
Extra Problems for Math 250A
Some of the (parts of) exercises below repeat or are special cases of results

prove in class.
If X is a Hausdorff topological space then a covering space for X is a

pair (π, Y ) of Y a Hausdorff topological space and π : Y → X a surjective
continuous map such that if p ∈ X then there exists U an open neighborhood
of p in X such that U is evenly covered by π. This means that π−1(U) =
∪α∈IUα with, Uα open, Uα∩Uβ = ∅ if α 6= β and π|Uα is a homeomorphism of
Uα onto U . The cardinality of I is called the order of the covering if |I| = r
then the covering is called an r-fold cover.

1. Prove that if M is a C∞ manifold and (π, Y ) is a covering of M as a
topological space then there exists an atlas {(Uγ,Φγ)}γ∈J for M such that
each Uγ is evenly covered by π.
2. Let M,π, Y be as in 1. and let {(Uγ,Φγ)}γ∈J be as in 1. Let π−1(Uγ) =
∪α∈IγUαγ be the disjoint union as in the definition of evenly covered. Define
Φαγ = Φα ◦ π|Uαγ . Show that {(Uαγ,Φαγ)|α ∈ J, γ ∈ Iα} is a C∞ compatible
atlas for Y such then with the corresponding C∞ structure π is C∞. Fur-
thermore, show that the corresponding C∞ structure is unique subject to
the condition that π is a local diffeomorphism (i.e. dπp is bijective for all
p ∈ Y ).

A manifold, M , is said to be orientable if it has an atlas {(Uα,Φα)}α∈I
such that det(d(Φα ◦ Φ−1β )x) > 0 for x ∈ Φβ(Uα ∩ Uβ).
3. Let M be a second axiom,1-dimensional manifold. Show that M is ori-
entable if and only if there exists X ∈ V ect(M) such that Xp 6= 0 for all
p ∈M .
4. The purpose of this exercise is to prove that a 1-dimensional, connected
compact manifold, M , is diffeomorphic with S1. Here are some steps:
a) Show that M satisfies the second axiom of countability.
b) Let 〈..., ...〉 be a Riemannian structure on M . Let M̃ = {(p, v) ∈

T (M)| 〈v, v〉p = 1}. Endow M̃ with the subspace topology. Let π : M̃ → M

be given by π(p, v) = p. Show that (π, M̃) defines a two-fold covering of M .
We can thus use 2. above to define a manifold structure on M̃ .
c) If (p, v) ∈ M̃ and U ⊂M is an evenly covered neighborhood of p define

X(p,v) ∈ T(p,v)(M̃) by dπ(p,v)(X(p,v)) = v. Show that ((p, v) 7−→ X(p,v)) ∈
V ect(M̃). Thus 3. implies that M̃ is orientable.
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d) If M̃ is not connected prove that M̃ is the disjoint union of two open
submanifolds each diffeomorphic under the restriction of π toM . Thus M is
orientable by 3 and hence M is diffeomorphic with S1 by the theorem prove
in class (hand written lecture 21).
e) If M̃ is connected then since it is compact and orientable it is dif-

feomorphic with S1. We therefore have a two-fold covering π : S1 → M .
Show that as a consequence of our proof (in hand written lecture 21) that
the oreinetability of M̃ implies that it is diffeomorphic with S1 we showed
that if X is an everywhere non-vanishing vector field on M̃ then there is a
diffeomorphism, φ, of M̃ onto S1such that dφ(p,v)(X(p,v}) = ∂

∂θφ(p,v)

f) You will now show that e) implies a contradiction if M̃ is connected. Let
σ : M̃ → M̃ be defined by σ((p, v)) = (p,−v). Show that dσ(p,v)(X(p,v)) =
−X(p,−v). Thus σ induces a diffeomorphism τ on S1 such that τ has no
fixed points, τ ◦ τ = I and dτ eiθ(

∂
∂θ

) = − ∂
∂θ τ(eiθ)

. Let τ(1) = eiξ and define

µ(z) = e−iξτ(z). Then µ(1) = 1. Let η(z) = z = z−1. and set ν = η ◦ µ.
Then ν(1) = 1 and dνz( ∂

∂θ z
) = ∂

∂θ ν(z)
. Show that this implies that ν is the

identity map. This implies that τ(z) = eiξz. Notice that if z = ei
ξ
2 then

eiξz = z. This is a contradiction.
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