a linear map so that 

(1) A(x(M)) c s7, and 
(2) A o x : M --+ E"+ 1 is an isometric immersion, 

then A is orthogonal. 

Corollary 5.2 immediately implies that rigidity for minimal isometric 
immersions implies linear rigidity. We also note that for minimal isometric 
immersions, Corollary 5.2 says that (2) implies (I). 

We indicate that in some cases linear rigidity is actually equivalent to 
rigidity for minimal isometric immersions. 

Lemma 10.1. Let (G, K) be a pair of a compact Lie group G and a 
closed subgroup K of G so that G/K = Mis isotropy irreducible. Let~ be 
the Laplace-Beltrami operator of some G-invariant Riemannian structure 
on M. Let A be a nonzero eigenvalue for ~ and let x ... : M--+ Sf,· c £P;. + 1 

be the minimal isometric immersion defined as in Section 9. Then x ... is 
rigid if and only if x is linearly rigid. 

Proo.f This lemma is just a restatement of Corollary 5.2. 

Thus for isotropy irreducible symmetric spaces of compact type, rigidity 
and linear rigidity are essentially the same notions. 

Let Mn(R) be the space of all n x n matrices with real entries. Then 
Mn(R) has a polar decomposition. That is, if A E Mn(R), A can be written 
uniquely in the form UP where U is orthogonal and P is symmetric and 
positive semidefinite, written P ;::: 0. Using the polar decomposition of 
Mn(R), we may reformulate the notion of linear rigidity. 

Lemma 10.2. Let M be a Riemannian manifold. Let x : M --+ s7 c 

£"+ 
1 be a minimal isometric immersion. Then xis linearly rigid if and only 

if whenever A : £"+ 1 --+ E"+ 1 is symmetric and positive semidefinite 
(A ?: 0) satisfying 
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(2') A 0 x : M --> E" + I 

is an isometric immersion, then A is the identity. 

Now we may identify the space of all symmetric mappings of E"+ 1 

with S2 (E"+ 1), the symmetric square of E"+ 1 , as follows: if u, v E £"+ 1, 

UV E S 2(£"+ 1) (the symmetric product of two vectors will be denoted UV), 

and if t EE"+ 1, we set uv(t) = H <u, t)v + <v, t )u} where <,) is the inner 
product on E"+ 1 • Under this identification, the inner product on S 2 (E"+ 1) 

is given by (A, B) = tr 'BA (where 'Bis the transpose of B). We note that 
if A E S 2(E"+ 1) and if u, w E £"+ 1 , then <Au, w) = (A, uw). 

Let x : M--> s~ c E"+ I be an isometric immersion. We identify (as usu­
al) TP(S~) with {v E £"+ 1 l(v, p) = O}. Let for each p EM, S2(x.(TP(M)) 
be the symmetric square of x.(Tp(M)) in S2(E"+ 1 

). Let Wx = W be 
the subspace of S 2 (E"+ 1) spanned by UpeMS 2(x.(Tp(M)) ). Let W 1 be the 
orthogonal complement of WinS2(E"+ 1

). LetL ={CE W,IC + 12 O}. 

Lemma 10.3. Let x : M --> S~ be a minimal isometric immersion. 

(a) If A E S 2(£"+ 1
) and A 2 0, then A satisfies (2') of Lemma 10.2 if 

and only if A 2 
- IE L. 

(b) Let W0 be the space spanned in S 2(E"+ 1) by the set {x(p) 2 Ip EM}. 
Then W0 c W. 

Proof For each p E M, (A a x).P = A a x.P by the above identifications. 
Let XE Tp(M). Then if A satisfies (2'), (A ·x.p(X), Ax.p(X)) = 
(x.p(X),x.p(X)). Thus (A 2

, (x.p(X) ) 2
) = (I, (x.p(X) )2

). Thus A 2 - I is 
orthogonal to S2(x.p(Tp(M))). But p is arbitrary in M; thus A 2 

- I is 
orthogonal to W. Hence A 2 

- IE L. The sufficiency is proved by reversing 
the above steps. 

The proof of (b) is an instructive exercise in the use of Corollary 5.2. 

11. The Higher Fundamental Forms 

Let M be a Riemannian manifold of constant curvature K. Let M be a 
Riemannian manifold. Let x: M--> M be an isometric immersion. We 
define the higher fundamental forms of x and the osculating spaces of x. 

Let p EM and let BP : Tp(M) x TP(M)--> Np(M) be the second funda­
mental form of x. We set O~(M) equal to the linear span of the image of 
BP. We say thatp E Mis degree 2 regular if o;(M) is of maximal dimension. 
Let R 2 c M be the space of all degree 2 regular elements of M. Thell' R 2 
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is open in M. Let p E R2. Let N 2 be normal projection in Np(M) relative to 
Np(M) = o; EB o;J_ (we write v --> VN 2 E o;). Set B2p = BP and define 
B 3 p(X1, X 2, X 3 ) = (Vx 1PB2(X2, X 3)t

2 for X 1, X 2, X 3 E Tp(M) arbitrarily 
extended to vector fields on M. B3 P is well defined and defines a symmetric 
tensor field on R 2 • Let o; be the linear span of the image of B

3
p. We call 

an element p E R 2 degree 3 regular if dim o; is maximal. We define B;,,, 
O~ for i = 2, 3, ... by recursion as above on the space R;_ 1 of all degree 
i - 1 regular elements of M. Clearly the above process must eventually 
stop since dim(Tp(M) + o; + o; + · · · + O';) :::; dimTp(M). Let m be 
the first integer 2 2 such that Bm '!- 0 but Bm+ 1 = 0. Then we call m the 
degree of x and the set of all m-regular elements will be called the set of 
all completely regular points of M, denoted M' = Rm. We note that M' is 
open in M, M' =F 0. Let for each nonnegative integer k, Sk(Tp(M)) be 
the k-fold symmetric power of Tp(M). The universal property of Sk(Tp(M)) 
says that for p E Rk- 1, Bk induces a linear map of Sk(Tp(M)) --> Of. Let 
S(Tp(M)) = "f.~ 0Sk(Tp(M) ); then S(Tp(M)) is an algebra under sym­
metric product. Let s+(Tp(M)) = "f.f~ 1 S\Tp(M)). Then s+(Tp(M)) is a 
subalgebra of S(Tp(M) ). Let QP : S(Tp(M)) --> Tp(M/ for p EM' be 
defined by Q = x.P + B2p + · · · + Bmp· 

Let r p E S2
(Tp( M) ) be defined as follows: let e,, ... ' en be an ortho­

normal basis of TP( M), set r P = "f.ef. Then p --> r P defines a tensor field on 
M. 

Lemma 11.1. If x : M--> M is minimal, then for each p EM', 
Kernel QP => S(Tp(M) )rp. 

Proof We need only prove that if £ 1, ••• , En is an orthonormal mov­
ing frame in a neighborhood of p EM', then Bk+ 2(E;, · · · E;kr) = 0 in 
a small neighborhood of p. This statement for k = 0 is just the statement 
of minimality. If it is true for k - 1, then Bk+ 2(E;, · · · E;kr) = 
(VE;,(Bk+ 1(E;, · · · E;kr) tk+i = 0. Thus the result is true by induction. 

We give some examples of the notion of degree defined above. 

EXAMPLE I. Let 

xk : S" n --> Sfk 
k(n+k-1) 

where Pk + I = dim Hk,n (see Section 8, Example 1 for notation) be the 
minimal isometric equivariant immersion. Then the degree of xk is k. 
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Kernel QP => S(Tp(M) )rp. 

Proof We need only prove that if £ 1, ••• , En is an orthonormal mov­
ing frame in a neighborhood of p EM', then Bk+ 2(E;, · · · E;kr) = 0 in 
a small neighborhood of p. This statement for k = 0 is just the statement 
of minimality. If it is true for k - 1, then Bk+ 2(E;, · · · E;kr) = 
(VE;,(Bk+ 1(E;, · · · E;kr) tk+i = 0. Thus the result is true by induction. 

We give some examples of the notion of degree defined above. 

EXAMPLE I. Let 

xk : S" n --> Sfk 
k(n+k-1) 

where Pk + I = dim Hk,n (see Section 8, Example 1 for notation) be the 
minimal isometric equivariant immersion. Then the degree of xk is k. 
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EXAMPLE 2. Let 

X
1 

: CP~n ~ 5n(n+2)- I 

ii+! 

Nolan R. Wallach 

be the equivariant minimal isometric immersion corresponding to the 
Hermitian harmonics of degree I (see Section 8, Example 2). Then x 1 has 
degree 2. 

Proposition 11.1. Let M be a connected analytic Riemannian mani­
fold and let x : M ~ s~ c e+ I be an analytic isometric immersion so 
that x( M) is not contained in a great sphere of s;. If xis of degree :'.S: 3, then 
x is linearly rigid. 

Proof Since x is analytic and not contained in a great sphere of s7, 
we note that if p EM', then Rp + Q(S(Tp(M))) = e+ 1 • This says that 
Rp + x.p(Tp(M)) + B2 p(S 2(Tp(M))) + B 3 p(S3(Tp(M))) = E"+ 1 for each 
p EM'. In the notation of Section JO, we show that if XE TP(M) and if 
<J : ( - 8, 8) ~ M is the geodesic through p in M with tangent vector X 
then p2

, p0-(0), p(j(O), pa(O) E W + W0 = V. Indeed, W0 (see Lemma I 0.3(b) 
for the definition) is the linear span in S 2(E"+ 1) of all the q 2

, q E x(M). 
Thus <J(t)2 EV for all t E (-8, 8). Hence d/dt u(t)2 EV. Thus 20-(t)<J(t) E V, 
for t E (-8, 8). This implies that 0-(0)-<J(O) EV. Now d/dt 0-(t)<J(t) = 

(j(t)<J(t) + 0-(t)O-(t). Now the definition of W implies O-(t) 2 E V. Thus 
(j(f )<I(f) E V for all t E ( - 8, 8). In particular, ij(O)p E V. Again, d/dt ij(t)<I(t) 
= a(t)<J(t) + ij(t)O-(t). Also, d/dt0-(t) 2 = W(t)O-(t). Thus a(O)<J(O) = a(O)p E 
V,asweasserted.SupposeCE V1-inS2 (£"+ 1

). Then(C,p 2
) = (C,p0-(0)) 

= ( c, pa(O)) = ( C, pa(O)) = 0. Thus < Cp, p > = < Cp, 0-(0)) = < Cp, a(O)) 
= ( Cp, a(O)) = 0. But since x is of degree at most 3, this says Cp = 0. 
Now p E M' is arbitrary and M' is open in M. If x(M') is contained in a 
proper subspace U of e+ 1 , then x(M) c U by analyticity. Thus by our 
assumption on x, we have Cx(M) = 0. Thus C = 0. This implies that 
V = S2(E"+ 1). Hence xis linearly rigid. 

We note that if (M, (,)) is an analytic Riemannian manifold and 
x: M ~ s; is a minimal isometric immersion, then x is analytic. 

Corollary 11.1. Let (M, (,)) be an analytic Riemannian manifold 
and let x : M ~ s7 be a minimal isometric immersion not contained in a 
great sphere of s7. If n-dim M :'.S: 2, then x is linearly rigid. 

Note. lfwe replace minimal by analytic in the above statement, we have 
the same conclusion. 
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Corollary 11.2. Let x : s~ ~ SP c £P+ 1 be a minimal isometric 
immersion not contained in a proper subspace of £P+ 1

• If K = I, 
(n/2(n + I)), (n/3(n + 2) ), then p = Pk (k = I, 2, or 3) and there is an 
orthogonal transformation U of £P+ 1 so that U ox = xk where xk is as in 
Example I above. 

Corollary 11.3. Let 

x: CP"2 n ~Sf c £P+ 1 

n+T 

be a minimal immersion so that x(CP") is not contained in a subspace of 
£P+ 1

• Then p = n(n + 2) - 1 and there is an orthogonal linear transfor­
mation U of £P+ 1 so that x = U o x 1 where x 1 is as in Example 2 above. 

12. Rigidity and Nonrigidity for Spheres 

We have seen in Corollary 11.2 and Corollary 6.1 that if U is an open 
connected subset of a constant curvature sphere S~ and if x : U ~ Sf is a 
minimal isometric immersion not contained in a great sphere, then K = 
n/k(n + k - 1) for some k, a positive integer. Furthermore, if k = 1, 2, 3, 
then xis rigid. We ask in this section, how far does this result extend? Our 
first result in this direction is 

Theorem 12.1. Let U be as above and let n = 2. If x : U ~ Sf is a 
minimal isometric immersion such that x is not contained in a great 
hypersphere, then x is rigid. 

The global version of this result is due to Calabi [ 2] and doCarmo and 
Wallach [ 6]. Due to Corollary 6.1, the global version implies the local 
version. 

To prove Theorem 12.1 we actually prove a stronger result due to 
doCarmo and Wallach [6]. 

Proposition 12.1. Let {!1 , ••• , JP} be a linearly independent set of 
spherical harmonics of degree k on Sf. Suppose that L,J? as a function on 
Si is identically I. Then p = 2k + 1 and ( (2k + 1)112)/1' ... , 
( (2k + 1)112

)/2 k+ 1 is an orthonormal basis of the space Hk,z of spherical 
harmonics of degree k on Sf. 

Proposition 12.1 combined with Corollary 6.1 immediately implies 
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Theorem 12.1. Let U be as above and let n = 2. If x : U ~ Sf is a 
minimal isometric immersion such that x is not contained in a great 
hypersphere, then x is rigid. 

The global version of this result is due to Calabi [ 2] and doCarmo and 
Wallach [ 6]. Due to Corollary 6.1, the global version implies the local 
version. 

To prove Theorem 12.1 we actually prove a stronger result due to 
doCarmo and Wallach [6]. 

Proposition 12.1. Let {!1 , ••• , JP} be a linearly independent set of 
spherical harmonics of degree k on Sf. Suppose that L,J? as a function on 
Si is identically I. Then p = 2k + 1 and ( (2k + 1)112)/1' ... , 
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harmonics of degree k on Sf. 

Proposition 12.1 combined with Corollary 6.1 immediately implies 
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Theorem 12.1. We prove Proposition 12.1 by analyzing the osculating 
spaces for equivariant minimal immersions. To this end, we begin our 
study of a more general situation. Suppose that G is a compact Lie group 
and that K is a closed subgroup of G. Let G/K = M. Let x : M--+ SP c 

£P+ 1 be an equivariant immersion. Then it is clear that M' = M, that is, 
the higher order fundamental forms are all defined. Furthermore, if we let 
x(eK) = v, and if we denote the action of G on £P+ 1 by (g, u) --+ g · u, then 
x(g K) = gv, and extending the isotropy action of K to S(T,K( M) ), we have 
Bik · u) = k · Biu) fork EK, u E Sj(T,K(M) ). Thus O~K is K-invariant for 
j = 1, 2, .... Now we assume that x(M) is not contained in a great sphere 
of Sf. Then by analyticity, we have p+i = Rv + O!K + o;K + · · · + 
O~K• an orthogonal direct sum of K-invariant subspaces of £P+ 1 where m 
is the degree of x. 

Now suppose that G = SO(n + 1) and K = SO(n). Let P 0 = eK E 

SO(n + 1)/SO(n) = S". Then the isotropy action of SO(n) on .TP
0
(S") is 

exactly the usual action of SO(n) on E". Thus as a K-module, S1(Tp
0
(S")) 

is equivalent to the SO(n) module of all homogeneous polynomials of 
degree j on E". Let r be as in Section 11. Then it is easy to check that as a 
K-module, Sj(Tp

0
(S")) = Hj,n-t Et> sj- 2(Tp(S") )r. We have shown 

Lemma 12.1. Let x : s; --+ Sf c £P+ I be a minimal equivariant, 
isometric immersion, not contained in a great sphere of Sf. If degree (x) = 
m, then as an SO(n +I) module, £P+ 1 is equivalent to the space of spherical 
harmonics of degree m, Hm·". Furthermore, as a K = SO(n) module, 0~0 
is equivalent to the space of spherical harmonics of degree j on s"- 1

. 

The abstract statement Hm,n = L}= 0 Hj,n-i as an SO(n - I) module 
is a special case of the branching theorem which we will describe later in 
this section. The critical point of Lemma 12.1 for our purposes is that 
0~0 is isomorphic with Hj,n- 1

• 

Proposition 12.2. Let Vbe a class 1 representation of(SO(n + !), SO(n)) 
= (G, K). Let v E V be a K-fixed unit vector. Let W0 be the linear 
span of G · v2 in S2(V). Then W0 contains all G-subrepresentations of 
S2(V) which are class 1 for (G, K). 

Proof Let Po = eK. Let x : S" --+ S (the unit sphere of V) be defined 
by x(gK) = g · v. Then x defines a minimal isometric immersion of S~ --+ S. 
Set Vi = O~ , i = 1, ... , m (m = degree of x = degree of the spherical 

' 
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harmonics that comprise V). Set V0 = Rv. Then V = V0 + V1 + · · · + 
Vm. By Lemma 12.1, HomK(V;, V) = 0 if i # j. Let now a be an arbitrary 
geodesic through Po· Then ((dk/dtk)x o a) (0) E V0 + V1 + · · · + Vk by 
the definition of Bj, j = 0, ... , k. 

Now suppose that A : V--+ Vis linear, A ~ 0, A E HomK(V, V) (kA = 
Ak fork EK) and A(G·v) c S. We show that A is the identity. Indeed, if 
k EK, then Akv = kAv; hence kAv = Av. Thus Av is K-fixed which 
implies Av = v since A 2 0. By Schur's lemma, A Vj c Vj, j = 0, 1, ... , 
m and Al Vj = A/. Thus we need only show that Aj = 1 for all}. We have 
shown that Ao = I. Suppose A0 , ••• , As_ 1 are all 1. We show As = I. Let 
a be an arbitrary nontrivial geodesic throughp0 in S". Let y(t) = x(a(t) ). 
Set yUl(t) = (djy/dtj)(t). We note that by the definition of Bs, 
y<Sl(O) projects nontrivially on Vs. Thus it is enough to prove that 
<Ay(S)(O), Ay(Sl(O)) = <Y(S)(O), y<Sl(O)). 

Now 

Thus 

with 

d2S 2S 
0 = dt2s<Ay, Ay) = j'i;/f) <Ay<n, A/2s-j>). 

S-1 
<Ay<Sl(O), Ay<Sl(O)) = L a~ <AyUl(O), Ay<2s- j)(O)) 

j=O 

a~= -2(JS) as)-1 

(12.l) 

which is independent of A. In particular, (12.1) is true for A =/.Now if 
U > S - 1, then y(u)(O) = w0 + w1 + · · · + Wu, Wj E Vj, j = 0, 1, ... , 
u. If i > S - 1, j ~ S - 1, then <yU>(o), Aw;) = 0 by Schur's lemma. 
Thus, for j ~ S - 1, u > S - 1, we have 

<AyUl(O),Ay<"l(O)) = <yUl(O), Ay<"l(O)) 
s~1 

= L <yUl(O),Aw;) = L <y<n(O),w;) = <yUl(O),y<"l(O)). 
i= 1 i= 1 

Thus, 
S-1 

<Ay<Sl(O), Ay<SJ(O)) = L a~ <Ay Ul(O), y<2s-n(O)) 
j=l 

S-1 
= La~ <yUl(O), y<2S-j)(0)) = <Y(S)(O), y<Sl(O)). 

j=O 

Thus the induction is complete and A = !. 
We now complete the proof of Proposition 12.2. Suppose U c S2(V) is 
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' 
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a G-submodule which is Class I for (G, K) and that U is not contained in 
W0 • Then by orthogonal projection, we may assume that U 1- W 0 • Let 
CE Ube K-fixed. Then CE HomK( V, V). Let t > 0 be so small that I + 
tC ~ 0. Then (1 + tC, g · v2

) = 1 for all g E G. Thus if B = (1 + tC) 1
1
2

, 

then (Bgv, Bgv) = 1 for all g E G. Thus by the above, B = I. Hence 
1 + tC = I, thus C = 0. Hence U = (0). Q.E.D. 

Proposition 12. l follows directly from Proposition 12.2. Indeed, every 
representation of S0(3) is class 1 for S0(2). Thus W0 = S 2

( V), for any 
class 1 representation of (S0(3), S0(2) ). Let/1, ••• ,fP be as in Proposi­
tion 12.1. Let ef> 1, ••. , ef>2k+t be an orthonormal basis of Hk.2. Then 
l.ef>f = 2k + I. Thus if x(z) = (1/(2k + 1) 112

) (ef> 1(z), ... , c/> 2 k+ 1(z)), 
x : S 2 ---> S 2

\ is an equivariant minimal immersion of s~/(k(k+ I)) into s 2k. 
(f1,f2, ... ,f~, 0, ... , 0) =Ax for some A E M 2k+ 1(R). Let w---> g·w 
denote the action of S0(3) on E 2

k+ 
1 induced by x, and v = x(eK), then 

(('AA - /)g·v,g-v) = 0 for gEG S0(3). Thus ('AA - I, (gv) 2
) = 0. 

But then 'A A - I is orthogonal to W0 = S 2
( V). Hence 'A A = I. This 

proves Proposition 12.1. 
Our next result shows that Theorem 12.1 and Corollary 11.2 are the 

only rigidity statements true for minimal isometric immersions of con­
stant curvature spheres into constant curvature spheres. 

Let us say that two minimal immersions x : S~ ---> Sf and y : S~ ---> Sf 
are equivalent if there is an isometry A of SP so that A o x = y. 

Theorem 12.2. (doCarmo, Wallach [8]). For each n ~ 3 and K > 0, 
there is a vector space wn,K and a compact convex body Ln,K c wn,K that 
parametrizes (smoothly) the set of all inequivalent minimal isometric im­
mersions x : S~ ---> SP that are not contained in a great sphere. If K # 1, 
(n/2(n + 1) ), (n/3(n + 2)) and if Ln,K # 0, then dim Ln,K ~ 18. The 
interior points of Ln,K correspond to the minimal immersions where p is 
maximal 

The meaning of the smoothness is that the map Ln,K x S~ ---> SfK(PK 
is the maximum of the above defined p's) given by (x, z) ---> x(z) is smooth. 
Clearly, by Corollary 6.1, it is implied that Ln,K # 0 only if K = 
(n/k(n + k - I)) for some integer k ~ I. The existence of L. = 
Ln.(n/k(n-t-k- t ll with the required properties is a direct consequence of 
Lemma 10.3(a). We recall the construction leading to Lemma I0.3(a). 
L S SP £P+ 1b h . . . . etxk = xn/k(n+k-1)): (n/k(n+k-1))---> kc k et eequ1vanantmm1-
mal immersion defined as in Section 9. That is, let c/> 1, ••• , ef>Pk+ 1 be an 
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orthonormal basis of Hk.n, the space of spherical harmonics of degree 
k on sn. Set xk = (l/(Pk + 1) 112 ) (ef>1, ..• 'c/>pk+1). The action on £Pk+I 
ofSO(n + l)isdefined asfollows:ifgESO(n +I), g·ef>; = L9iicPi· Set 
p(g) = (g;)· Then x(g) = p(g)x(z) for zE S", g E SO(n +I). The space w. 
is the subspace of S2(£P" + 

1
) orthogonal to the subset u pcsn(xk•v(T(S")) ). 

L~ = {CEW.kjc+ I~ O} (~O means symmetric positive definite). We 
note that if V1 = Xk•eK(TeK(S")), thenupesnS2(xkjT(S"))) = G·S2(V1). 
Thus w.k is a G-submodule of S2(£Pk +I). If c EL~, then the corre­
sponding minimal isometric immersion of Ye : S['n/k(n+k- 1 ll ---> SPk is given 
by Ye = (C + 1) 112 

o xk. The correspondence C---> Ye clearly satisfies the 
conditions of Theorem 12.2 for the parametrization. We therefore need 
only prove dim W~ ~ 18 for n ~ 3, k ~ 4. Let Vi be the K = SO(n) 
module of spherical harmonics of degree j. We need a preliminary lemma. 
Let vk be £Pk+ I with the action of SO(n + I) defined above. 

Lemma 12.2. Let U.k be the sum of all G-submodules Z c S 2(Vk) such 
that Z contains no K-submodules isomorphic with V0 or V2. Then u.k c 

w:. 
Proof Let X = {u E S2(Vk)j(u, S2(V1)) = O}. Then as a K-module 

S2(Vk) = S2(V1) E8 X. Let P : S2(Vk)---> S 2(V1) be the corresponding 
projection. Let r(S2(V1)) be the orthogonal SO(n + I)= G-module 
induced by S 2(V1) (see Section 8 for the definition). If u E S2(Vk), define 
f., : G---> S 2(V1), viafu(g) = P(gu) for g E G. Then.f.. E r(S2 (V1) ). Define 
I/! : S2(Vk)-> r(S2 (V1)) by l/J(u) = fu. Then l/J(g 0 u)(g) = fg

0
.(g) = P(ggou) 

= fu(ggo) = (go f.) (g) for go, g E G, u E S2(Vk). Thus "' is a G-module 
homomorphism. Ker I/! = w:. Indeed, u E S2(Vk) and if l/J(u) = 0, 
thenf.(g) = 0 for all g E G. Thus P(gu) = 0 for all g E G. This says that 
(gu, S 2(V1)) = 0 for all g E G. Thus by definition of w.\ u E w:. Let T 
be the linear span of G·S2(V1) in S2(Vk) (T = w:J. in S2(Vk) ), then 
I/! : T---> r(S2 (V1)) is a K-module injection. This implies that 
dim HomG(U~, T) ~dim HomG(U.\ r(S2(V1))) =dim HomK(U:, S 2(V1)) 

by Frobenius reciprocity. Now as a K-module, S2(V1) = V0 + V2 • Thus 
by hypothesis on U.\ dim HomK(U.k, S 2(V1)) = 0. Hence HomG(U.\ T) = 
0. This implies u.k _L_ T. Hence U.k c W.k. 

To complete the proof of Theorem 12.2, we need some results in the 
representation theory of SO(n + I) which can be found for example in 
Boerner [ J]. We first give the classification of representations of SO(n + I) 
= G. Let Tc G be the subgroup consisting of matrices .of the form 
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a G-submodule which is Class I for (G, K) and that U is not contained in 
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) = 1 for all g E G. Thus if B = (1 + tC) 1
1
2

, 

then (Bgv, Bgv) = 1 for all g E G. Thus by the above, B = I. Hence 
1 + tC = I, thus C = 0. Hence U = (0). Q.E.D. 
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( V), for any 
class 1 representation of (S0(3), S0(2) ). Let/1, ••• ,fP be as in Proposi­
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) (ef> 1(z), ... , c/> 2 k+ 1(z)), 
x : S 2 ---> S 2

\ is an equivariant minimal immersion of s~/(k(k+ I)) into s 2k. 
(f1,f2, ... ,f~, 0, ... , 0) =Ax for some A E M 2k+ 1(R). Let w---> g·w 
denote the action of S0(3) on E 2

k+ 
1 induced by x, and v = x(eK), then 

(('AA - /)g·v,g-v) = 0 for gEG S0(3). Thus ('AA - I, (gv) 2
) = 0. 

But then 'A A - I is orthogonal to W0 = S 2
( V). Hence 'A A = I. This 

proves Proposition 12.1. 
Our next result shows that Theorem 12.1 and Corollary 11.2 are the 

only rigidity statements true for minimal isometric immersions of con­
stant curvature spheres into constant curvature spheres. 
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Let Eii be the (n + 1) x (n + 1) matrix with 1 in the i, j position and 0 
elsewhere. Seth; = E2 ;- i ,z; - £ 2 ;,z;- i, i = 1, ... , p. Then if{) is the Lie 
algebra of T, hi· ... , hP is a basis of{). Let{)* be the real dual of{), and let 
¢ 1 , ••• , <PP be the dual basis for hi, ... , hP. Order the elements of{)* 
lexicographically relative to ¢ i • ... , ¢ p· 

Let W be a continuous complex G-module. Then a weight for Wis an 
element¢El)*suchthat0 # Wq, = {wE Wlh·w = i</J(h)wforallhEl)}. 

Suppose now that Wis irreducible. Then W = L W "'' ¢ a weight for W. 
Let <Pw be the highest (largest) weight of W relative to the above order. 
Then <Pw = 2nLm;</J; where m; = pJ2, Pi an integer, and 

(*)zp 

(*)zp- 1 

m1 2:: m2 2:: • • · 2:: mP 2:: 0, 

m1 2:: m2 2:: · · • 2:: mp- l 2:: lmpl· 

Theorem 12.3. (E. Cartan, c.f. [J]). Let¢ = 2nLm;</J; subject to (*)zP 
if n = 2p or (*)2 P- i if n = 2p - 1. Then ¢ is the highest weight for an 
irreducible complex G-module. If Wi, W2 are two irreducible complex G­
modules, then W1 is equivalent to W2 if and only if <Pw, = ¢w2 • 

Let (m) = (m 1 , ••• , mp), m; half-integers subject to (*)zP or (*)zp- l 

depending on whether n = 2p or 2p - 1. Let n v<ml be the irreducible 
SO(n + 1) module with highest weight 2nLm;</J;. 
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Theorem 12.4. (The Branching Theorem, c.f. [/]). As an SO(n), 
SO(n + 1) module, n v<m) = L<m')Cn-1 v<m')) summed over all indices (m') 
such that 

mi 2:: m'i 2:: 

m 1 2:: m; 2:: 

2:: mp 2:: /m;/ if n = 2p, 

2:: m~_ 1 2:: /mp/ if n = 2p - 1. 

m[ is half integral only if m; is half integral. 
Now let nVk be the complex SO(n + 1) module of spherical harmonics 

of degree k. Then </J"v" = 2nk¢ 1• 

Lemma 12.3. dime cu: ®R C) =dime L}kJ~l nv(Zk-Zj,Zj,O, .. .,O) + 
dimcuk- i, where [k/2] is the largest integer less than or equal to k/2. 

Proof In the Appendix to doCarmo and Wallach [8], it is proved that 
as an SO(n + 1) module, 

[k/2] 
sz(nVk) ®R c = L v<2k-2j,2j,O, ... ,O) + szcnvk-1). 

j=O 

Now nv(Zk-Zj,Zj,O, ... ,O) contains n-i v<o.o, ... ,O) or n+ i v<z.o, ... ,O) only 

if j = 0, 1, by Theorem 12.4. 
We can now prove Theorem 12.2. Indeed, let n ~ 3, k 2:: 4. Then 

dim L~ =dim Wnk 2:: dim U/: 2:: dim Un4 2:: dim Vt= dim3 v<4
•
4

l = 9 + 9 
= 18. 

The author would like to thank the members of the audience of the short course 
at Washington University, St. Louis (especially Professors Coifman and Jensen). Their 
comments were invaluable aids in the preparation of this exposition. 
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