RESOLVENT AND LATTICE POINTS ON SYMMETRIC
SPACES OF STRICTLY NEGATIVE CURVATURE

R.W.BRUGGEMAN, R.J. MIATELLO, AND N.R. WALLACH

ABSTRACT. We study the asymptotics of the lattice point counting func-
tion N(z,y;r) = #{y € ' : d(z,vy)} for X a Riemannian symmetric
space of rank one and I' a discontinuous group of motions in X, such
that I'\ X has finite volume. We show that

N(z,y;7) =Y cii (@) (©)e )" + Oy e (e@rm/ <n+1>+s>r)
Jj=0

as r — oo, for each ¢ > 0. The constant 2p corresponds to the sum
of the positive roots of the Lie group associated to X, and n = dim X.
The sum in the main term runs over a system of orthonormal eigenfunc-
tions of the Laplacian ¢; € L?(I"\X), corresponding to the exceptional
eigenvalues.

1. INTRODUCTION

Let X be a Riemannian symmetric space of strictly negative curvature.
Then X = G/K, with G a semisimple Lie group of rank one over R and K
a maximal compact subgroup of G. Let I' be a discrete subgroup of G of
finite covolume. A classical problem is the determination of the asymptotic
behavior of the counting function

N(r) = N(z,y;r) =card{y € T : d(z,vy) <r},

as r — oo, for fixed x,y € X. This problem has been investigated by many
authors. For instance, in the case when I' is cocompact, it was treated in
[Hbr], [Mal], [G], and in [B]. In the case when I" is of finite covolume, the main
results in the literature concentrate on the case of hyperbolic n-space H™.
There are results of Selberg (unpublished) and Patterson for X = H?2, and of
Lax-Phillips for H™. (See [Pa], [LP]; see also [Le] and [MW], §5.) The main
theme in these papers links the asymptotic behavior of N(r) with spectral
data of the Laplacian on T'\X. There is a main term N(r) ~ ¢y €2’", where
cp, p are positive constants depending only on X (2p =n —1if X = H").
More precisely,

(1) N(r)=coe®" + Y cjioj(2)psly) V9" + B(r)
i
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where 0 < v < p, 1 01 j [ m are chosen such that the \(v;) := p* — v;?

are the eigenvalues of —A on I'\ X with value in (0, p?), with corresponding
orthonormal eigenfunctions ¢;. These eigenvalues are called exceptional.
Furthermore, the ¢;’s are constants involving values of Gamma functions on
the v; ’s, and the constant b satisfies 0 < b < p. Finally E(r) = O(r%e®+r)"),
for some positive constants a, b.

In the case of H" for n > 2, the best result is due to Lax-Phillips ([LP]),

who have proved that E(r) = O(r%/ (D elbotr) with by = g(l;i)lz) (Actu-
ally they prove this result under a condition weaker than finite volume.)
In the present paper we will use some results in [MW] on the meromorphic

continuation of the resolvent of the Laplacian on X and I'\ X, to obtain

an estimate for N(r), for any X and I' as above, with ¢y = %#(;\LX)’
. 1—n
p = p(G) and ¢; = w62 "  fere ¢ is a constant depending only on G

vit+p
and c¢(v) denotes the Harish Chandra c-function. Theorem 4.1 gives the
full statement; see Remark 4.2, (i) for a comparison with [LP]. In the case

of H™, we obtain E(r) = etP)" for each b > by = g(z;i)f) Our methods are
different from those in [LP], who use the wave equation. We shall follow the
approach in [MW], via functions related to the resolvent of A. The main
tools in the proof are certain estimates of a truncation of the resolvent,
Hormander’s theorem on the spectral function of an elliptic operator, and a

suitable Tauberian theorem (Proposition 5.1).

2. PRELIMINARIES

Let G be a connected semisimple Lie group of real rank one and finite
center. Let K be a maximal compact subgroup of G with corresponding
Cartan involution 6 and Cartan decomposition g = k@ p. Fix G = NAK
an Iwasawa decomposition of G and let g = k@ a ® n be the corresponding
decomposition at the Lie algebra level. Let M be the centralizer of A in K,
P = M AN and denote by m the Lie algebra of M. (Note that p is not the
Lie algebra of P.) If « is the simple root of (P, A) then n = n, @ Ny, where
N (resp. Nay) is the root space associated to a (resp. 2a). Set p = dim(n,,),
q = dim(ny,), p = %(er 2¢)a. Thenn=p+q+1=dimX, X = G/K.

Fix Hy € asuch that a(Hy) = 1. We shall work with the multiple B of the
Killing form of g, Bk, for which B(Hy, Hy) = 1. Note that Bx(Hy, Hy) =

2p + 8¢ and hence B = 2;DTlquK.

With this choice, H, = Hy. If X,Y € g, let (X,Y) = —B(X,0Y). Then
(, ) defines an inner product on g which coincides with B on a. We will
also denote by ( , ) the bilinear extension of B to a. = a®g C, and its dual
form on a}. All characters of A are of the form a — a”* with v € C. Often
we write a” instead of a”*, that is, we identify a, and & with C via the
maps H — B(H, Hp), A — A(Hy). We also set, if t € R, a; = exp(tHyp),
and a® = (8% Thus af = e'. If A* = {a; : t > 0}, we have the
decomposition G = G U K, a disjoint union, with G* = KATK . If
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g € G, and g = ki(g)a(g)kz(g), with k;(g) € K, j = 1,2, a(g) € AT, then
a(g) is uniquely determined by g.

We choose the Riemannian metric dz on X = G/K, induced by the
restriction Blp of B to p. We then have that d(zK,yK) = B(tHo, tHp)"/? =
tif 2,y € G and a(x~'y) = exp(tHp), with ¢t = t(z,y) > 0. Given our
choices this implies that

(2) a(l,—ly)a — ed(zK,yK) — et

In the sequel, we will often use elements of G to denote the corresponding
elements of X = G/K.

We let dg (resp. dg) be the Haar measure on G (resp. G/K) such that
dg = ~(az) dky dadky on KATK, where v(a) = (a* — a™)" (a®* — a‘2a)q,
and dk is the Haar measure on K normalized so that K has volume 1.

We claim that dz = (2777 9dg, where ( = vol(K /M), the volume with
respect to the measure induced by the restriction of —B to knm*. Actually,
this will follow from Proposition 10.1.17 in [He]. Indeed, let dxx be the
measure on X induced by the restriction Bk|p of the Killing form. So
dz = (2p+8¢) ™2 dxx. Let dxg be the measure on X induced by the
Haar measure dk g on G such that dxg = y(a) dk; dga dks on Gt = KATK,
where dka is the measure on A induced by the Killing form Bgx. Now
by Proposition 10.1.17 in [He] we have dxax = (k2 P %dkg. Here (x =
volg (K /M), the volume computed with respect to the measure induced
by the restriction of —Bg to k N mt. This relationship between dixz and
dkg implies that doz = (27P~9dg, using that dxa; = /2p + 8qdt, and { =

(1/v2p 7 8g) ™™™ (e = (2p + 89) P2 G = (2p + 89) T2 k.

We wish to point out that in [MW], beginning of Section 5, the factor
27P~1 is missing in the right hand side of the formula relating the measures
dzr and dg.

3. THE RESOLVENT OF THE LAPLACIAN

The discrete subgroup I' C G with cofinite covolume satisfies the condition
on p. 16 of [Langl]. (See Theorems 0.6 and 0.7 in [GR].) This allows us to use
the well known spectral theory for L?(I'\G). On I'\X we use the measure
induced by the measure dz on X.

Let A be the Laplacian on X (or I'\ X). We identify —A with the Casimir
element C of G, with respect to the form B. One has a spectral decompo-
sition

L2(T\X) = LH(T\X) & L2(T\X)

where the spectrum of C' is discrete (resp. continuous) in L3(I'\X) (resp.
L%T\X)). We fix a complete orthonormal set {©;} j>0 of real valued eigen-
functions of C in L2 (I'\X), with eigenvalues \; = p? — 1/]2 arranged in in-
creasing order, with Rev; > 0. So ¢ is constant, and the other eigenvalues
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are positive. The explicit determination of such a basis is an open prob-
lem, even in the simplest cases. By a fundamental theorem of Langlands,
L3(T'\X) is generated by eigenpackets of Eisenstein series, one of these for
each cusp of I'.

We note that the ¢; here coincide with the ¢; in [MW], Section 5, which

differ from the ¢; in [MW], Section 4, by a factor ¢ _%Z%q, since they are
an orthonormal basis of L3(I'\X) with respect to the Riemannian measure
dx (and not dg).

We now recapitulate some results on powers of the resolvent of C on X
and I"\ X.

Up to a meromorphic factor s(v), the resolvent of C' on X is given by
convolution with a K-biinvariant function @,, real analytic on G \ K. The
following result summarizes the main properties of @, (see [MW] §1, §2).

Theorem 3.1. Let Re v > 0. There exists a function Q, € C°(K\G"/K)
such that
(i) CQ, = Av)Q, on G, with \(v) = p?> — v%.  Furthermore, if g €
GT, the map v — Q,(g) is holomorphic for Re v > 0 and admits a
meromorphic continuation to C.
(i) ¢y = e(—v)Qv + c(v)Q—, . Here p, is the zonal spherical function
and c(v) denotes Harish-Chandra’s c-function (normalized as in §1,
(3) of MW], i.e. so that c(p) =1).
(iii) If n =2, then Q,(as) ~ d(v) |log(t)| ast | 0 and Q,(as) ~ d(v)t>—"

otherwise, with d(v) meromorphic in C. Also, Q,(a;) ~ at_(y+p) as
t — +00. Moreover, there is an expansion
o0
(3) Qu(a) = a0y aj(v)a=e
§=0
where ap(v) = 1 and aj(v) are rational functions, holomorphic for

Re v > 0, and uniformly bounded on vertical strips. This series is uni-
formly convergent for a® > T, for a sufficiently large positive constant
T.

(iv) If Q, is defined then Q, € L} (G). Furthermore, for Re v > p, we
have Q, € LP(Q), for 1 O p <2 (Q, & L*(G), if n > 3).

Ifre Ny r>1,let Qry = Qpx...xQ, (r times). If Rev >

p, > n/4, then Q,, € LP(G), for1 [1 p [1 2+ ¢, for some ¢ > 0.
Furthermore,

(C=AW)" Qrp =s(v)"8
with s(v) = —2ve(v) and 6(f) = f(1) for f € C(G).
The next theorem from [MW] shows that the r times iterated resolvent

on I'\ X has a kernel as well.

Theorem 3.2. Let r € NT.
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(i) Let [z] and [y] be distinct points of T\ X, and let Rev > p. The sum
Pru(x,y) =s)™" X er Qr(x71yy) converges absolutely and defines
P, ,(z,y) holomorphic in v and smooth in x and y in the complement
of the diagonal on (I'\X) x (I'"\X).

(il) (C = AW))" Pro(x,) = (27P796,, with 6. f = f(x) for f € CZ(I'\X)
and Rev > p.

(iii) Pry(x,-) admits a meromorphic continuation to C, as a distribution.
The only singularities in Re v > 0, v # 0, occur at points p such that
M) is an eigenvalue of C in L? (I'\X), and have principal part

o (=) T2 ()

j7 Vi=M

Proof. See [MW], §3, and Theorem 4.5, taking into account, for (ii) and (iii),
the discussion on normalizations of measures at the end of Section 2. Note
in particular, that we use in Part ii) the measure dz to identify functions
with distributions. Also, the proof of Theorem 3.5 in [MW], implies that
(ii) holds for Rev > p. O

We now expand several results from [MW, Section 3] in the case r = 1
that will be used in this paper.

We write P, instead of Py ,,.

In the domain Rev > p we have P, (z,y) = P, (z,y) + P/, (z,y), with

P,(z,y) = s()™') Bl y)Qu(z vy)

yel

P (z,y) = s)) (1-B8a"w) Quizy)

yel

where (3 is a smooth K-biinvariant function on G, such that B(a;) = 0 for
|t| < T, and B(at) =1 for |t| > T + 1. In particular, 5Q, is smooth. Later
on we shall need to take T" as in Part (iii) of Proposition 3.1.

In this way, we obtain P, as a function in C* ((I'\ X) x (I'\ X)) for Rev >
p. The remaining sum is locally finite in z,y , and defines P/, as a smooth
function outside the diagonal of (I'\X) x (I'\X'), meromorphic in v € C,
holomorphic on Rev > 0.

Proposition 3.3. P;, = P, is a smooth function on (I'\X) x (I'\X),
outside the diagonal, for all v where it is holomorphic. It is holomorphic in
the set {p: pn # 0, Repu > 0}, except for possible simple poles that may
occur only if AN(p) is in the discrete spectrum.

P, is a smooth function on (D\X) x (D\X), for all v at which it is holo-
morphic. In the closed right half plane, it has the same singularities as P,,.
The residue of v — P, (z,y) atv =y #0, Rep >0 is

(97 P—q
55— 3 @),
j7 Vi=p
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for each (x,y). If [x] # [y], then this is also the residue of v — P, (z,y).

Proof. Once Theorem 4.5 of [MW] has given the meromorphic continuation
of P,(z,-), we obtain also the meromorphic continuation to C of P, (z,")
in the sense of distributions, with the same singularities as P, in Rev > 0.
Proposition 4.6 of [MW] implies that this distribution is given by a smooth
function on (I'\X) x (I"'\X) for each value of v with Rev > 0 where it is
holomorphic.

Theorem 4.1 in [MW] gives for » > % and Rev > p a family (v,z) —
P, (z,-) of elements of L?(I'\X). The estimate in Theorem 4.2 is used in
Proposition 4.3 to obtain the meromorphic continuation as a function of v.
Moreover, the uniformity in Theorem 4.2 implies that (v,z) — P, ,(z,-) is
continuous in (v, z) outside the singularities. Furthermore, at v = p with
Re p > 0, u # 0, the singularity is determined by the finitely many terms in
the discrete sum corresponding to the v; such that 1/]2 = 1.

This family of L?-elements determines a family of distributions on X. For
each test function ¢ on X, we form Py : y +— > 9(yy) in L*(T\X) and
define P, (2;v) := (P,,(x,-), Py). This result is meromorphic in v, and
continuous in (x,v) outside the singularities. In particular, for r > 2 we
have

(4)  Po@mv) = o S (@) (5, Pa) + R (0),

2 _ 2
(n . e

where R, ,(x) is a distribution and (v,z) — R, ,(x;9) is continuous and
holomorphic at v = p. In fact, R, is given by the remaining part of the ex-
pansion in Theorem 4.1, to which we can apply the estimate in Theorem 4.2.

Furthermore, if Rev > p we have (Cy — A(v))Pru(x,:) = Pro1u(z,-)
for » > 2. Since for large r we have already P, ,(z,-) as a meromorphic
family of distributions, this gives successively the extension of P, ,(z,-) as
a meromorphic family for those values of r for which Theorem 4.2 does
not apply. Moreover, if we define R, ,(z) as the distributional derivative
(Cy = AMv)) Ryy1,0(x), the fact that ¢; is an eigenfunction of C' shows that
(4) remains valid for any r > 1. So R, (z;9) = Ryq1,. (25 (Cy — A(v))2) is
continuous in (v,z) and holomorphic at v = p.

In particular, we have Py, (z;¢) = Py, (2;(Cy — A1) '¢). The ex-
pansion in Theorem 4.1 shows that P ,(z;1) is continuous in (v, z) and
meromorphic in v, and that it is, uniformly for x in compact sets, bounded
by the supremum norm of (Cy — )\(u))r_l 1) times the volume of the support
of ¥. So Py, (x,-) is a family of distributions of order at most 2 — 2. The
same holds for Ry ,(x), but here we have holomorphy at v =y as well.

P} ,(z,y) is well defined for x # ~y for all v € I'. The asymptotics in
part iv) of Theorem 1.1, and the formula for the Haar measure on page 667
make clear that y +— P} ,(7,y) is locally integrable. So we have a family
of distributions (v,z) — P} ,(z,) that turns out to be continuous in (v, x)
and holomorphic on Rev > —¢ for some ¢ > 0.
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Thus we have the meromorphy in v and the continuity in (v, ) of the
difference of distributions Py, (z,:) := P1,(z,:) — P} ,(2,-), and also of
Ri,(z,-) :=Ry,(z,-) — P (). For each test function 1) we have

15171,(55; C2 P—q Z os(x / (y)(y) dy + RLV(:E; ).

p? —v?

Integrating the first term Wlth respect to x gives a distribution on X x X,
given by <21 —u2 Z @;(x)p;j(y). By the properties of R, , (x;1) mentioned

prev1ously, the second term gives a distribution f{Ll,(-, Jon X x X : ¢ —
[ R (@5 0(x, ) de

Let U be a simply connected open neighborhood of x4 in which g is the only
singular point and with the condition that U has a non-empty intersection
with the region of absolute convergence {v : Rev > p }. Integrating over U
as well, we obtain a distribution 7 on U x X x X:

5 dv dv
= | [ Rt ae .

For v € U, v # 11, we can define Py (-, -) as a distribution on X x X in a
similar way. The reasoning in the proofs of Lemma 3.2 and Proposition 4.6
shows that it satisfies

(Co = AW) + Cy = AW)) Pru(, ) = Fy,

for some smooth function F, on X x X, which is holomorphic for v € U\ {p}.
Similarly, Zj p; ® @; satisfies a differential equation of the same type,

and so does Ry ,:

(Co = AW) +Cy = AW) Ruu(-) = F,
for some smooth function F, on X x X depending meromorphically on v.
But the holomorphy of Ry, (-,-) on U implies that F, is holomorphic on U
as a distribution on X x X.

We now apply the differential operator 0,05 to 7. For a test function 1
on U x X x X, we find

0,057 ( / / / R,«l, (z,y) — Av)) 0:0,¢(v, z,y) dydxdygzy
=/ / /Rr,y(:ﬂ,y)ﬁa&%(v,x,y) V;l.ﬁ dz dy,
xJxJu —<l

where 17 is another test function (obtained by interchanging the differenti-
ations) and R,.,(,y) given by a representation as in Theorem 4.1, but with
a few terms omitted. As f{m, is holomorphic on U, we find zero after partial
integration in the v-variable. So 0,957 = 0.

Let us now consider the elliptic operator £ = —0,0; + C, — A(v) + Cy —
M)+ on U x X x X. We have L7 = F), in distribution sense on U x X x X.
But Fl, is smooth in all three variables jointly. The conclusion is that 7 is
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given by a smooth function on U x X x X which is holomorphic in v € U.
We denote this function by 7(v, z,y) as well.

Finally, p : (v,z,y) — %Z] j(x)pi(y) + 7(v,x,y) determines a
distribution on U x X x X. This function is smooth outside its singularities,
and its principal part is explicitly given.

As a distribution on U x X x X, it is the meromorphic continuation of
the function Py, (z,y) given by a convergent series for Rev > p. So, the
distribution on X obtained by integrating against p(v,z,-) is the same as

the distribution Py, (z,-). This completes the proof. O

We now prove an estimate which will play a fundamental role in the
sequel.

Lemma 3.4. Ifr € Nt, then (C — A\(v))" P, (z,-) € L* (T\X). Let s(v) =
—2vc(v), fir o,0" with 0 < o0 < o', and let Q@ C X, a compact subset. Then
there is Cq 400 > 0 such that

Is() (C = A@)" Py (,)]l2 O Capor (1 + V)"
forallz € Q andv in Sy :={v:0 0Rev o }.

We give a proof that does not use the fact that I' has finite covolume in

G.

Proof. We claim that s(v)(C — A(v))"P,(z, ) can be written as a finite sum
of functions of the form

(5) > Vi Y B y) - Xy X, Qu( T )
yel

withr 00k 2r, 000 h [ r,andallY;, X; € g. Indeedif r = 1and Rev > p,

since (C' — A(v))@, = 0, where defined, we get that s(v)(C — A(v))P,(z,y)
is a sum of terms of the form

> XiX;Bx M y) - Qule M) + ) XIB ) - XjQu(z ).

yel vyel
Now, if we apply C' — A(v) to an expression as in (5), this will introduce
either two more derivatives on 3, or one derivative on # and one on @,
hence the inductive step from r to r + 1 follows.

We also note that if X € g, then X3 is compactly supported on G, hence,
locally in z,y, the sums in (5) have finitely many non-zero terms. Hence
the expansion (5) is valid for v € C, outside the singularities of @,. This
implies in particular that if r > 1, z,y € G, s(v)(C — A(¥))"P,(z,y) has a
meromorphic continuation to C, with possible poles at the poles of (), in
particular, it is holomorphic for Re v > 0. Furthermore, this continuation is
given by a smooth function on (I'\ X)) x (I'\X).

We now prove that for any Xi,... , X}, € g, there exists C = C, o x,,... X 5
such that

(6) Xi... XpQu(g) 0 C v
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uniformly for g in compact subsets of { kiatks : k1,ke € K, t > T } with T
as in Part (iii) of Proposition 3.1, and v in the strip ¢ < Rev < ¢’.

If we set ¥(x) = a(loga(z)), using the expansion (3) for Q,, we see that
the left hand side of (6) equals

d d
— ... — Qu(gexp(t1 X7)...exp(tp X
Jtn o dt1|0Q (gexp(t1X1) p(thXn))
d d .
7 — ai(V)— .. — e~ (wrpt2i)P(gexp(t1X1)... exp(tnXn))
( ) ‘g .7( )dth|0 dtl |0

Now an inductive argument shows that

i e i e_(V+P+2j)¢(gexp(t1X1)...exp(thXh))
dth |O dtl |0

is a sum of terms of the form
(—(v + p+25)) e W2V X 4(g) X1,10(g) . .. X10(g
where Il u...u Il = {1, ce ,h} and X]]@Z)(g) = Xij,1 .. ‘Xij,ljdj(g s if Ij =

{ija,... iy, }. We have 1 01 O h and ) i;;, = h. Hence (7) can be
estimated by

(v+p+2j) ' a(g)~Rev+r+2i)a

h
®) v tpl" Y @)l | D la;w)l
' ; | 2l v +p)"

J20

where each 1;(g) is a finite sum of functions of the form X7, v(g)... X1,¢(9g).

Since [ (1 h, (8) together with the uniform convergence of (3) implies that
the series in (7) converges uniformly for a(g) > T > 0, and v on the strip
Sy o7, With sum uniformly bounded on S, . by Clv|". This implies (6).

We now claim that the lemma follows from (5) and (6). We denote ¢, (g) =
Yi, ... Y5, 8(9) - Xj; ... X;,Qu(g). The properties of the cut-off function 3
imply that ¢, has compact support €' in G. In particular, this support is
contained in the region where (6) holds.

We denote left translation by x € G, by L,f(9) = f(z71g). If z € Q,
compact, all the L,q, have support contained in the compact set Q' = Q.
For each x € Q, the average of L,q, over I" has compact support in I'\G
included in 7(Q"), 7 : G — T'\G, the quotient map. Now

2 2

/ Y @ )| dy = / > @ )| dy

ne |5 wQ") |5
2

0 volw(Q") sup,eqn qu(x_lfyy)
Y
2
9) 0 volm(Q) || g ||002(er9'9"‘1(

This clearly implies the assertion in the lemma in the light of (5) and (6). O
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In the sequel, we shall use the spectral function of the Laplacian on I'\ X,
which we define by

ez, y; X)) = Y ¢i(@)p;(y)

+ZCQ2/ E(QZ,iM,JJ)E(QZ,iM,y) dp

7 HER, p?2+p20A

- /f d(efe,y;t)).

=0—
where z,y € X, A > 0. The cg, are the constants needed in the spectral
expansion in eigenfunctions of the Casimir operator. They are proportional
to the ¢; in Theorem 4.1 of [MW].

Note that e(x,y; \) is [-invariant in x as well as in y. We shall use the
following result:

Lemma 3.5. For each x € X we have

(10) e(z,x;\) =0 ()\"/2> (A — 00),

and, if A1 Ay [ 2A:

(11) e(x,z;M1) —e(x,2;0) = O (()\1 — )AL )\("_1)/2> (A — ).
The estimate in (10) is uniform for x in compact subsets of T'\ X .

The proof shows that for torsion free I' we also have uniformity of the
estimate (11).

Proof. Borel shows in Proposition 17.6 and Corollaire 17.7 of [Bo], that any
finitely generated subgroup of GL(n, K) over a field K of characteristic zero
has a “net” subgroup of finite index. The concept net implies torsion free.
To get G inside a suitable general linear group, we take it in its adjoint
form. This does not change the problem, as we are only interested in the
quotient X = G/K. Going over to a covering involves a finite center, which
is contained in K. This does not change the spectral function. This means
that I" has a torsion-free subgroup I of finite index. We can suppose I/ to
be normal in T'.

We shall derive the lemma from a result of Héormander, see [H6], Theo-
rem 5.1. It implies, since I is torsion free, that there is a smooth function ¢
on X such that the spectral function satisfies

(12)  emlmash) = e@A2+0 (AD2) (A o0),
uniform for z in compact subsets of I'"\ X, and
(13) err @,y 0) = 0 (A" D2) (A = ),

uniformly for (z,y) in compact subsets of (I"\ X)) x (I"\ X) that do not meet
the diagonal.
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It follows that the lemma is clear in the case that I' has no torsion, even
with uniformity in (11). We shall reduce the general case to the torsion-free
case.

As above, let I" be a normal torsion-free subgroup of I', of finite index.
The spectral function er satisfies the assertions (12) and (13). The spectral
function e for the group I is given by

elz, ;) = Y ey, y;\).
~eI'\T
(This relation is based on the assumption that the invariant measures on
I"\X and I'\X come from the same Haar measure on G.)
The Cauchy-Schwartz inequality implies

lers (2,4 A)| 0 erv(, 25 1) e (y, y; A)'2
for all z,y € X. For a fixed system R of representatives of I"\I" and a
compact set Q C X, the union U76 VS is also compact. So (12) implies

that e(x,y; \) = O(A™?2), uniform for  and y in compact sets in X. Thus
we obtain assertion (10) uniformly on I'\ X.

Let z € X be fixed, and denote by I'; the subgroup of I" leaving x fixed.
Then

6(1‘,1}7>\) = U(l‘) Z GF’(’YJ""I";)\)’
Lo\

where u(z) = #((I"NT,)\I'z) = #I',. From (12) and (13) it follows that
14)  elemd) = u@er @A +0 (A"D2) (A ),

where @r is a smooth function on X. This gives (11) by a short computa-
tion. Note that x — u(x)pr (x) need not be continuous on X. O

Theorem 3.6. Let 0, >0, and let x,y € G. There exists Cy o such that

—1

|s(1)Py (2, 9)| T Coel Tmu[*7 ¢
uniformly forv € S, ={v:o JRev [l p+o}, |[Imy| > 1.

In the case of torsion free I', this estimate can be shown to be uniform
for x and y in compact sets.

Proof. Let Rev > p. Lemma 3.2 in [MW] shows that P, (z,-) € L* (I'\X)
for each s > 2. The derivatives (C, — A(v))’ P, (z,) have compact support
in y € I\ X for j > 1. Theorem 4.7 in [MW] shows that if r is any integer
r > n/4, there is an absolutely convergent representation:

f’y(l‘ay) = Z«C — )\(I/))Tf’y(g;’ ), (pj>(1/;pj—(yy)2)r

J
00 N | . ’i |
+ %CQZ /_OO<(CA(V))’"Py(x,-),E(Qé,w,.»%dﬂ’
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valid for Rev > p.
By applying the Cauchy-Schwartz inequality to the right hand side, we
see that s(v)P,(z,y) is estimated in absolute value by

1/2 1/2
o
< 5 Z| (C = Av ($,‘),(Pj>|2 Z|| ’ V2|2'r‘

oo _ 1/2
)Y eq, ( / (€ = M) P, ), E(Qun i, ) du)
) —00
© |B(Qeimy)2 , \"*
(/- i i)
1/2
loj(y > |E(Qq, ip,y)|?

< + v’ Z| ,/2|2r +Z / 2+ 2|2 dp ’

‘s(u)(c W) Py (, )H in

2

with use of the uniform estimate on S, for

Lemma 3.4.
Now we note that

T—p2 l;
Z |(‘07 n/2+6 Z / | Qé’zu’ n)/|2+6 du
p20A(v)0T (A(V]) vT— p? /L +p +1)
/T de(z,z;0))

02-0 (A‘+,1)n/2+6

e(z,z;\) |* n /T e(z,z; \) _
Y Y _ Y Y T 15
A+ Dnizee| + (2 +5> 2 (A4 L)n/2tie A < ’

by (10).
This implies the convergence of the estimate of P, obtained above, for
any r € R, r > 1

(15)  s()Py(z,y) < (1+|v])"

|(P] o |E QZaZ/La )|
Z| ,/2|2r J“Z 2 + 2|2 dp

In the sequel, we shall use (11) to give an estimate for (15), uniform on
vertical strips. We consider the following quantity, whose square root occurs
n (15):

|(P] o |E QZaZ/La )|
(16) Z| V2|27~+ZC / 2 + 2|2 dps

—0o0

1/2

with 7 € N, r > % to be chosen later. We take apart 0 < v; < p for 1 [J
7 O m, corresponding to the exceptional eigenvalues. The other eigenvalues



LATTICE POINTS ON SYMMETRIC SPACES 13

correspond to v; = itj, t; € R, for j > m. Also set v = s +it, s,t € R.
Thus, if j > m, [} —v?]> = (s* + (t; — 1)*)(s* + (t; + 1)*). We note that
it is sufficient to prove the estimate for ¢ > 0, so we may and will assume
that t; > 0 for all 7 > m. Fix 0 < ¥ < 1, to be determined later. We split

S(v) = Se(v)+51(v)+852(v), where Sg(v) = >0, %, the contribution
of the exceptional spectrum to (16), and

S = 3 i3 ()|
1 (574 (6 = ) (2 + (1 + )

DEE

| E(Q i, ) |?
* ZC /,u:i:t|>t19 (2 + (n=1)*)"(s* + (n+ t)Z)’"du’
Sa(v) = S(V) = Se(v) = 51(v)

_ |pi(@)|
= L TG0y @GPy

o, (@)
F L RGPy GO

|E(Qﬁaiuax)|2
+2_ <o /|,u—t|<t19 (2 + (=02 (s* + (n + t)Q)Td#

|E(Q€aiuax)|2
+%>@/1 T G 02 (2 Gt O

jutt|<to (87 + (1

We first estimate Sy (v), uniformly on S,. We will use the following estimate:
For 0 < a < 1, there exists C, > 0 such that for t,u € RT we have the
following inequality:

(17) (1+ (t+u)®) > Ca(l+ )" (1 +u?)' 7,

We obtain the following estimates:

. s (@)
i) < m |t»:§|>tﬁ m

|E(Q€aiﬂax)|2
i ;CQZ /Iuitlztﬁ I+ (n+ t)Q)rdM>

i (@)
rd+r(l—a Z 2\ra
(1 +g2)rotrze) \ & (14 15)

+Z%/|E%%N@>

o)

(18) <a
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< 23—27'19—27'(1—60

Y

provided ra > %, so that (18) is convergent.

Relative to Sy() we note that since we assume ¢,¢; > 0, the second sum
is empty and the first one is the sum over the ¢; such that t — ¢V < ¢; <
t 4+ t?, or equivalently, a; 9 < Alitj) < a;’ﬁ, where afﬁ = (t+1")? + p? and
A(it;) = t3 4 p?. Similarly, the sum of the integrals equals the integral taken
over the set: a,y < A(ip) < a:fﬁ. We note that, if p is so that A(iu) is in
this interval, we have, uniformly for v € S, (since o > 0),

(19) (s + (=1)?)"(s* + (u+1)*)" > DL +177)

with D = D,. We can use this estimate also in the terms of the sum, with
t; in place of j. Therefore,

So(v) < (14+4)72r > g

a;ﬁ<>\(it]‘)<ai19

+ZCQZ/
Z a

= (14t (e(:v,x, a:fﬁ) —e(x,z, a;ﬂ)
<t ((a;9 - a;ﬁ) 2+ )" (2 + p2)("_1)/2)

< = 1+9—2r ’

|E(Qq, ip, x) |2du>

;19<>\(i,u)<aztﬁ

for v € Sy, by (11).

The contribution S,(v) of the exceptional spectrum is O(t=47).

We have S(v) < ¢4 4 ¢=29r=2rt2ra 4 yn=1+9-2r  ith the conditions
r>%,ra>%5 0<a<l1 and 0 <9 < 1. For a given small € > 0 and
a given r > %, we first take a = % (% + s). This imposes the condition
r > 4 +¢onr. Next, we take ¥ = gf—ﬂ so that the second and third
summands be equal. If ¢ is small enough, we have 0 < ¥ < 1. We end up
with

()P, () < (1+ [v]) T 5T .
We can take r € N as large as we want, and obtain the estimate in the
theorem. 0

4. DISTRIBUTION OF LATTICE POINTS.

This section will be devoted to the proof of our main result.
We introduce the Dirichlet series

(20) L(v) = L(z,y,v) = Za(x_lfyy)_(’”“f)) = Ze—d(fKﬁyK)(w-p)
vel ~er
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by (2). As shown in [MW], §5, this series converges absolutely, uniformly for
Re v > o+ p. The convergence is even uniform for z and y in compact sets.
The series defines a holomorphic function in the half-plane { v : Re v > p }.
Moreover, L(v) admits a meromorphic continuation to C and its poles in
the open right half-plane are simple and located at v; — 2l > 0 where | €
NU{0}, 0 < v O Vo1 ... O v < vy = p and A(v;) is an exceptional
eigenvalue of C, 1 [1 j [1 m. The desired result on the counting function
N(z,y;r) will follow from some uniform estimates for L(v) on vertical strips
and a Tauberian theorem.

Theorem 4.1. Let x,y € X, and let N(x,y;r) be as in the introduction.
Let ¢j, 1 [ j [0 m, be an orthonormal system of eigenfunctions of the
Casimir operator C' with exceptional eigenvalues A(v;) = pQ—V?, 0<vy; [0p.
Then

oy ST
@) Neyr) =5 amxe

+¢2in i C,(Vj) 0;(2)p;(y) ePTI" 40 (e(Q’JnLH*“*‘)T)

as r — o0, for any € > 0. Here ¢(v) is the Harish-Chandra c-function,
n=dim X, and { =vol(K/M) (see Section 2).

Proof. Fix 2 a compact subset of G containing x,y and let o > 0. Let T be
as in Part (iii) of Proposition 3.1. We note that
g ={vy€eTl :d(u,y) 1T +1, for some u,v € Q}

is a finite set. Since B(x~lyy) = 1 for v ¢ I'g, we may write L(v) for
Re v > p, as follows:

Lw) =Y a@ )+ 3 (a@ )T - Qe )
vel'q vel'-I'q
(22) +s(W)Pu(z,y) — > Bl yy)Qu(z yy)
v€l'q

The first and fourth summands are given by finite sums and define holo-
morphic functions in the closed right half-plane, uniformly bounded on ver-
tical strips. On the other hand, by using the expansion (3) for @,(a) and
the fact that the values @, (g) are uniformly bounded on vertical strips (c.f.
[MW]) we see that the second term is estimated in absolute value by

0 Z a(l,—l,yy)—(Re v+p+2—¢)

yel'-T'q
for any positive e, hence it is a holomorphic function in the region {v :
Re v > p — 2}, uniformly bounded on vertical strips with Rev > p —2+¢

for each ¢ > 0. Now, since s(v)P,(x, y) satisfies the estimate in Theorem 3.6,
it follows from (22) that L(v) satisfies this same estimate, uniformly if p —
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2+ o0 [1Re v [1p+ o, for any positive 0. By an iteration of this argument,
in which we treat leading terms in (3) separately, we conclude that there
exists Cy e > 0 such that

(23) [L(w,y,0)| 0 CoelTm T
for Im v > 1, o 0 Re v [I p+ 0. Furthermore the poles of L(r) with Rev >

p — 2 coincide with those of s(v)P,(z,y) and lie at the v;, 0 [ j [J m, such
that A\(v;) is an exceptional eigenvalue of C'. (We here include 0 = A(1p),
with vy = p, among the exceptional eigenvalues.) Also, the residue at such
apole pis given by 37—, €277 9c(v;) ¢;(x) ¢;(y), by Proposition 3.3. In

the case j = 0, we have || = vol(I'\X)~ /2, and residue ¢ 277~/ vol(T'\ X).

We now consider the Assumptions i),... ,iv) in the Appendix, in the case
of D(s) = L(s—p). So the region of absolute convergence is Re s > 7 := 2p.

As the set C, we take {a(z 7 1yy)® : v € T'}, and a(c) := #{y € ' :
a(z71yy)® = c}. The discreteness in Assumption i) follows from the fact
that {~v €T :d(z,vy) [J L} is finite for each L.

The number 7 in Assumption iii) can be any number 7 € (p, 2p) not equal
to some v; + p — 2¢, £ > 0 integral.

The exponent k in the estimate in Assumption iv) can be any k >
”T_l (2 —% . We have used the Phragmen-Lindel6f theorem (see for in-
stance [La], Ch.IX, §4, p.236.)

As the numbers a(c) are positive, Proposition 5.1 in the Appendix yields
#{~vel: a(z™tyy)® O X}= Z%X& +0 (Xb> (X — 00),
— 5
(3

where b = %H(ka + 7), s; runs through the poles of D(s) and w; denotes
the residue at s;. The optimal choice of 7 is slightly larger than p. Thus we
find

(24) #{yvel al@y)*0X}
_ Z%X& +0 (X2p—2p/(n+1)+6> (X N OO),

for each € > 0. Only the s; € (f—fl p,2p] are relevant. The largest exponent
is s1=vo+ p=2p.

For all rank-one groups, we have 2p/(1+n) < 2. Indeed (see [BM], Table
1, p.110), if G = SOp(l, 1), with F = R,F = C or F = H, then X ~ FH!,
we have n = dl and 2p = n — 2 +d, d = 1,2,4 respectively. If G ~ F},
then 2p = 22 and n = 16. This implies that all relevant terms in (24) corre-
spond to eigenvalues of the Casimir operator: the set {s1,...,s,} (without
multiplicities) is equal to the set {2p,11 + p, ... ,vm + p} and furthermore,

Wi =37 1 pme, € 2771 e(v)) () 5(y); in particular, wo = i
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To make the transition to N(r), we take X = e” in the resulting asymp-

totic expression, and use that a(z1yy)* = e¥@EE)  The result is
(25) # {7 €T d@K,AyK) [ r} = —S2 1 2r
: r}=
7 Y 2pvolT\X)

Y

s ¢oPa cl(/u.jJ):p;(:v)(Pj(y) T 4 O (e'r'(QanH—&—e))
j=1 J

as r — 00, for any € > 0. The theorem is now proved. [l

Remarks 4.2. (i) We compare Theorem 4.1 with [LP], (1.3) in the case
when G = SO(n,1). The theorem of Lax-Phillips implies that

= (T +3)Ty) N i)
(26) N(r) = ;2ﬁr(uj2+p+]1) 0j(x)p;(y) eite

+0 (T%HBT(Q’)"LHU (r — o00).

1

In this case, 2p = p =n—1 and ¢(v) = %ﬁ% (see [He2|, Thm
6.14; recall that c(p) = 1). As all roots have the same length, ¢ = vol(K /M)
is equal to the volume of the unit sphere in p with respect to the measure

induced by restriction of the form B to p. Thus,

27 e(v) _ (T(p+ ()
vi+p 20/al (v +p+1)

hence Theorem 4.1 yields (26) with ", for any £ > 0, in place of P,

(ii) The determination of the optimal estimate for the error term in (21)
is an open problem. In the case when I' is cocompact, this question was
studied by Huber ([Hbr]) for X = H?2, by Margulis ([Ma]) for manifolds
of negative curvature), by Giinther (for X as above) and by Bartels ([B])
when X is a general symmetric space of non positive curvature. In the case
when G = SO(n,1) and n > 3, the best result is (26). In the case when
n = 2, Selberg (unpublished) had before obtained the same exponential term

e3" times a lower power of (see[LP], Introduction). We should also remark
that Lax and Phillips work with the condition that I" be geometrically finite,
which is weaker than finite volume. We need the finite volume condition to
be able to use the spectral theory of L?(I'\X) and the results in [MW].
However, many of the arguments work in a greater generality. By refining
the methods in this paper, one should be able to extend Theorem 4.1 to any
I satisfying the Lax-Phillips condition.

(iii) The formulation of Theorem 4.1 depends on our normalization of
the Riemannian structure. Let us consider what happens if we replace the
distance by d"(x,y) = 7d(x,y) for some 7 > 0, that is, if we let the new
metric be BT = 72B.
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The Riemannian measure changes according to d"x = 7"dz. So the
factors m and ¢;(z)p;(y) in (21) are multiplied by 77".

We have to replace ¢ by (7 = vol” (K/M), where the measure is induced
by the restriction of —B™ to knmL. Hence (7 = rdimk/m)¢ — 7n-1¢

The Casimir operator associated to B™ is CT = 772C. So the eigenvalues
are multiplied by 772, and the spectral parameter satisfies v = 77 'v. In
the new norm, the length of the simple root « is equal to 7!, and the
identification between C and &; is given by v” — v"7a. The Harish Chandra
function is a function on aj, so we have c¢(v"Ta) = c(va).

The factors == and —— in (21) are multiplied by 7, which makes that

2p vi+p

the coefficients ¢y, c1, ... in the asymptotic expansion do not change under
the normalization.

The counting function becomes N7 (x,y,r) = N(x,y,7/7). Inserting =

for r into the exponential factors in (21), changes these into respectively
20T (P Hr @+

and e . So Theorem 4.1 does not depend on the
choice of the Riemannian metric.

5. APPENDIX. A TAUBERIAN RESULT.

The purpose of this section is to study the asymptotic properties of the
partial sums of the coefficients of a Dirichlet series satisfying i),...,v) below.
We make no claim to originality, but we include a proof , since we have been
unable to find a reference for the result we need.

We start with the following assumptions:

i) C C (0,00) is a closed infinite discrete set in R. So oo is its only
accumulation point.

ii) Let a : C — [0,00). The Dirichlet series D(s) := > . a(c)c™® con-
verges absolutely on the region Res > 7, with 7 > 0.

iii) D has a meromorphic continuation to the half plane Res > 7, with
0 < 7 < 7. In this half plane, there are finitely many first order poles
at points s; = 7, sg, ... , Sq, with Res,, € (7, 7]. Let wy, be the residue
at sp,.

iv) D(s) = O, ((1 4 |Ims|)¥) on a strip 7 1 Res [] o, outside a neigh-
borhood of the singularities, with o > 7.

Proposition 5.1. If the conditions i)—iv) are satisfied, then
q

(27) Yale)= Y =X L O(XY) (X - o0).

S
clX m=1 "

: _ k47T
with b = -

Only the m with Res,, > b are relevant.

The condition a(c) > 0 in Assumption ii) is necessary. We shall start the
proof with arbitrary a(c) € C such that the series converges absolutely. This
also means that at first the maximum of Re s,,, need not be equal to 7.
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Proof. The main idea is to approximate A(X) :=>__ y a(c) by
(28) S(@) :=Y " ale)i(o),
ceC

for suitable ¥ € C2°(0, 00).
For any such ¥, the Mellin transform

o dx
(29) Mol i= [ i)
0 X
is quickly decreasing on vertical strips. The inversion is given by
1
(30) V(@) =5~ o T My(s) ds

for any o € R. This implies S(¢)) = 5= [, ., D(s)M1(s) ds for each
o > 7. Assumption iv) shows that we can transform this into

B SW =Y wnMlsn) + g [ DEMu(s)ds.
m—1 Tl JRe s=7

The following choice of the test function 1 has examples in the work of
Iwaniec. ¢ = 1xy depends on two large parameters X > 10, Y > 10.
It is an element of C2°(0,00) approximating the characteristic function of
the interval [0, X|. The auxiliary parameter Y governs the steepness on the
right. Put g := min(C). The properties of ¢ = ¢x y are

a) 0,9 =0on[0,u/2] and on [X + X/Y,0), and ¢» = 1 on [u, X].

b) On [0, u] the function tx y does not depend on X and Y.

¢) On [X,00) we take x y (X + z) := w(Yx/X), where w € C*°(0,c0)

is a decreasing function, equal to 1 on a neighborhood of 0, and equal
to 0 on [1,00).
This implies that [ < Y*X~¢ on [X, X + X/Y].

We derive some estimates for the Mellin transform of this test function.
For all ¢ € R we have
X+X/Y

(32) M7+ b)) / e x
0

For £ > 1, and ¢ > 0 we have

M¢(€)(U+it)‘ 0 </0“+/XX+X/Y> -

<op 1+YVIXTIXY <1+ YEIXT
From M) (s) = (s —1)--- (s — £)Map(s — £) we conclude that
(33) M7 +it)| <z YELXT (14 [t)°

for each ¢ > 1.

¢(£’) (:n)‘ @

X
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We estimate the integral
1
— D d
5 [ DM ds
by using various bounds in the cases |Ims| € [0,1], [1,Y], and [Y,00).
From (32) we obtain for the integral over [0, 1] the bound X7. For [1,Y] we
use (33) with £ = 1 and find fly X7th=1dt < XTY*. For the last interval we
use £ = L+ 1 with L € (k,k+ 1]. This gives [ YEXTth L1 dt <« YFXT,
Thus we obtain
1

(34) — D(s)Mup(s)ds < X7Y*.
2mi Res=7
For Res = o € (7, 7], we have the following estimate:

X X+X/Y
Mu(s) = /0 xs—ld:c+0(1)+0</ ’ :v"‘ldx>

X
= §+O(1+X”Y‘1).

We apply this to the terms w,, M(s,,) in (31), and obtain the final estimate
of S(v):

q

(35) Slixy) = Y ==X +0 (XTYE 4 XY,
Sm
m=1
where 7 1= maxy i qResy,. If there are no singularities, then S(¢) =
O (XTY").

The problem left is to estimate the difference between S(vxy) and A(X).
Without the condition a(c) > 0, we do not see another way than to estimate
the difference trivially:

(36) AX)=s@)ID > a(o)
X<c I X+X/Y
< X Z la(c)| ™7 = X7 - 0(1),
X<c I X+X/Y

for any ¢ > 7. As we do not have precise information on o(1), even the
explicit terms in (35) may be overwhelmed by the difference A(X) — S(¢).

Now we use the non-negativity in Assumption ii). The right-most s,,, say
s1, coincides with 7. Hence n = 7 in (35). We have S(¢zy) U A(X) O
S(Wxy), with Z =X/(14+1/Y). We find

S(Wxy) = SWzy)
k Wm ~rsm 1 —8m T TV —
= Z;X <1(1+?) >+O(ka+XY1>

m=1

- 0 (X?Y’f 4 XTY‘1> .
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So the estimate of S(¢xy) in (35) is valid for A(X) as well. The choice
Y = X(7=7)/(k+1) gives the assertion in the proposition. O

Integrality assumption. In the application of the present paper, it is improb-
able that the elements of C are integral. But in an arithmetic situation, one
may obtain better estimates than in (36), without the assumption a(c) > 0.
We need information on the spacing of the ¢ € C, and on the growth of
the a(c). We give the following result as an example.

Proposition 5.2. Suppose that C = N in Assumption i), and that a(n) € C,
a(n) = O(n™Y), in Assumption ii). With these modifications, Assump-
tions i)—iv) imply
q
Y am) =Y SEX 4 O(X™) (X —o0),

S
n<X m=1 "

with by = max (k7 +7)/(k+1),7 —1).

Proof. Wenow have 3"y .y, x/y la(c)] < (1 4+ X/Y) (X + X/Y)""}, and
obtain instead of (36):

JAX) - S(W)| < XY 1+ XL
We combine this with (35) to obtain the proposition.
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