
4 Devwudfw uhsuhvhqwdwlrq wkhru|

414 Edvlf ixqfwlrqdo dqdo|vlv

41414 Orfdoo| frqyh{ wrsrorjlfdo vsdfhv

Wkhuh duh pdq| wh{wv rq wklv vxemhfw1 Wzr xvhixo uhihuhqfhv duh
\rvklgd/N/ Ixqfwlrqdo Dqdo|vlv/ Vsulqjhu0Yhuodj/ Qhz \run/ 4<:71
Wuhyhv/ I/ Wrsrorjlfdo Yhfwru Vsdfhv/ Glvwulexwlrqv dqg Nhuqhov/ Dfdghplf

Suhvv/ Qhz \run/4<9:1
Ohw Y eh d yhfwru vsdfh ryhu I @ U ru F1 Wkhq d vxevhw X ri Y lv vdlg wr

eh frqyh{ li zkhqhyhu {> | 5 X / +4� w,{. w| 5 X iru doo 3 � w � 41 X lv vdlg wr
eh edodqfhg li zkhqhyhu { 5 X / }{ 5 X iru doo m}m � 41 X lv vdlg wr eh devruelqj
li zkhqhyhu { 5 Y wkhuh h{lvwv } 5 I zlwk } 9@ 3 vr wkdw }{ 5 X 1

H{dpsoh 4 Y @ Uq dqg X @ i+{4> ===> {q,m
S

{5l ? 4j1 Wkhq X lv frq0
yh{/edodqfhg dqg devruelqj1

H{dpsoh 5 Y wkh vsdfh ri doo frqwlqxrxv I ydoxhg ixqfwlrqv rq U dqg X @
ii mi+{, @ 3 li m{m A uj1 Wkhq X lv frqyh{/edodqfhg exw qrw devruelqj1

Li X lv frqyh{/ edodqfhg dqg devruelqj wkhq zh gh�qh

sX+y, @ lqiiw A 3mw�4y 5 Xj1
Qrwlfh sX+y, lv gh�qhg iru doo y vlqfh X lv devruelqj1 Dovr sX+3, @ 3=1 Wkh
ixqfwlrq sX lv fdoohg wkh Plqnrzvnl jdxjh dvvrfldwhg zlwk X1

Ohppd 6 Ohw s @ sX 1 Wkhq s vdwlv�hv
41 s+y, � 3 iru doo y 5 Y 1
51 s+y .z, � s+y, . s+z, iru doo y>z 5 Y 1
61 s+}y, @ m}ms+y, iru doo } 5 I dqg y 5 Y 1

Surri1 41 lv fohdu1 Li } @ 3 ru y @ 3 wkhq s+}y, @ s+3, @ 3 @ m}ms+y,1 Vr
dvvxph wkdw } 9@ 31 Wkhq vlqfh X lv edodqfhg wkh vhw

iw A 3mw�4}y 5 Xj @ iw A 3mw�4m}my 5 Xj
@ m}miw A 3mw�4y 5 Xj=

Qrz wdnlqj wkh lqihpd ri erwk vlghv ri wkh htxdwlrq suryhv 61 Zh qrz suryh
51 Ohw s+y, @ vr dqg s+z, @ wr1 Ohw % A 3 eh duelwudu| dqg ohw v> w eh vxfk wkdw
vr ? v ? vr . %/ wr ? w ? wr . % dqg v�4y> w�4z 5 X 1 Wkhq li 3 � x � 4 wkh
frqyh{lw| ri X lpsolhv

+4� x,v�4y . xw�4z 5 X=

Fkrrvh x vxfk wkdw xw�4 @ +4� x,v�4 wkdw lv x+w�4 . v�4, @ v�41 +Qrwh wkdw
wklv lv frqvlvwhqw zlwk 3 ? x ? 41, Wklv lpsolhv wkdw

xw�4 @ +4� x,v�4 @
4

w. v
=
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Wkxv

4

w. v
+y .z, 5 X=

Wklv lpsolhv wkdw s+y .z, � w. v1 Qrz wdnh wkh olplw dv % $ 31

Gh�qlwlrq 7 D ixqfwlrq/ s/ iurp Y wr U vdwlvi|lqj 41/51/61 lq wkh suhylrxv
ohppd lv fdoohg d vhpl0qrup rq Y 1 Li lq dgglwlrq lw vdwlv�hv wkh frqglwlrq
s+y, @ 3 lpsolhv y @ 3 wkhq s lv vdlg wr eh d qrup1

H{huflvh 8 Li s lv d vhpl0qrup rq Y wkhq wkh vhwv iy 5 Y ms+y, ? 4j/ iy 5
Y ms+y, � 4j duh frqyh{/ edodqfhg dqg devruelqj1 Ixuwkhu/ X lv d vxevhw ri wkh
odwwhu vhw=

Gh�qlwlrq 9 Y lv vdlg wr eh d wrsrorjlfdo yhfwru vsdfh li lw lv d wrsrorjlfdo vsdfh
vxfk wkdw wkh rshudwlrqv

Y � Y :�$ Y> {> | :�$ {. |>I � Y $ Y> { :�$ }{>

duh frqwlqxrxv1

Gh�qlwlrq : Zh vd| wkdw Y lv d orfdoo| frqyh{ wrsrorjlfdo yhfwru vsdfh li Y
lv d wrsrorjlfdo yhfwru vsdfh wkdw kdv d edvlv ri qhljkerukrrgv ri 3 frqvlvwlqj ri
rshq/ frqyh{/ edodqfhg vhwv1

H{dpsoh ; Y @ Iq zlwk wkh xvxdo wrsrorj| dqg wkh qhljkerukrrg edvlv frqvlvwv
ri wkh rshq edoov fhqwhuhg dw 31

H{dpsoh < Pruh jhqhudoo| li s lv d qrup rq Y d yhfwru vsdfh ryhu I wkhq
g+y>z, @ s+y � z, gh�qhv d phwulf rq Y 1 Y lv d orfdoo| frqyh{/ wrsrorjlfdo
yhfwru vsdfh zlwk uhvshfw wr wkh phwulf wrsrorj|1 Li Y lv lq dgglwlrq phwulfdoo|
frpsohwh wkhq Y lv vdlg wr eh d Edqdfk vsdfh1

H{dpsoh 43 Lq wklv h{dpsoh I @ F1 Ohw k===> ===l eh d Khuplwldq lqqhu surgxfw
rq Y +wkdw lv wkh ixqfwlrq y> z :�$ ky>zl lv elolqhdu ryhu U/ olqhdu lq wkh �uvw
yduldeoh ryhu F dqg kz> yl lv wkh frpsoh{ frqmxjdwh ri ky> zl dqg ixuwkhu/ ky> yl
lv d vwulfwo| srvlwlyh uhdo qxpehu li y 9@ 31 Li wklv lv vr zh gh�qh nyn @ ky> yl 45 1
Wkh Vfkzdu} lqhtxdolw|/

m ky>zl m � nyn nzn >
lpsolhv wkh wuldqjoh lqhtxdolw|

ny .zn � nyn. nzn =
Wkxv y :�$ nyn gh�qhv d qrup rq Y 1 Wkh sdlu +Y> k===> ===l, lv fdoohg d suh0
Kloehuw vsdfh1 Li Y lv d Edqdfk vsdfh zlwk uhvshfw wr wkh qrup y :�$ nyn wkhq
lw lv fdoohg d Kloehuw vsdfh1
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H{dpsoh 44 Ohw V eh d vhw ri vhpl0qrupv rq Y vxfk wkdw li y 5 Y wkhq wkhuh
h{lvwv s 5 V vxfk wkdw s+y, A 31 Vhw Xs>% @ iy 5 Y ms+y, ? %j iru s 5 V dqg
% A 31 Wkhq li zh wdnh wkh vhwv Xs>% dv d edvlv ri qhljkerukrrgv ri 3 lq Y wkhq
wklv hqgrzv Y zlwk wkh vwuxfwxuh ri d orfdoo| frqyh{ wrsrorjlfdo yhfwru vsdfh1

Ohppd 45 Hyhu| vwuxfwxuh ri d orfdoo| frqyh{ yhfwru vsdfh rq Y lv rewdlqhg
lq wklv pdqqhu1

Surri1 Ohw X eh d qhljkerukrrg edvlv iru 3 lq Y frqvlvwlqj ri rshq/ frqyh{/
edodqfhg/ devruelqj vhwv1 Li X 5 X ohw sX eh wkh fruuhvsrqglqj Plqnrzvnl
jdxjh1 Wkhq zh kdyh

X @ iy 5 Y msX +y, ? 4j1

Lqghhg/ vlqfh X lv frqyh{ li 4
w
y 5 X dqg 3 ? w ? 4 wkhq w4

w
y . +4� w,3 5 X 1 Li

y 5 X wkhq sX +y, @ w dqg w � 41 Wkh vhw iv A 3mv�4y 5 Xj lv rshq lq U1 Wkxv
w ? 41

Ohppd 46 Ohw Y dqg Z eh orfdoo| frqyh{ wrsrorjlfdo vsdfhv1 Ohw W = Y $
Z eh d olqhdu pdsslqj1 Wkhq W lv frqwlqxrxv rq Y li dqg rqo| li iru hdfk
frqwlqxrxv vhpl0qrup/ t/ rq Z wkh pds y :�$ t+W +y,, gh�qhv d frqwlqxrxv
vhplqrup rq Y 1

Surri1 Wkh vx!flhqf| lv fohdu1 Vlqfh W lv olqhdu lw lv hqrxjk wr suryh wkdw
li wkh frqglwlrq lv vdwlv�hg wkhq W lv frqwlqxrxv dw 31 Exw wkh frqglwlrq lpsolhv
wkdw iru hdfk t d vhpl0qrup rq Z dqg hdfk % A 3 wkh vhw W�4+iz 5 Z mt+z, ?
%j, lv dq rshq qhljkerukrrg ri 31

H{dpsoh 47 Ohw [ eh d orfdoo| frpsdfw +Kdxvgru�, wrsrorjlfdo yhfwru vsdfh1
Ohw F+[>I, ghqrwh wkh vsdfh ri doo frqwlqxrxv ixqfwlrqv rq [ zlwk ydoxhv lq
I 1 Li N lv d frpsdfw vxevhw ri [ wkhq wr N zh dvvljq wkh vhpl0qrup/ sN /
gh�qhg e| sN+i, @ pd{n5N mi+n,m1 Wkh fruuhvsrqglqj wrsrorj| rq Y lv fdoohg
wkh wrsrorj| ri xqlirup frqyhujhqfh rq frpsdfwd1 Qrwh wkdw li [ lv frpsdfw
zh qhhg rqo| xvh wkh qrup s[ 1

Li Y lv d orfdoo| frqyh{/ wrsrorjlfdo yhfwru vsdfh wkhq d vhtxhqfh iymj lq Y
lv vdlg wr eh Fdxfk| li iru hdfk frqwlqxrxv vhpl0qrup s rq Y dqg hdfk % A 3
wkhuh h{lvwv Q vxfk wkdw li l> m � Q wkhq s+yl � ym, ? %1 Zh vd| wkdw Y lv
vhtxhqwldoo| frpsohwh li hyhu| Fdxfk| vhtxhqfh lq Y frqyhujhv1 D vhtxhqwldoo|
frpsohwh wrsrorjlfdo yhfwru vsdfh lv vdlg wr eh d Iuìfkhw vsdfh li wkh wrsrorj|
lv jlyhq e| d frxqwdeoh vhw ri vhpl0qrupv dv lq H{dpsoh 441

Ohppd 48 Li Y lv d orfdoo|/ frqyh{/ wrsrorjlfdo vsdfh zlwk d frxqwdeoh edvlv ri
qhljkerukrrgv ri 3 wkh Y lv phwul}deoh1 Ru htxlydohqwo| li wkh wrsrorj| rq Y lv
jlyhq dv lq h{dpsoh 44 zlwk wkh vhw V frxqwdeoh wkhq Y lv phwul}deoh1
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Surri1 Zh zloo suryh wkh htxlydohqw vhfrqg vwdwhphqw +vhh Ohppd 45,1 Ohw
V @ ismjm?Q zlwk Q � 41 Frqvlghu

g+y> z, @
[
m?Q

sm+y � z,

5m+4 . sm+y �z,,
=

Vlqfh hdfk whup lq wkh deryh vhulhv lv dw prvw htxdo wr 5�m wkh vhulhv frqyhujhv
xqlirupo| dv d vhulhv ri ixqfwlrqv rq Y � Y 1 Li g+y>z, @ 3 wkhq doo ri wkh whupv
lq wkh vhulhv duh 31 Wkxv y @ z1 Wkdw g lv d phwulf iroorzv iurp wkh iroorzlqj
h{huflvh1 Wkdw lw jlyhv wkh wrsrorj| rq Y iroorzv iurp wkh revhuydwlrq wkdw

olp
m$4

sn+ym � y, @ 3

iru doo n @ 4>5> === li dqg rqo| li

olp
m$4

g+ym> y, @ 3=

H{huflvh 49 Dvvxph wkdw s+y.z, � s+y,.s+z, iru doo y> z 5 Y dqg s+y, � 3

iru doo y 5 Y= Gh�qh t+y, @ s+y,
4.s+y, 1 Wkhq t+y.z, � t+y,.t+z, iru doo y> z 5 Y 1

+Klqw= Zulwh rxw t+y, . t+z,� t+y . z,1 Sxw wkh h{suhvvlrq ryhu wkh reylrxv
frpprq ghqrplqdwru

+4 . s+y,,+4 . s+z,,+4 . s+y .z,,

dqg vhh wkdw wkh qxphudwru lv qrq0qhjdwlyh1,

H{dpsoh 4: Li [/ dv lq h{dpsoh 46/ kdv d frxqwdeoh edvlv iru lwv wrsrorj|
wkhq F+[>I , hqgrzhg zlwk wkh wrsrorj| ri xqlirup frqyhujhqfh rq frpsdfwd
lv d Iuìfkhw vsdfh1 Wr vhh wklv zh qrwh wkdw wkhuh h{lvwv d frxqwdeoh froohfwlrq
iNmj ri frpsdfw vxevhwv kdylqj wkh surshuw| wkdw li { 5 [ dqg li X lv rshq lq
[ wkhq wkhuh h{lvwv m vxfk wkdw { 5 lqwhulru+Nm, � Nm � X 1 Ohw sm @ sNm

1
Wkhq wkhvh vhplqrupv gh�qh wkh wrsrorj| rq F+[>I ,1 Zh qhhg rqo| vkrz wkh
frpsohwhqhvv1 Wklv iroorzv iurp wkh idfw wkdw d xqlirup olplw ri frqwlqxrxv
ixqfwlrqv lv frqwlqxrxv1

Zh zloo qhhg mxvw rqh pruh jhqhudo qrwlrq1 Ohw Y eh d yhfwru vsdfh ryhu
I dqg ohw L eh d sduwldoo| rughuhg vhw1 Zh dvvxph wkdw iru hdfk � 5 L zh kdyh
Y� � Y d vxevsdfh wkdw lv hqgrzhg zlwk d orfdoo| frqyh{ wrsrorj| vxfk wkdw

� Li � ? � wkhq Y� � Y� dqg wkh vxevsdfh wrsrorj| rq Y� lv wkh vdph dv
wkh jlyhq wrsrorj|1

� V
�5L Y� @ Y 1

7



Li wkhvh frqglwlrqv duh vdwlv�hg wkhq zh gh�qh d orfdoo| frqyh{ wrsrorj| rq
Y dv iroorzv zh wdnh d qhljkerukrrg edvlv iru 3 frqvlvwlqj ri wkh vxevhwv X ri
Y wkdw duh frqyh{ kxoov ri vxevhwv ri wkh irup

V
�5L X� zkhuh X� lv dq rshq/

frqyh{/ edodqfhg qhljkerukrrg ri 3 lq Y�1 Y zlwk wklv wrsrorj| lv fdoohg wkh
+vwulfw, gluhfw olplw ri iY�j�5L 1 Zh zulwh

Y @ olp
$

Y�=

H{huflvh 4; Vkrz wkdw wkh vhwv X lq wkh gh�qlwlrq ri gluhfw olplw duh frq0
yh{/edodqfhg dqg devruelqj dqg wkdw wkhvh vhwv gr irup d edvlv iru qhljkerukrrgv
ri 31

H{huflvh 4< Vkrz wkdw li

Y @ olp
$

Y�

wkhq d olqhdu pds ri Y wr I lv frqwlqxrxv li dqg rqo| li lwv uhvwulfwlrq wr hdfk
Y� lv frqwlqxrxv1

H{dpsoh 53 [ d orfdoo| frpsdfw wrsrorjlfdo vsdfh1 Li i 5 F+[>I , wkhq gh�qh
wkh vxssruw ri i wr eh wkh forvxuh ri wkh vhw i{ 5 [mi+{, 9@ 3j1 Ohw Ff+[>I, eh
wkh vsdfh ri wkrvh hohphqwv ri frpsdfw vxssruw1 Li N lv d frpsdfw vxevhw ri [
wkhq zh xvh wkh qrwdwlrq FN+[>I, iru wkh frqwlqxrxv ixqfwlrqv zlwk vxssruw
frqwdlqhg lq N1 Wkhq hdfk FN+[>I, lv d Edqdfk vsdfh uhodwlyh wr wkh qrup
sN 1 Zh jlyh Ff+[>I, wkh gluhfw olplw wrsrorj| +khuh wkh frpsdfw vxevhwv duh
rughuhg e| lqfoxvlrq,1

Ohppd 54 Ohw iimj eh d vhtxhqfh lq Ff+[>I, wkhq olpm$4 im @ ir lq Ff+[>I ,
li dqg rqo| li wkhuh h{lvwv dq Q dqg d frpsdfw vxevhw N ri [ vxfk wkdw li m � Q
wkhq wkh vxssruw ri im lv frqwdlqhg lq N dqg olpm$4 im @ ir xqlirupo| rq N1

Surri1 Wkh vx!flhqf| lv fohdu1 Uhsodflqj im e| im � ir zh pd| dvvxph
wkdw ir @ 31 Zh dvvxph wkdw wkhuh lv qr vxfk N1 Wkhq wkhuh lv d vxevhtxhqfh
iimoj/ dq lqfuhdvlqj vhtxhqfh ri frpsdfw vxevhwv No dqg d vhtxhqfh ri srlqwv
{o lq [ vxfk wkdw {o 5 No �No�4 +N3 @ >,/ imo+{o, 9@ 3 dqg wkh vhtxhqfh lv qrw
frqwdlqhg lq dq| frpsdfw vxevhw ri [1 Zh gh�qh wkh vhpl0qrup

s+i, @ 5
4[
o@4

vxs
{5No�No�4

mi+{,m
mino

+{o,m

+Qrwlfh wkdw wklv lv d �qlwh vxp1, Wkhq wkh vhw X @ ii 5 Ff+[>I ,ms+i, ? 4j
lv dq rshq qhljkerukrrg ri 3 lq Ff+[>I, exw imo @5 X iru dq| o1 Wklv suryhv
wkh ohppd1

Qrz dvvxph wkdw [ @ [4 � [5 zlwk [4>[5 orfdoo| frpsdfw vsdfhv dqg
dvvxph wkdw [ kdv ehhq hqgrzhg zlwk wkh surgxfw wrsrorj|1 Li i 5 Ff+[>I,
wkhq gh�qh iru { 5 [4/ i+{> �, wr eh wkh ixqfwlrq | :�$ i+{> |,1 Zh zloo qhhg
wkh iroorzlqj uhvxow lq wkh qh{w vhfwlrq1
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Ohppd 55 Wkh ixqfwlrq { :�$ i+{> �, lv d frqwlqxrxv pds iurp [4 lqwr
Ff+[4>I,1

H{huflvh 56 Jlyh d surri ri wklv ohppd1 +Klqw= Xvh wkh idfw wkdw d frqwlqxrxv
ixqfwlrq rq d frpsdfw vhw lv xqlirupo| frqwlqxrxv1,

41415 Phdvxuhv

Ohw Y eh d wrsrorjlfdo yhfwru vsdfh ryhu I 1 Wkhq zh xvh wkh qrwdwlrq/ Y �/ iru
wkh xvxdo +dojheudlf, gxdo vsdfh ri Y 1 � 5 Y � zloo eh fdoohg d ixqfwlrqdo1 Zh
xvh wkh qrwdwlrq Y 3 iru wkh vxevsdfh ri frqwlqxrxv hohphqwv ri Y �1

Li [ lv d orfdoo| frpsdfw wrsrorjlfdo vsdfh dqg li zh hqgrz Y @ Ff+[>F,
zlwk wkh orfdoo| frqyh{ wrsrorj| jlyhq lq H{dpsoh 53 lq wkh suhylrxv vhfwlrq
wkhq dq hohphqw/ �/ ri Y 3 lv fdoohg d frpsoh{ +Udgrq, phdvxuh1 Li � 9@ 3 dqg li
�+i, lv uhdo dqg qrq0qhjdwlyh iru hdfk i vxfk wkdw i+{, lv uhdo dqg qrq0qhjdwlyh
iru doo { 5 [ wkhq � lv fdoohg d phdvxuh1

Wkh vlpsohvw h{dpsohv ri phdvxuhv duh jlyhq dv iroorzv= Ohw { 5 [ wkhq
gh�qh �{+i, @ i+{,1 Wkhq �{ lv frqwlqxrxv rq hdfk ri wkh vxevsdfhv FN+[>I,
iru N d frpsdfw vxevhw ri [ dqg wkxv lw gh�qhv d frqwlqxrxv ixqfwlrqdo rq
Ff+[>I ,1 Khqfh �{ lv d phdvxuh rq [ fdoohg wkh Gludf ghowd ixqfwlrq vxssruwhg
dw {1

Ohppd 57 Ohw � eh d phdvxuh rq wkh orfdoo| frpsdfw vsdfh [1 Li i 5 Ff+[,
wkhq

m�+i,m � �+mi m,1

Khuh mi m+{, @ mi+{,m1 Wkh uhvxow iroorzv iurp mi+{,m 	 i+{, � 3 iru doo i 1
Wkxv �+mi m 	 i, � 31 Khqfh/ �+mi m, � 	�+i,1

H{dpsoh 58 Ohw [ @ U dqg gh�qh

�+i, @

] 4

�4

i+{,g{=

Li wkh vxssruw ri i lv frqwdlqhg lq wkh lqwhuydo ^d> e` +d ? e dqg erwk �qlwh,

m�+i,m �
] 4

�4

mi+{,mg{ @

] e

d

mi+{,mg{ �

+e� d, pd{
d�{�e

mi+{,m=

Wkh odvw irupxod gh�qhv d frqwlqxrxv vhpl0qrup rq Ff+U>F,1 Wkxv � lv d
phdvxuh rq U1 Wkh xvxdo Ohehvjxh phdvxuh1

H{dpsoh 59 Ohw [ dqg \ vhsdudeoh/ orfdoo| frpsdfw wrsrorjlfdo vsdfhv +l1h1
wkh| erwk kdyh frxqwdeoh edvhv iru wkhlu wrsrorjlhv,1 Ohw ] @ [ � \ zlwk wkh
surgxfw wrsrorj|1 Ohw � dqg � eh uhvshfwlyho| phdvxuhv rq [ dqg \ 1 Zh kdyh
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vhhq wkdw li i 5 Ff+]>F, wkhq wkh pds { :�$ i+{> �, lv d frqwlqxrxv iurp [4 wr
Ff+[5>F,1 Wklv lpsolhv wkdw { :�$ �+i+{> �,, lv d frqwlqxrxv ixqfwlrq rq [41
Lw lv qrw kdug wr vhh wkdw wklv ixqfwlrq kdv frpsdfw vxssruw1 Wkxv zh fdq gh�qh

+� � �,+i, @ �+{ :�$ �+i+{> �,,,=

H{huflvh 5: Vkrz wkdw �� � gh�qhv d phdvxuh rq ]=

H{dpsoh 5; Ohw [ eh d orfdoo| frpsdfw wrsrorjlfdo vsdfh dqg ohw \ eh dq rshq
vxevsdfh ri [1 Zh pd| wkxv orrn xsrq Ff+\ >F, dv d wrsrorjlfdo vxevsdfh ri
Ff+[>F,1 Li � lv d frpsoh{ phdvxuh rq [ wkhq zh gh�qh �m\ @ �mFf+\ >F,1

Reylrxvo| wkh deryh phwkrg ri frqvwuxfwlrq ri phdvxuhv rq surgxfw vsdfhv
h{whqgv wr d surgxfw ri duelwudu| �qlwh qxpehu ri vsdfhv1 Wkxv zh kdyh wkh
xvxdo Ohehvjxh phdvxuh rq Uq1 Reylrxvo|/ wklv lv qrw d jrrg gh�qlwlrq ri
Ohehvjxh phdvxuh vlqfh lw vhhpv wr rqo| doorz lqwhjudwlrq ri frqwlqxrxv ixqf0
wlrqv ri frpsdfw vxssruw1 Krzhyhu/ zh zloo dvvxph wkdw wkh uhdghu lv dzduh
ri wkh dfwxdo Ohehvjxh lqwhjudo dqg xqghuvwdqgv zk| lw lv ghwhuplqhg e| wkh
fruuhvsrqglqj ixqfwlrqdo1

Li J lv d wrsrorjlfdo jurxs dqg li [ lv wrsrorjlfdo vsdfh wkhq dq dfwlrq ri J
rq [ lv d frqwlqxrxv pdsslqj

I = J�[ $ [

zlwk wkh iroorzlqj surshuwlhv

� I +4> {, @ { iru doo { 5 [1

� I +j>I +k> {,, @ I+jk> {, iru doo j> k 5 J>{ 5 [1

Qrwlfh wkdw wkh wzr frqglwlrqv lpso| wkdw wkh pdsv { :�$ I +j> {, duh krph0
rprusklvpv1 Zh zloo ghqrwh wklv pds e| Ij+{, ru pruh vlpso| dv j � { +ru hyhq
j{,1 Li i lv d ixqfwlrq rq [ wkhq zh zloo xvh wkh qrwdwlrq Oj+i, @ i � Ij�4 1

H{dpsoh 5< [ @ J1 I+j> {, @ j{1 Wkh vhfrqg surshuw| lv mxvw wkh dvvrfldwlyh
odz1 Wklv dfwlrq lv fdoohg wkh ohiw uhjxodu dfwlrq1 Wkhuh lv dovr wkh uljkw uhjxodu
dfwlrq jlyhq e| I +j> {, @ {j�41

H{dpsoh 63 [ @ Uq dqg J lv d forvhg vxejurxs ri JO+q>U, dqg I+j> {, @
j{1 Wkdw lv wkh xvxdo lghqwl�fdwlrq ri d pdwul{ zlwk d olqhdu pds1

Gh�qlwlrq 64 Ohw [ eh d vhsdudeoh/ orfdoo| frpsdfw vsdfh dqg ohw J eh d vhs0
dudeoh orfdoo| frpsdfw jurxs dfwlqj rq [1 Ohw � eh d qrq0}hur frpsoh{ phdvxuh
rq [1 Wkhq � lv vdlg wr eh vhpl0lqyduldqw li iru hdfk j 5 J wkhuh lv d vfdodu f+j,
vxfk wkdw �+Oji, @ f+j,�+i, iru doo i 5 Ff+[>F,1 Lw zloo eh fdoohg lqyduldqw li
f+j, � 41

H{huflvh 65 Vkrz wkdw/ lq wkh deryh frqwh{w/ f+jk, @ f+j,f+k, iru j> k 5 J1

:



Ohppd 66 Ohw J>[ eh dv lq wkh suhylrxv gh�qlwlrq1 Li i 5 Ff+[>F, wkhq wkh
pds J $ Ff+[>F, jlyhq e| j :�$ Oji lv frqwlqxrxv1

Wklv suryhg e| revhuylqj wkdw orfdo frpsdfwqhvv lpsolhv wkdw li d 5 J wkhq
wkhuh lv dq rshq qhljkerukrrg ri d/ X / vxfk wkdw wkh forvxuh/ X / ri X lv frpsdfw1
Wkhuh lv wkxv d frpsdfw vxevhw ri [/ N3/ vxfk wkdw wkh vxssruw ri doo ri wkh
ixqfwlrqv Oei / e 5 X lv frqwdlqhg lq N

3

1 Qrz xvh xqlirup frqwlqxlw|1

Ohppd 67 Ohw wkh qrwdwlrq eh dv lq Gh�qlwlrq 641 Wkhq wkh ixqfwlrq f lv
frqwlqxrxv rq J1

Wklv iroorzv e| revhuylqj wkdw j :�$ �+Oji, lv frqwlqxrxv dqg wkdw li �+i, 9@
3 wkhq f+j, @ �+Oji,

�+i,
1

H{huflvh 68 Vkrz wkdw li J ru [ lv frpsdfw wkhq f+j, @ 4 iru doo j 5 J1

H{dpsoh 69 Ohw wkh qrwdwlrq eh dv lq H{dpsoh 631 Li � lv Ohehvjxh phdvxuh
rq Uq wkhq wkh fkdqjh ri yduldeohv wkhruhp lpsolhv wkdw lw lv vhpl0lqyduldqw
xqghu wkh dfwlrq ri JO+q>U, dqg f+j, @ m ghw+j,m1

H{dpsoh 6: Lq wklv h{dpsoh JO+q>U, dfwv rq wkh q � q pdwulfhv/ Pq+U,/
e| ohiw pxowlsolfdwlrq1 Zh xvh wkh pdwul{ hqwulhv dv frruglqdwhv dqg wkhuhe|
lghqwli| Pq+U, zlwk Uq5 = Zh wdnh � wr eh Ohehvjxh phdvxuh1 Lq wklv fdv f+j, @
m ghw+j,mq1

Dowkrxjk zh zloo eh pdlqo| frqfhuqhg zlwk uhdo jurxsv lq wkhvh ohfwxuhv zh
zloo lqfoxgh d ihz uhodwhg uhpdunv iru rwkhu �hogv1 Ohw I eh d �hog1 Wkhq dq
devroxwh ydoxh rq I lv d ixqfwlrq/ { :�$ m{m zlwk ydoxhv lq wkh qrq0qhjdwlyh uhdo
qxpehuv dqg vdwlvi|lqj1

� m{m A 3 li { 9@ 31

� m{|m @ m{mm|m1
� m{. |m � m{m. m|m1

Wkh odvw surshuw| ri d qrup doorzv xv wr gh�qh d phwulf rq I e| g+{> |, @
m{�|m1 Zh zloo vd| wkdw I lv d orfdo �hog li wkh phwulf lv qrq0wulyldo +l1h1 m{m 9@ 4
iru vrph { 5 I � i3j, dqg li zh hqgrz I zlwk wkh wrsrorj| lqgxfhg e| wkh
phwulf wkhq wkh vhw X @ i{ 5 I mm{m � 4j lv frpsdfw1 Lq Zhlo/ D1/ Edvlf Qxpehu
Wkhru|/Vhfrqg Hglwlrq/ Vsulqjhu/ 4<:6 lw lv vkrzq wkdw wkhvh �hogv frlqflgh +xs
wr wrsrorjlfdo lvrprusklvp, zlwk wkh orfdoo| frpsdfw/ qrq0glvfuhwh �hogv1 Wzr
devroxwh ydoxhv duh htxlydohqw li wkh| kdyh wkh vdph vhwv X 1 Lq Zhlo*v errn lw lv
vkrzq wkhuh duh wzr w|shv xs wr htxlydohqfh zklfk zh zloo qrz ghvfuleh1 + Wkh
surri ri wklv wkhruhp e| Zhlo xvhv vrph ri wkh lghdv ehorz1 Krzhyhu/ zh zloo
mxvw �{ rxu dwwhqwlrq rq wkhvh h{dpsohv dqg qrw zruu| derxw surylqj wkdw wkh|
duh wkh rqo| rqhv1,

;



41 I lvrprusklf zlwk U ru F dqg m===m lv wkh xvxdo devroxwh ydoxh1
51 I lv qrq0Dufklphgldq1 Wkdw lv wr vd| m{ . |m � pd{im{m> m|mj iru {> | 5 I
dqg wkh vhw iorj m{mm{ 5 I�j lv d glvfuhwh vxevhw ri U1

Lq fdvh 41 zh �{ Ohehvjxh phdvxuh rq U dqg zh lghqwli| F zlwk U5 dqg xvh
Ohehvjxh phdvxuh1 Zh zloo ghqrwh wklv phdvxuh e| �+i, @

U
i+{,g{ lq erwk

fdvhv1 Zh qrwh wkdw erwk phdvxuhv duh vhpl0lqyduldqw uhodwlyh wr wkh dfwlrq ri
JO+4> I, @ I� @ I � i3j1 Lq wkh fdvh ri U/ f+{, @ m{m lq wkh fdvh ri F/
f+{, @ m{m51

Lq fdvh 51 zh qhhg wkh iroorzlqj wkhruhp ri Kddu1

Wkhruhp 6; Ohw J eh d orfdoo| frpsdfw/ vhsdudeoh/ wrsrorjlfdo jurxs wkhq wkhuh
h{lvwv/ xs wr srvlwlyh vfdodu d xqltxh phdvxuh � rq J lqyduldqw xqghu wkh ohiw
uhjxodu dfwlrq1

Zlwk wklv lq kdqg zh fdq kdqgoh fdvh 51 Ohw � eh d fkrlfh ri ohiw lqyduldqw
phdvxuh rq I wkrxjkw ri dv d wrsrorjlfdo jurxs xqghu dgglwlrq1 Wkhq wklv
phdvxuh +ru dw ohdvw d srvlwlyh pxowlsoh ri lw, zloo eh ghqrwhg

�+i, @

]
i+{,g{=

Zh qrwh wkdw li d 5 I� dqg zh uhfdoo Odi+{, @ i+d�4{, dqg +vr dv qrw wr frqixvh
wkh wzr jurxs dfwlrqv, zh vhw w|i+{, @ i+{. |,1 Wkhq e| gh�qlwlrq �+w|i, @
�+i,1 Zh qrwh wkdw Od+w|i,+{, @ w|i+d

�4{, @ i+d�4{ . |, @ wd|+Odi,+{,1
Wkxv li zh vhw �d+i, @ �+Odi, wkhq

�d+w|i, @ �+wd|+Odi,, @ �+Odi, @ �d+i,=

Wkxv �d lv wudqvodwlrq lqyduldqw vr Kddu*v wkhruhp lpsolhv wkdw wkhuh lv d uhdo
ydoxhg ixqfwlrq wkdw wdnhv srvlwlyh ydoxhv rq I�vxfk wkdw �d @ f+d,�1

Ohppd 6< Lq fdvh 51 wkhuh lv d srvlwlyh uhdo qxpehu/ u/ vxfk wkdw f+d, @ mdmu1
Surri1 Ohw �+{, @ � orj m{m iru { 5 I�1 Wkh vxejurxs �+I�, lv glvfuhwh lq

dgglwlyh jurxs U1 Lw lv wkhuhiruh lq�qlwh f|folf +vlqfh lw lv qrw mxvw i3j,1 Ohw �
eh d srvlwlyh jhqhudwru ri wklv jurxs1 Il{ � 5 I vxfk wkdw �+�, @ �1 Zh qrwh
wkdw �+�, @ h�� ? 41 Wkh frqglwlrq 51 deryh lpsolhv wkdw U @ i{ 5 I mm{m � 4j
lv d vxeulqj ri I 1 Wklv ulqj lv frpsdfw dqg vlqfh wkh ydoxh vhw ri m===m lv glvfuhwh
zh vhh wkdw U lv rshq1 Dovr wkh vhw R @ i{ 5 I mm{m ? 4j lv dq lghdo lq U1 Dovr
revhuyh wkdw � 5 R1 Zh qrwh wkdw li { 5 I� wkhq m{m @ m�mq iru vrph lqwhjhu q1
Wkxv li { 5 R / q � 4 wkxv m��4{m � 41 Khqfh ��4{ 5 U1 Zh kdyh vkrzq

41 R @ �U1
51 Li X @ i{ 5 I mm{m @ 4j wkhq X lv d frpsdfw rshq vxejurxs ri I� dqg

ixuwkhupruh I� @ Xi�qmq 5 ]j1
Ilqdoo|/ zh duh uhdg| wr suryh wkh Ohppd1 Vlqfh X lv d frpsdfw jurxs dqg

f lv frqwlqxrxv dqg wdnhv srvlwlyh ydoxhv zh vhh wkdw f+x, @ 4 iru doo x 5 X 1
Qrz f+�q, @ f+�,q1 Zh revhuyh wkdw zh f+�, ? 41 Lqghhg/ li qrw wkhq zh kdyh

olp
q$4

f+�q, lv hlwkhu 4 ru 4=

<



Vr li i kdv vxssruw lq N wkhq O�q+i, kdv vxssruw lq �qN1 Dv olpq$4 �q @ 3
wklv zrxog lpso| wkdw 3 @olpq$4�+O�qi, @ olpq$4 f+�q,�+i, iru doo i 5
Ff+I >F,1 Exw wkhq � @ 3 zklfk lv d frqwudglfwlrq1 Khqfh f+�, ? 41 Vr li
f+�, @ h�u� @ m�mu wkhq u A 31 Zh kdyh li { 5 I� wkhq { @ �qx zlwk x 5 X 1
Khqfh f+{, @ f+�qx, @ f+�q, @ f+�,q @ m�muq @ m{mu=

Zh zloo uhsodfh m{m iru d orfdo �hog zlwk f+{,1 Wkxv lq wkh fdvh ri F lw lv
qrw dq devroxwh ydoxh1 Zh zloo fdoo lw d qrup lq doo fdvhv1 Qrwlfh wkdw lq wkh
qrq0Dufklphgldq fdvh lw lv vwloo dq devroxwh ydoxh1

Zh qrz frqvlghu wkh dfwlrq riJO+q>I , rq Iq e| wkh xvxdo dfwlrq ri pdwulfhv
rq yhfwruv1 Rq Iq zloo xvh wkh surgxfw ri wkh wudqvodwlrq lqyduldqw phdvxuh rq
I glvfxvvhg deryh1 Zh ghqrwh wklv phdvxuh e| �1 Zh zloo zulwh

�+i, @

]
Iq

i+{,g{1

Ohppd 73 Li I lv d orfdo �hog dqg j 5 JO+q>I, wkhq]
Iq

i+j{,g{ @ mghw+j,m�4

]
Iq

i+{,g{=

Surri1 Zh revhuyh wkdw JO+q> I, lv jhqhudwhg e| hohphqwdu| pdwulfhv1
Wkdw lv pdwulfhv ri wkh irup

Gl+d, @

59999997
4

1 1 1

d
1 1 1

4

6::::::8
+zlwk }hurv r� ri wkh pdlq gldjrqdo/ d qrq}hur d lq wkh l0wk gldjrqdo srvlwlrq/ doo
wkh uhvw ri wkh gldjrqdo hqwulhv 4, dqg Wlm+|, zklfk lv wkh olqhdu wudqvirupdwlrq
ri Iq vxfk wkdw li Wlm+|,{ @ } wkhq }n @ {n iru n 9@ m dqg }m @ {m . |{l1 Wkh
wudqvodwlrq lqyduldqfh ri wkh phdvxuh dqg wkh suhylrxv ohppd lpso|]

Iq
i+Wlm+|,{,g{ @

]
Iq

i+{,g{

dqg ]
Iq

i+Gl+d,{,g{ @ mdm�4

]
Iq

i+{,g{=

Vlqfh ghw+Wlm+|,, @ 4 dqg ghw+Gl+d,, @ d wkh ohppd iroorzv1
Zh qrwh wkdw li zh orrn xsrq JO+q> I, dfwlqj rq Pq+I , +wkh q� q pdwul0

fhv, e| ohiw pxowlsolfdwlrq wkhq li zh lghqwli| Pq+I, zlwk wkh q0irog surgxfw ri
Iq zlwk lwvhoi wkhq wkh pdwul{ ri ohiw pxowlsolfdwlrq e| j lv wkh q� q eorfn gl0
djrqdo pdwul{ zlwk gldjrqdo eorfnv htxdo wr j1 Zlwk wkh fruuhvsrqglqj surgxfw
phdvxuh rq Pq+I, zh qrz kdyh
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Fruroodu| 74 Qrwdwlrq dv deryh]
P
q
+I ,

i+j{,g{ @ mghw+j,m�q

]
P
q
+I ,

i+{,g{=

Ohppd 75 Ohw J eh d orfdoo| frpsdfw/ vhsdudeoh/ wrsrorjlfdo jurxs dqg ohw �
eh d vhpl0lqyduldqw phdvxuh xqghu wkh ohiw uhjxodu uhsuhvhqwdwlrq1 Li

�+Oji, @ f+j,�+i,

wkhq wkh phdvxuh i :�$ �+f�4i, gh�qhv d Kddu +ohiw lqyduldqw, phdvxuh rq J1

H{huflvh 76 Suryh wklv e| wkh reylrxv fdofxodwlrq1

Fruroodu| 77 Kddu phdvxuh rq JO+q>I , lv jlyhq e|]
JO+q>I ,

i+j,
gj

m ghw+j,mq =

Khuh
U
JO+q>I , i+j,gj phdqv wkh uhvwulfwlrq ri wkh wudqvodwlrq lqyduldqw phdvxuh

rq Pq+I, +vhh H{dpsoh 5;,1

Wkh iroorzlqj ohppd lv d vshfldo fdvh ri d pxfk pruh jhqhudo uhvxow exw lw
zloo eh vx!flhqw iru rxu sxusrvhv1

Ohppd 78 Ohw [ eh d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo vsdfh dqg ohw J
eh d orfdoo| frpsdfw/ vhsdudeoh jurxs dfwlqj rq [1 Zh dvvxph wkdw wkh dfwlrq
lv wudqvlwlyh +J{r @ [ iru vrph/ khqfh doo/ {r 5 [,1 Zh dovr dvvxph wkdw li
{r 5 [ wkhq

J{r @ ij 5 Jmj{r @ {r,

lv frpsdfw1 Wkhq xs wr srvlwlyh pxowlsoh wkhuh lv dw prvw rqh J0lqyduldqw phd0
vxuh rq [1

Surri1 Iru wklv zh qhhg wkh iroorzlqj idfw +zklfk lv qrw frpsohwho| wulyldo,1
Ohw {r 5 [ wkhq [ lv krphrprusklf zlwk J@J{rxqghu wkh pds jJ{r :�$ j{r

+iru d surri vhh Khojdvrq/V1/ Gl�huhqwldo jhrphwu|/ Olh jurxsv/ dqg v|pphwulf
vsdfhv/ Dfdghplf Suhvv/ Qhz \run/ 4<:;,1 Vhw N @ J{r 1 Il{ d Kddu phdvxuh
rq N zklfk zloo eh ghqrwhg zlwk wkh xvxdo lqwhjudo qrwdwlrq1 Zh gh�qh iru
i 5 Ff+J>F,/

W +i,+j{r, @

]
N

i+jn,gn=

Zh ohdyh lw wr wkh uhdghu wr fkhfn wkdw W = Ff+J>F, $ Ff+[>F, lv olqhdu dqg
frqwlqxrxv1 Ohw � eh d J0lqyduldqw phdvxuh rq [ wkhq zh gh�qh

�+i, @ �+W +i,,
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iru i 5 Ff+J>F,1 Wklv lv hdvlo| fkhfnhg wr eh ohiw lqyduldqw rq J1 Zh ohdyh lw
wr wkh uhdghu wr vhh wkdw lw lv d phdvxuh rq J1 Wkh ohppd qrz iroorzv iurp
Kddu*v wkhruhp1

Zh frqfoxgh wklv vhfwlrq zlwk d uhvxow wkdw zloo eh xvhg riwhq lq wkh uhvw ri
wkhvh ohfwxuhv1 Iluvw zh qhhg d elw pruh qrwdwlrq1 Zh qrwh wkdw li J lv d jurxs
wkhq zh fdq gh�qh wkh uljkw uhjxodu dfwlrq ri J rq J e| uj{ @ {j�41 Zh vhw
Uji+{, @ i+{j,1 Zh qrwh wkdw li � lv d ohiw lqyduldqw phdvxuh rq J wkhq wkh
phdvxuh i :�$ �+Uji, lv dovr d ohiw lqyduldqw phdvxuh1 Wkxv Kddu*v wkhruhp
lpsolhv wkdw

� �Uj @ �+j,�=

Gh�qlwlrq 79 Wkh ixqfwlrq � lv fdoohg wkh prgxodu ixqfwlrq ri J1 Lw lv frq0
wlqxrxv e| Ohppd 671 Li � � 4 wkhq zh vd| wkdw J lv xqlprgxodu1

H{huflvh 7: Vkrz wkdw wkh phdvxuh i :�$ �+��4i, lv lqyduldqw xqghu wkh uljkw
uhjxodu dfwlrq1 Vxfk d phdvxuh zloo eh fdoohg uljkw lqyduldqw1

Sursrvlwlrq 7; Ohw J eh d orfdoo| frpsdfw/ vhsdudeoh/ xqlprgxodu wrsrorjlfdo
jurxs dqg vxssrvh wkdw D dqg E duh wzr forvhg vxejurxsv ri J vxfk wkdw

DE @ idemd 5 D> e 5 Ej @J

dqg D_E lv frpsdfw1 Wkhq li gj ghqrwhv lqyduldqw phdvxuh rq J/ gd ghqrwhv
ohiw lqyduldqw phdvxuh rq D dqg ge uljkw lqyduldqw phdvxuh rq E wkhq xs wr
frqvwdqwv ri qrupdol}dwlrq]

J

i+j,gj @

]
D

]
E

i+de,gdge=

Lq rwkhu zrugv li W = Ff+J,$ Ff+D�E, lv jlyhq e| W +i,+d> e, @ i+de,/ li � lv
ohiw lqyduldqw rq D/ � lv uljkw lqyduldqw rq E wkhq +� � �, � W lv lqyduldqw rq
J1

Surri1 Ohw D� E dfw rq J e| +d> e, � { @ d{e�41 Wkhq wkh vwdelolw| jurxs
ri 4 lv i+n> n,mn 5 D_Ej zklfk lv frpsdfw1 Wkh phdvxuh +�� �, � W dqg Kddu
phdvxuh duh erwk lqyduldqw xqghu wklv dfwlrq ri D�E1 Ohppd 78 qrz lpsolhv
wkh uhvxow1

Dgghqgxp
Lq wklv dgghqgxp zh zloo glvfxvv lqwhjudwlrq rq orfdoo| frpsdfw/ vhsdudeoh

wrsrorjlfdo vsdfhv lq pruh ghwdlo1 Il{ vxfk dq [1
Zh vd| wkdw dq rshq fryhulqj X ri [ lv orfdoo| �qlwh li iru hdfk s 5 [ wkhuh

lv dq rshq qhljkerukrrg/ X / ri s lq [ vxfk wkdw wkh vhw iY 5 XmY _ X 9@ >j
lv �qlwh1 D vhtxhqfh i!mj lq Ff+[, lv fdoohg d sduwlwlrq ri xqlw| li wkhuh lv d
orfdoo| �qlwh rshq fryhulqj X @ iXmj ri [ vxfk wkdw iru hdfk m/ wkh vxssruw ri
!m lv frqwdlqhg lq iXmj dqg

45



� !m+{, � 3 iru doo { 5 [1

� S
m !m+{, @ 4 iru doo { 5 [1

Qrwlfh wkdw wkh orfdo �qlwhqhvv dvvxpswlrq lpsolhv wkdw iru hdfk { 5 [ wkhuh
lv d qhljkerukrrg ri { vxfk wkdw wkh vxp lq wkh vhfrqg sduw ri wkh gh�qlwlrq lv
xqlirupo| �qlwh1 Zh vd| wkdw wkh sduwlwlrq ri xqlw| lv vxeruglqdwh wr dq rshq
fryhulqj Y ri [ li wkh X dv deryh lv d uh�qhphqw ri Y 1

Wkhruhp D14 Ohw Y eh dq rshq fryhulqj ri [ wkhq wkhuh h{lvwv d sduwlwlrq ri
xqlw| vxeruglqdwh wr Y 1

Wklv lv d fodvvlf wkhruhp ri Glhxgrqqh1 Lw lv suryhg lq wkh vdph zd| dv
wkh vwdqgdug gl�huhqwldo jhrphwulf uhvxow xvlqj Xu|vrkq*v ohppd wr frqvwuxfw
�sdwfk ixqfwlrqv�1 Zh qrwh wkdw li ! 5 Ff+[, dqg i 5 F+[, wkhq !i 5 Ff+[,1

Ohppd D15 Ohw � eh d phdvxuh rq [1 Ohw i 5 F+[, wkhq li iru vrph sduwlwlrq
ri xqlw| i!mj [

m

�+!mmim, ?4

wkhq wklv lv vr iru hyhu| sduwlwlrq ri xqlw|1 Ixuwkhupruh/ xqghu wkh k|srwkhvlv
ri wkh deryh frqyhujhqfh wkh vhulhv[

m

�+!mi,

frqyhujhv devroxwho| dqg lwv ydoxh lv lqghshqghqw ri wkh fkrlfh ri sduwlwlrq ri
xqlw|1

Surri1 Ohw i#mj eh dqrwkhu sduwlwlrq ri xqlw|1 Wkhq zh kdyh iru hdfk m dqg
iru hdfk j 5 F+[, [

l

#l!mj @ !mj

dqg wkh vxp lv �qlwh1 Wkxv zh kdyh +xvlqj erwk orfdoo| �qlwh frqglwlrqv,[
m

�+!m mi m, @
[
m

[
l

�+#l!mmi m, @
[
l

[
m

�+#l!mmi m, @
[
l

�+#lmim,=

Qrz m�+!mi,m � �+m!mi m, @ �+!mmim,1 Wkxv wkh vxp lq wkh vhfrqg irupxod lv
devroxwho| frqyhujhqw1 Wkh odvw dvvhuwlrq lv qrz suryhg e| wkh vdph lqwhufkdqjh
ri rughuv ri lqwhjudwlrq1

Zh vd| wkdw i 5 F+J, lv �0vxppdeoh li[
m

�+!mmim, ?4
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iru vrph/ khqfh hyhu|/ sduwlwlrq ri xqlw| iru [1 Li i lv vxppdeoh dqg li i!mj lv
d sduwlwlrq ri xqlw| iru [ wkhq zh vhw

�+i, @
[
m

�+!mi,=

Wkh frqwhqw ri wkh suhylrxv uhvxow lv wkdw wklv h{suhvvlrq lv lqghshqghqw ri wkh
fkrlfh ri sduwlwlrq ri xqlw|1

Ohppd D16 Li ! 5 F+[, lv vxppdeoh dqg li i 5 F+[, vdwlv�hv mi+{,m �
m!+{,m iru doo { 5 [ wkhq i lv vxppdeoh1

Surri1 Zh kdyh �+!m mi m, � �+!m m!m,1 Wkxv[
m

�+!mmim, �
[
m

�+!m m!m,=

D phdvxuh/ �/ rq [ lv vdlg wr eh qrupdo li zkhqhyhu ! 5 Ff+[, lv vxfk wkdw
!+{, � 3 iru doo { 5 [ dqg ! 9@ 3 wkhq �+!, A 31

Ohppd D17 Li J lv d jurxs dfwlqj wudqvlwlyho| rq [ dqg li � lv d J0lqyduldqw
phdvxuh rq [ wkhq � lv qrupdo1

Surri1 Vxssrvh wkdw i 5 Ff+[, dqg i+{, � 3 iru doo { 5 [ dqg wkdw
i 9@ 31 Dvvxph wkdw �+i, @ 31 Wkhq �+Oji, @ 3 iru doo j 5 J1 Ohw X @ i{ 5
[mi+{, A 3j1 Wkhq X lv rshq dqg qrq0hpsw|1 Ohw i!mj eh d sduwlwlrq ri xqlw|
vxeruglqdwh wr wkh fryhulqj ijXjj5J1 Wkhq iru hdfk m wkhuh h{lvwv jm 5 J vxfk
wkdw wkh vxssruw ri !m lv frqwdlqhg lq ijmXj1 Wkxv Ojmi+{, A 3 li { lv lq wkh
vxssruw ri !m >Nm 1 Ohw fm @ plqn5Nm

i+n,1 Wkhq fm A 31 Zh kdyh

Ojmi+{,!m+{, � fm!m+{,=

Dovr

Ojmi+{,!m+{, � Ojmi+{,=

Sxwwlqj wklv wrjhwkhu zh kdyh

fm�+!m, � �++Ojmi,!m, � �+Ojmi, @ 31

Khqfh �+!m, @ 3 iru doo m1 Li j 5 Ff+[, dqg li F @pd{{5[ mj+{,m1 Wkhq

m�+!mj,m � �+!m mjm, � F�+!m, @ 3=

Wkxv �+!mj, @ 31 Wkxv 3 @
S

m �+!mj, @ �+j,1 Vlqfh j lv duelwudu| zh kdyh d
frqwudglfwlrq wr wkh frqyhqwlrq wkdw � 9@ 31
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41416 Rshudwru dojheudv

Iru wkh uhvw ri wkhvh ohfwxuhv m}m @ +}�},
4

5 iru d frpsoh{ qxpehu }1
Ohw Y dqgZ eh yhfwru vsdfhv ryhu F1 Zh zloo xvh wkh qrwdwlrq KrpF+Y>Z ,

iru wkh vsdfh ri doo olqhdu pdsv iurp Y wr Z 1 Li Y dqg Z duh wrsrorjlfdo vsdfhv
wkhq zh ghqrwh e| O+Y>Z , wkh vxevsdfh ri frqwlqxrxv olqhdu pdsv1

Ohw Y>Z eh orfdoo| frqyh{ wrsrorjlfdo vsdfhv zlwk wkh wrsrorj| ri Y jlyhq
e| wkh vhpl0qrupv lq wkh vhw V dqg wkdw ri Z jlyhq e| wkh vhpl0qrupv lq wkh
vhw W erwk dv lq H{dpsoh 44 Zh qrwh

Ohppd 7< Li s lv d frqwlqxrxv vhpl0qrup rq Y wkhq wkhuh h{lvwv t 5 V dqg
D A 3 vxfk wkdw s+y, � Dt+y, iru doo y 5 Y 1

Surri1 Wkh vhwv Xt>% iru t 5 V dqg % A 3 irup d edvlv ri qhljkerukrrgv ri
3 lq Y 1 Vlqfh s lv frqwlqxrxv/ wkh vhw X @ iy 5 Y ms+y, ? 4j lv rshq lq Y 1 Wklv
lpsolhv wkdw wkhuh h{lvw t 5 V dqg % A 3 vxfk wkdw Xt>% � X1 Il{ 3 ? � ? %1 Li
y 5 Y dqg t+y, A 3 wkhq t+ �

t+y,y, @ � ? %1 Wkxv s+ �
t+y,y, ? 41 Vr li t+y, A 3

zh kdyh s+y, ?
�
4
�

�
t+y,1 Li t+y, @ 3 wkhq s+wy, ? 4 doo w A 31 Wkxv s+y, @ 31

Wdnh D @ 4
�
1

Fruroodu| 83 W 5 KrpF+Y>Z , lv frqwlqxrxv li dqg rqo| li iru hyhu| s 5
W wkhuh h{lvwv t 5 V dqg F A 3 vxfk wkdw s+Wy, � Ft+y, iru doo y 5 Y 1

Wklv iroorzv iurp wkh deryh ohppd dqg Ohppd 461

Gh�qlwlrq 84 Ohw Y dqg Z eh orfdoo| frqyh{ vsdfhv dv deryh1 Wkhq wkh
vwurqj +rshudwru, wrsrorj| rq O+Y>Z , lv wkh orfdoo| frqyh{ wrsrorj| gh�qhg e|
wkh vhpl0qrupv t+Wy, iru t 5 W / y 5 Y 1

Li Y>Z duh qruphg vsdfhv zlwk qrupv e| m===mY dqg m===mZ uhvshfwlyho| wkhq
wkh frqglwlrq iru frqwlqxlw| lv mxvw wkdw wkhuh h{lvwv D A 3 vxfk wkdw mW +y,mZ �
DmymY 1 Wklv lv wkh uhdvrq zk| d frqwlqxrxv olqhdu pds lv fdoohg d erxqghg olqhdu
rshudwru1

Gh�qlwlrq 85 Lq wkh frqwh{w deryh/ li W 5 O+Y>Z , zh gh�qh

nWn @ lqiiD A 3m mW +y,mZ � DmymY > irudooy 5 Y j=
H{huflvh 86 Vkrz wkdw wklv gh�qhv d qrup rq O+Y>Z , + fdoohg wkh rshudwru
qrup,1 Ixuwkhupruh/ li V 5 O+Z>], zlwk ] d qruphg vsdfh wkhq nV � W n �
nVn nWn1

Zh qrwh wkdw li Y @ Z wkhq O+Y> Y , lv dq dojheud xqghu dgglwlrq dqg
frpsrvlwlrq1 Wklv lv dq h{dpsoh ri d qruphg dojheud1 Zh qrz jlyh wkh jhqhudo
gh�qlwlrq1

Gh�qlwlrq 87 D sdlu +U> n===n, ri dq dojheud U ryhu F dqg d qrup n===n rq U
lv vdlg wr eh d qruphg dojheud li nden � ndn nen iru doo d> e 5 U1 Lw lv fdoohg d
Edqdfk dojheud li U lv d Edqdfk vsdfh zlwk uhvshfw wr n===n1
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H{dpsoh 88 Ohw [ d frpsdfw wrsrorjlfdo vsdfh wkhq F+[, lv d Edqdfk dojheud
zlwk uhvshfw wr wkh xqlirup qrup s[ +vhh H{dpsoh 47,1

Ohppd 89 Li Y>Z duh Edqdfk vsdfhv wkhq O+Y>Z , lv d Edqdfk vsdfh zlwk
uhvshfw wr wkh rshudwru qrup1 Lq sduwlfxodu/ O+Y> Y , lv d Edqdfk dojheud1

Surri1 Vxssrvh wkdw iWmj lv d Fdxfk| vhtxhqfh lq O+Y>Z ,1 Wkhq li y 5 Y
zh kdyh

mWly � WmymZ @ m+Wl � Wm,ymZ � nWl � Wmn mymY 1
Wkxv iWmyj lv d Fdxfk| vhtxhqfh lq Z 1 VlqfhZ lv d Edqdfk vsdfh wkh vhtxhqfh
kdv d olplw1 Zklfk lv hdvlo| vhhq wr gh�qh d olqhdu ixqfwlrq ri y1 Wklv zh kdyh
V 5 KrpF+Y>Z , vxfk wkdw

olp
m$4

Wmy @ Vy> y 5 Y=

E| lwv yhu| gh�qlwlrq

olp
m$4

mWmymZ @ mVymZ > y 5 Y=

Wkxv vlqfh m nWln � nWmn m � nWl � Wmn zh vhh wkdw wkh nWmn irup d Fdxfk|
vhtxhqfh1 Khqfh wklv vhw lv erxqghg zklfk lpsolhv wkdw V lv erxqghg dqg

olp
m$4

nWmn @ nVn =

Ilqdoo|/ li % A 3 lv jlyhq wkhuh h{lvwv Q vxfk wkdw nWl � Wmn ? % iru l> m � Q 1
Dovr/ li y 5 Y wkhq wkhuh h{lvwv Q4 � Q vxfk wkdw li m � Q4 wkhq nWmy � Vyn �
%mymY 1 Wkxv li l � Q

n+Wl � V,yn @ n+Wl � Wm,y. +Wm � V,yn �
nWl � Wmn mymY . n+Wm � V,yn =

Wdnlqj m � Q4 zh kdyh wkh lqhtxdolw|

n+Wl � V,yn � 5%mymY =
Khqfh nWl � Vn � 5% li l � Q 1

Li +U> n===n, lv d qruphg dojheud wkhq li zh frpsohwh wkh xqghuo|lqj Edqdfk
vsdfh wkh frqwlqxlw| ri wkh dojheud vwuxfwxuh lpsolhv wkdw wkh frpsohwh Edqdfk
vsdfh kdv d vwuxfwxuh ri d Edqdfk dojheud1 Zklfk zh zloo fdoo wkh frpsohwlrq
ri wkdw qruphg dojheud U1

Zh qrz orrn dw d vhfrqg lpsruwdqw h{dpsoh ri d Edqdfk dojheud1 Ohw K
eh d Kloehuw vsdfh1

Gh�qlwlrq 8: Dq hohphqw W 5 O+K>K, lv vdlg wr eh frpsohwho| frqwlqxrxv
+ru frpsdfw, li zkhqhyhu V � K lv d erxqghg vhw wkhq wkh forvxuh ri W +V, lv
frpsdfw1 W lv vdlg wr eh ri �qlwh udqn li glpW +K, ? 41
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Reylrxvo| �qlwh udqn lpsolhv frpsohwho| frqwlqxrxv1 Wkh frqyhuvh ri wklv lv
dovr doprvw wuxh1

Ohppd 8; W 5 O+K>K, lv frpsohwho| frqwlqxrxv li dqg rqo| li lw lv d olplw lq
wkh qrup wrsrorj| ri d vhtxhqfh ri rshudwruv ri �qlwh udqn1

Wkh surri xvhv wkh iroorzlqj ohppd dqg lq wkh frxuvh ri wkh surri zh zloo
dovr ghyhors d juhdw ghdo ri wkh Kloehuw vsdfh wkhru| wkdw zh zloo eh xvlqj1 Zh
zloo xvh wkh qrwdwlrq FF+K, iru wkh vhw ri frpsohwho| frqwlqxrxv rshudwruv rq
K1

Ohppd 8< FF+K, lv d forvhg lghdo +uljkw dqg ohiw, lq wkh Edqdfk dojheud
O+K>K,1

Surri1 Lw lv fohdu wkdw FF+K, lv d vxevsdfh1 Ohw W 5 O+K>K, dqg
V 5 FF+K,1 Li X lv d erxqghg vxevhw ri K wkhq vr lv W +X,1 Khqfh V+W +X,,
kdv frpsdfw forvxuh1 Ohw Z eh wkh forvxuh ri V+X,1 Wkhq W +V+X,, lv frpsdfw
vlqfh W lv frqwlqxrxv dqg lw frqwdlqv WV+X,1 Khqfh/ W +V+X,, kdv frpsdfw
forvxuh1 Wkxv FF+K, lv dq lghdo1 Zh qrz suryh wkdw lw lv forvhg1 Vr dvvxph
wkdw iWmj lv d vhtxhqfh lq FF+K, dqg wkdw olpm$4 Wm @ W 5 O+K>K,1 Zh
suryh wkdw li ixqj lv dq lq�qlwh erxqghg vhtxhqfh lq K wkhq iWxqj frqwdlqv
d frqyhujhqw vxevhtxhqfh1 Zh fkrrvh ixq4>mj dq lq�qlwh vxevhtxhqfh ri ixqj
vxfk wkdw iW4xq4>mj lv frqyhujhqw1 Zh fkrrvh ixq5>mj dq lq�qlwh vxevhtxhqfh ri
ixq4>mj vxfk wkdw iWxq5>mj lv frqyhujhqw/ hwf1 Li zh vhw yl @ xql>l

wkhq iylj lv
dq lq�qlwh vxevhtxhqfh ri ixqj vxfk wkdw iWmylj frqyhujhv +lq l, iru doo m1

Ohw % A 3 eh jlyhq dqg ohw Q eh vxfk wkdw li m � Q wkhqnW � Wmn ? %1 Ohw
Q4 eh vxfk wkdw li q>p � Q4 wkhq nWQ+yq � yp,n ? %1 Li q>p � Q4 wkhq

nW +yp � yq,n @ n+W � WQ , +xp � xq, . WQ +xp � xqn �
nW � WQn5F . % � +5F .4,%1

Wkh uhvxow qrz iroorzv1
Zh zloo dovr xvh vrph dvshfwv ri Kloehuw vsdfh wkhru| wkdw duh frpsohwho|

vwdqgdug dqg L zloo mxvw txrwh pdq| ri wkhp1 Iru h{dpsoh doo fdq eh irxqg lq
\rvklgd*v errn1

Vr iru wkh wlph ehlqj K lv d Kloehuw vsdfh zlwk lqqhu surgxfw k===> ===l1
Wkh prvw lpsruwdqw vlqjoh uhvxow lv wkh Ulhv} uhsuhvhqwdwlrq wkhruhp +s1;5 lq
\rvklgd,1

Wkhruhp 93 Ohw Y eh d forvhg vxevsdfh ri K dqg vhw Y B @ i} 5 Km k}> yl @
3> y 5 Y j1 Wkhq K @ Y

O
Y B1

Wklv uhvxow lpsolhv

Fruroodu| 94 Li � 5 K 3 wkhq wkhuh h{lvwv d xqltxh hohphqw i 5 K vxfk wkdw
�+{, @ k{> il iru doo { 5 K1

4:



Zh zloo gr wkh hdv| dujxphqw wkdw vkrzv krz wkh wkhruhp grhv lpso| wkh
fruroodu|1 Zh pd| dvvxph wkdw � 9@ 31 Vhw Y @ nhu� zklfk lv forvhg dqg
frglphqvlrq 41 Wkhq Y B lv rqh glphqvlrqdo1 Vlqfh � 9@ 3 wkhuh lv d xqltxh
hohphqw x 5 Y B vxfk wkdw �+x, @ 41 Wdnh i @ x

nxn5
1

Gh�qlwlrq 95 Li Y lv d forvhg vxevsdfh ri K wkhq zh gh�qh SY = K $ Y � K
e| vhwwlqj SY +y, @ y li y 5 Y dqg SY +x, @ 3 li x 5 Y B dqg h{whqglqj e|
olqhdulw|1 SY lv fdoohg wkh ruwkrjrqdo surmhfwlrq rqwr Y 1

Li W 5 O+K>K, wkhq zh qrwh wkdw li z 5 K wkh pds y :�$ kWy> zl gh�qhv
dq hohphqw ri K 31 Khqfh/ wkhuh h{lvwv d xqltxh hohphqw lq K/ ghqrwhg W �+z,/
vxfk wkdw

kWy> zl @ ky> W �+z,l =

Zh qrwh wkdw lw lv fohdu wkdw W � gh�qhv d olqhdu pds ri K wr K1 Zh dovr qrwh
wkdw li W �+y, 9@ 3 wkhq

nW �yn5 @ kW �y> W �yl @ kWW �y> yl � nWn nW �yn nyn =

Vr li zh glylgh nW �yn iurp erwk vlghv zh kdyh nW �yn � nWn nyn1 Wklv W �

lv erxqghg dqg kdv qrup dw prvw nWn1 Qrwlqj wkdw +W �,� @ W zh vhh wkdw
nW �n @ nWn1

Gh�qlwlrq 96 Wkh rshudwru W � zloo eh fdoohg wkh dgmrlqw ri W 1

Ohppd 97 Ohw W 5 FF+K, eh vxfk wkdw W @ W �1 Wkhq wkhuh h{lvwv dq ru0
wkrqrupdo edvlv/ iyqj/ ri nhuWB dqg �m 5 U vxfk wkdw Wyq @ �qyq dqg wkh
glphqvlrq ri WB lv lq�qlwh wkhq olpq$4 �q @ 31

Wklv uhvxow lv frpsohwho| vwdqgdug1 Wkh vlpsohvw surri ri lw wkdw zh nqrz
lv lq Q1Zdoodfk/ Uhdo Uhgxfwlyh JurxsvL/ Dfdghplf Suhvv/ 4<;;/ s1659/ ;/D14151

Zh fdq qrz frpsohwh wkh surri ri Ohppd 8;1 Li W 5 FF+K, wkhq W @
W.W�

5
. lW�W�

5
1 Hdfk whup lv vhoi dgmrlqw dqg frpsdfw1 Zh pd| wkhuhiruh

dvvxph wkdw W @ W �1 Ohw ym eh dv lq Ohppd 971 Li wkhuh duh rqo| d �qlwh
qxpehu wkhq W kdv �qlwh udqn1 Vr dvvxph wkdw wkh qxpehu lv lq�qlwh1 Ohw iru
hdfk p/ Yp eh wkh vsdq ri y4> ===> yp1 Ohw Sp eh wkh ruwkrjrqdo surmhfwlrq rqwr
Yp1 Wkhq nSpW � Wn @ vxsim�qmmq A pj $ 3 dv p $ 41 Wkh qhfhvvlw| lv d
frqvhtxhqfh ri Ohppd 8<1

Wkh xsvkrw ri doo ri wklv lv wkdw FF+K, lv dq h{dpsoh ri d Edqdfk dojheud1
Zh qrz frph wr rxu wklug pdlq h{dpsoh ri d Edqdfk dojheud1 Ohw J eh

d orfdoo| frpsdfw vhsdudeoh +l1h frxqwdeoh edvlv iru wkh wrsrorj|, jurxs dqg
ohw � eh d fkrlfh ri ohiw lqyduldqw phdvxuh1 li i> j 5 Ff+J, wkhq zh gh�qh
�j+x, @ j+x�4, dqg

i � j+{, @ �+iO{�j,1

4;



Lq lqwhjudo qrwdwlrq wklv vd|v

i � j+{, @
]
J

i+x,j+x�4{,gx=

Ohw D>E ghqrwh wkh vxssruwv ri i dqg j uhvshfwlyho|1 Wkhq wkh deryh h{suhvvlrq
lv 3 li { @5 DE1 Dovr rqh vhhv iurp wkh �uvw irupxod wkdw i � j lv frqwlqxrxv dqg
khqfh lw lv dq hohphqw ri Ff+J,1 Wklv hohphqw lv fdoohg wkh frqyroxwlrq ri i dqg
j1 Zh revhuyh wkdw wklv elolqhdu rshudwlrq lv dq dojheud vwuxfwxuh1 Lqghhg/

i4 � +i5 � i6,+{, @
]
J

i4+j4,+i5 � i6,+j�4
4 {,gj4

@

]
J

i4+j4,+

]
J

i5+j5,i6+j
�4
5 j�4

4 {,gj5,gj4

@

]
J

]
J

i4+j4,i5+j5,i6++j4j5,
�4{,gj5gj4

@

]
J

]
J

i4+j4,i5+j
�4
4 j5,i6+j5

�4{,gj5gj4

e| wkh ohiw lqyduldqfh ri wkh lqwhjudo lq j51 Wkh odvw h{suhvvlrq fdq eh zulwwhq]
J

+

]
J

i4+j4,i5+j
�4
4 j5,gj4,i6+j5

�4{,gj5 @ +i4 � i5, � i6+{,=

Zh kdyh wkhuhiruh hqgrzhg Ff+J, zlwk wkh vwuxfwxuh ri dq dojheud1

H{huflvh 98 Vkrz wkdw frqyroxwlrq gh�qhv d frqwlqxrxv pds ri Ff+J,�Ff+J,
wr lwvhoi1 Wkxv Ff+J, lv d wrsrorjlfdo dojheud xqghu frqyroxwlrq1

H{huflvh 99 Vkrz wkdw li i> j 5 Ff+J, wkhq
U
J
+i�j,+{,g{ @

U
J
i+{,g{

U
J
j+{,g{=

Li i 5 Ff+J, wkhq zh vhw nin4 @ �+mi m,1 Wklv lv wkh xvxdo O40qrup1

Ohppd 9: Ff+J, hqgrzhg zlwk wkh O40qrup lv d qruphg dojheud xqghu frq0
yroxwlrq1

Surri1 Zh kdyh

ni4 � i5n4 @

]
J

mi4 � i5+{,mg{ @

]
J

m
]
J

i4+j,i5+j
�4{,gjmg{

�
]
J

]
J

mi4+j,i5+j�4{,mgjg{ @

]
J

mi4+j,m+
]
J

mi5+j�4{,mg{,gj

@

]
J

mi4+j,m
]
J

mi5+{,mg{gj @ ni4n4 ni5n4 =

Wklv lpsolhv wkdw xqghu frqyroxwlrq Ff+J, lv d qruphg dojheud uhodwlyh wr wkh
O40qrup1 Zh ghqrwh wkh fruuhvsrqglqj frpshwhg dojheud e| O4+J,1 Rqh fdq
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vkrz wkdw hohphqwv ri O4+J, duh uhsuhvhqwhg e| ixqfwlrqv rq J +qrw qhfhvvdulo|
frqwlqxrxv/ qru ri frpsdfw vxssruw,1

Li i4> i5 5 Ff+J, wkhq zh gh�qh

ki4> i5l @ �+i4i5, @

]
J

i4+j,i5+j,gj1

Wkhq wklv gh�qhv d Khuplwldq lqqhu surgxfw rq Ff+J, dqg wkhuhe| hqgrzv lw
zlwk wkh vwuxfwxuh ri d suh0Kloehuw vsdfh1 Wkh Kloehuw vsdfh frpsohwlrq ri Ff+J,

zloo eh ghqrwhg O5+J,1 Dv lv fxvwrpdu|/ zh zulwh nin5 @ ki> il 45 1
Gh�qlwlrq 9; Li +K> k===> ===l, lv d Kloehuw vsdfh wkhq dq hohphqw/ W>riKrpF+K>K,
lv vdlg wr eh xqlwdu| li lw lv vxumhfwlyh dqg kWi4> Wi5l @ ki4> i5l iru doo i4> i5 lq
K1

Zh qrwh wkdw li W lv xqlwdu| rq K dqg li n===n lv wkh fruuhvsrqglqj qrup rq
K wkhq nWyn @ nyn iru doo y 5 K1 Lq sduwlfxodu/ W lv erxqghg dqg lqmhfwlyh1
Vlqfh lw lv vxumhfwlyh lw lv elmhfwlyh1 Wkh lqyhuvh lv jlyhq e| W �1

Ohppd 9< Li j 5 J wkhq Oj gh�qhv d xqlwdu| rshudwru rq O5+J,1 Ixuwkhu0
pruh/ wkh pds J $ O+O5+J,> O5+J,,/ j :�$ Oj lv frqwlqxrxv li zh hqgrz
O+O5+J,> O5+J,, zlwk wkh vwurqj wrsrorj|1

Zh zloo xvh vrph pruh jhqhudo frqfhswv wr suryh wklv uhvxow1

Gh�qlwlrq :3 Ohw J eh d orfdoo| frpsdfw wrsrorjlfdo jurxs1 Wkhq d uhsuh0
vhqwdwlrq ri J lv d sdlu +�> Y , ri d orfdoo| frqyh{ vsdfh Y dqg d krprpru0
sklvp/ � ri J lqwr wkh frqwlqxrxv lqyhuwleoh rshudwruv rq Y vxfk wkdw wkh pds
� = J $ O+Y> Y , lv frqwlqxrxv lq wkh vwurqj/ rshudwru wrsrorj|1 Li Y lv d Ed0
qdfk +uhvs1 Kloehuw/ uhs1 Iuìfkhw, vsdfh wkhq +�> Y , lv fdoohg d Edqdfk +uhvshfw
Kloehuw/ Iuìfkhw, uhsuhvhqwdwlrq1 Li Y lv d Kloehuw vsdfh dqg �+j, lv d xqlwdu|
rshudwru iru hdfk j 5 J wkhq +�> Y , lv fdoohg d xqlwdu| uhsuhvhqwdwlrq1

Wkxv wkh frqwhqw ri wkh deryh ohppd lv wkdw li zh vhw �+j, @ Oj wkhq
+�>O5+J,, lv d xqlwdu| uhsuhvhqwdwlrq fdoohg wkh ohiw uhjxodu uhsuhvhqwdwlrq1 Qr0
wlfh wkdw lq wkh Edqdfk fdvh zh gr qrw xvh wkh qrup wrsrorj| rq O+Y>Y ,1

Uhpdun :4 Li zh uhsodfh ohiw lqyduldqw phdvxuh zlwk uljkw lqyduldqw phdvxuh
wkhq Uj gh�qhv d xqlwdu| uhsuhvhqwdwlrq ri J rq wkh fruuhvsrqglqj O5+J,1

Zh zloo eh pdlqo| ghdolqj zlwk Kloehuw uhsuhvhqwdwlrqv lq wkhvh ohfwxuhv1
Zkhq zh qhhg pruh jhqhudo vsdfhv lw zloo eh ehfdxvh zh kdyh lpsrvhg vwurqjhu
frqglwlrqv wkdq frqwlqxlw| rq rxu uhsuhvhqwdwlrqv1 Zh qhhg d jhqhudo phwkrg
ri fkhfnlqj wkh vwurqj frqwlqxlw|1 Iru wklv zh zloo xvh wkh sulqflsoh ri xqlirup
erxqghgqhvv1

Wkhruhp :5 Ohw Y>Z eh Edqdfk vsdfhv dqg ohw X eh d vxevhw ri O+Y>Z ,1
Vxssrvh wkdw iru hdfk y 5 Y wkhuh h{lvwv Fy ? 4 vxfk wkdw nWyn � Fy nyn iru
doo W 5 X 1 Wkhq wkhuh h{lvwv F ? 4 vxfk wkdw nWn � F iru doo W 5 X 1
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Wklv vxusulvlqj wkhruhp lv d frqvhtxhqfh ri wkh Edluh fdwhjru| wkhruhp1 D
surri fdq eh irxqg lq \rvklgd +flwhg dw wkh ehjlqqlqj ri 41414,1

Ohppd :6 Ohw K eh d Kloehuw vsdfh/ ohw J d orfdoo| frpsdfw/ vhsdudeoh wrsrorj0
lfdo jurxs dqg ohw � eh d krprprusklvp ri J lqwr erxqghg/ lqyhuwleoh rshudwruv
rq K1 Wkhq � gh�qhv d uhsuhvhqwdwlrq ri J +wkdw lv/ lw lv frqwlqxrxv lq wkh
vwurqj wrsrorj|, li dqg rqo| li wkh iroorzlqj wzr frqglwlrqv duh vdwlv�hg

41 Wkhuh lv d ghqvh vxevsdfh/ Y � K vxfk wkdw li y 5 Y>z 5 K wkh ixqfwlrq
fy>z+j, @ k�+j,y> zl lv frqwlqxrxv1

51 Li N lv d frpsdfw vxevhw ri J wkhq wkhuh h{lvwv d srvlwlyh frqvwdqw FN

vxfk wkdw n�+j,n � FN iru doo n 5 N1

Surri1 Li +�>K, lv d uhsuhvhqwdwlrq wkhq frqglwlrq 41 lv fohduo| vdwlv�hg1
Wkh vwurqj frqwlqxlw| lpsolhv wkdw wkh ixqfwlrqv

j :�$ n�+j,yn

duh frqwlqxrxv rq J1 Frqglwlrq 5 qrz iroorzv iurp wkh sulqflsoh ri xqlirup
erxqghgqhvv1 Zh qrz frqvlghu wkh frqyhuvh1 Vr zh dvvxph wkh wzr frqglwlrqv1
Zh revhuyh wkdw wkh| lpso|

431 fy>z lv frqwlqxrxv iru doo y> z 5 K1
Wklv lv suryhg e| d �6% dujxphqw�1 Ohw y 5 K/ j 5 J/ iymj d vhtxhqfh

lq Y vxfk wkdw olp ym @ y/ ijqj d vhtxhqfh lq J vxfk wkdw olpjq @ j1 Wkhq
wkhuh h{lvwv d frpsdfw vxevhw N ri J frqwdlqlqj j dqg hdfk ri wkh jq1 Zh pxvw
vkrz wkdw olpq$4 fy>z+jq, @ fy>z+j,1 Zh qrwh wkdw Frqglwlrq 5 lpsolhv wkdw
n�+n,n � FN ? 4 iru doo n 5 N1 Vhw F @ FN 1 Zh kdyh

mfy>z+jq,� fy>z+j,m @ mfy>z+jq,� fym >z+jq, . fym >z+jq,� fym >z+j, . fym >z+j,� fy>z+j,m
� mfy>z+jq,� fym >z+jq,m. mfym >z+jq,� fym >z+j,m. mfym >z+j,� fy>z+j,m
@ m k�+jq,+y � ym,> zl m. mfym >z+jq,� fym >z+j,m. m k�+j,+ym � y,> zl m
� 5F ny � ymn nzn. mfym >z+jq,� fym >z+j,m=

Qrz ohw % A 3 eh jlyhq wkhq wkhuh h{lvwv Q vxfk wkdw li m � Q wkhq ny � ymn ? %1
Il{ rqh vxfk m1 Wkhuh h{lvwv Q4 vxfk wkdw li q � Q4 wkhq mfym >z+jq,�fym >z+j,m ?
%1 Sxwwlqj doo ri wklv wrjhwkhu zh kdyh wkdw li q � Q4 wkhq mfy>z+jq,�fy>z+j,m ?
+5F.$,%1 Wklv suryhv 43=

Zh zloo qrz ehjlq wkh surri ri wkh ohppd1 Lghdv lq wklv surri zloo eh xvhg
lq wkh qh{w vhfwlrq1 Ohw Kr eh wkh vxevsdfh ri doo y 5 K vxfk wkdw wkh pds
j :�$ �+j,y lv frqwlqxrxv iurp J wr K1 Wkhq xvlqj dq dujxphqw dv lq wkh surri
ri 43= rqh fdq vkrz wkdw frqglwlrq 51 lpsolhv wkdw Kr lv forvhg1 Dovr/ lw lv qrw
kdug wr vhh wkdw li zh fdq vkrz wkdw Kr @K wkhq wkh uhvxow lv suryhg1

Li i 5 Ff+J, wkhq zh vhw

�i+y>z, @

]
J

i+j, k�+j,y> zl gj1
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Li wkh vxssruw ri i lv frqwdlqhg lq wkh frpsdfw vhw N dqg li ! 5 Ff+J, lv vxfk
wkdw !+n, @ 4 iru doo n 5 N +vxfk d ! h{lvwv e| Xu|vrkq*v wkhruhp, wkhq zh
kdyh ���i+y> z,

�� � FN n!n4 sN+i, nyn nzn 1
Wkxv wkh Ulhv} uhsuhvhqwdwlrq wkhruhp lpsolhv wkdw iru hdfk y 5 K wkhuh

h{lvwv dq hohphqw Wi+y, 5 K vxfk wkdw kWi+y,> zl @ �i +y> z,1 Lw lv hdv| wr
vhh wkdw Wi lv d olqhdu pds ri K wr K1 Wkh hvwlpdwh deryh qrz vkrzv wkdw
nWi +y,n � FN n!n4 sN+i, nyn1 Wkxv wkh pds i :�$ Wi ri wkh frpsohwlrq ri
Ff+J, lqwr O+K>K, lv vwurqjo| frqwlqxrxv1 Zh qrwh wkdw

WOji @ �+j,Wi 1

Khqfh Wi +K, 5 Kr iru doo i 5 Ff+J,1 Qrz/ vlqfh J lv vhsdudeoh dqg orfdoo|
frpsdfw zh fdq �qg d vhtxhqfh ri rshq vxevhwv Xm � J vxfk wkdw Xm lv frpsdfw/
Xm � X m.4 dqg _mXm @ i4j1 Xu|vrkq*v ohppd lpsolhv wkdw wkhuh h{lvwv !m 5
Ff+J, vxfk wkdw wkh vxssruw ri !m lv frqwdlqhg lq Xm / !m+{, � 3 iru doo { 5 J

dqg !m+{, @ 4 iru doo { 5 X m.41 Vhw xm+{, @
!m+{,

n!mn
4

1 Wkhq li y> z 5 K

olp
m$4


Wxm

+y,> z
�
@ ky> zl =

Ehiruh zh suryh wklv zh zloo vkrz krz lw frpsohwhv wkh surri1
Zh qhhg wr vkrz wkdw KB

r @ 31 Exw li z 5 KB
r wkhq


Wxm

+z,> z
�
@ 3 iru doo

m1 Khqfh wkh olplw irupxod lpsolhv wkdw kz>zl @ 31
Wr suryh wkh olplw irupxod zh qrwh wkdw

Wxm
+y,> z

�� ky> zl @
]
J

xm+j,+fy>z+j,� fyz+4,,gj1

Ohw % A 3 eh jlyhq wkhq wkhuh h{lvwv Q vxfk wkdw li m � Q wkhq

mfy>z+j,� fyz+4,m ? % iru j 5 Xm1

Wkxv li m � Q wkhq]
J

xm+j,+fy>z+j,� fyz+4,,gj � %

]
J

xm+j,gj @ %1

Wklv frpsohwhv wkh surri1

Gh�qlwlrq :7 Li +�>K, lv d Kloehuw uhsuhvhqwdwlrq ri J wkhq wkh rshudwru Wi

dv gh�qhg lq wkh deryh surri zloo eh ghqrwhg �+i,1

Gh�qlwlrq :8 Li J lv d orfdoo| frpsdfw vhsdudeoh wrsrorjlfdo jurxs wkhq d vh0
txhqfh ixmj ri qrq0qhjdwlyh ixqfwlrqv lq Ff+J, vxfk wkdw nxmn4 @ 4 iru doo m

dqg wkhuh h{lvw rshq vxevhwv Xm ri J vxfk wkdw Xm lv frpsdfw/ Xm � X m.4 dqg
_mXm @ i4j dqg wkh vxssruw ri xm lv frqwdlqhg lq Xm wkhq ixmj zloo eh fdoohg d
ghowd vhtxhqfh ru dssur{lpdwh lghqwlw| rq J=

H{huflvh :9 Suryh Ohppd 9<1
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415 Edvlf uhsuhvhqwdwlrq wkhru|

41514 Vfkxu*v ohppd1

Wkurxjkrxw wklv vhfwlrq J zloo ghqrwh d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo
jurxs1

Shukdsv Vfkxu*v ohppd +lq lwv pdq| jxlvhv, wkh prvw ixqgdphqwdo vlqjoh
uhvxow ri uhsuhvhqwdwlrq wkhru|1 Lq wklv vhfwlrq zh zloo jlyh vhyhudo yduldqwv ri
wklv uhvxow1 Wkh �uvw lv wkh prvw vwdqgdug dqg lv d gluhfw frqvhtxhqfh ri wkh
vshfwudo wkhruhp1 Zh �uvw qhhg vrph gh�qlwlrqv1

Gh�qlwlrq :: Ohw +�> Y , eh d uhsuhvhqwdwlrq ri J rq d orfdoo| frqyh{ vsdfh Y 1
D vxevsdfh Z ri Y lv vdlg wr eh lqyduldqw li �+j,Z � Z 1 Wkh uhsuhvhqwdwlrq
lv vdlg wr eh luuhgxfleoh li wkh rqo| forvhg/ lqyduldqw vxevsdfhv duh i3j dqg Y 1

Gh�qlwlrq :; Li +�l> Yl,/ l @ 4> 5 duh uhvshfwlyho| uhsuhvhqwdwlrqv ri J rq or0
fdoo| frqyh{ vsdfhv Y4> Y5 wkhq d frqwlqxrxv pds W = Y4 $ Y5 zloo eh fdoohg d
J0krprprusklvp ru J0lqwhuwzlqlqj rshudwru li W ��+j, @ �+j,�W iru doo j 5 J1
Zh zloo xvh wkh qrwdwlrq OJ+Y4> Y5, iru wkh vsdfh ri doo J0krprprusklvpv iurp
Y4 wr Y51 Wkh uhsuhvhqwdwlrqv duh vdlg wr eh htxlydohqw li wkhuh h{lvwv dq hohphqw
wkhq lv elmhfwlyh zlwk frqwlqxrxv lqyhuvh lq O+Y4> Y5,1

Uhpdun :< Lq wkh olwhudwxuh wkh qrwdwlrq KrpJ+Y4> Y5, lv riwhq xvhg iru zkdw
zh duh fdoolqj OJ+Y4> Y5,1

Khuh lv wkh �uvw yhuvlrq ri Vfkxu*v Ohppd zklfk lv d gluhfw frqvhtxhqfh ri
wkh vshfwudo wkhruhp1

Sursrvlwlrq ;3 Ohw +�>K, eh d xqlwdu| uhsuhvhqwdwlrq ri J1 Wkhq lw lv luuh0
gxfleoh li dqg rqo| li OJ+K>K, @ FL1

Surri1 Vxssrvh OJ+K>K, @ FL1 Ohw Y eh d forvhg lqyduldqw vxevsdfh
ri K1 Ohw S ghqrwh wkh ruwkrjrqdo surmhfwlrq ri K rqwr Y 1 Li y 5 K wkhq
y @ y4 . y5 zlwk y4 5 Y dqg y5 5 Y B1 Li z 5 Y B dqg li y 5 Y wkhq iru hdfk
j 5 J zh kdyh 3 @ k�+j,y>zl @ 

y> �+j�4,z
�
e| wkh dvvxpswlrq ri xqlwdulw|1

Exw wkhq Y B lv dq lqyduldqw vsdfh1 Wkxv �+j,y4 5 Y dqg �+j,y5 5 Y B1 Khqfh
S�+j,y @ �+j,y4 @ �+j,Sy1 Wkxv S 5 OJ+K>K,1 Wkxv S @ }L / } 5 F1 Vlqfh
S lv d surmhfwlrq } @ 3 ru L 1 Wkxv Y @ i3j ru Y @ K1

Zh qrz suryh wkh frqyhuvh1 Zh �uvw qrwh wkdw li W 5 OJ+K>K, wkhq vr lv W �1
Vlqfh W @ W.W�

5 .lW�W�

5l zh pxvw rqo| vkrz wkdw li W lv d vhoi dgmrlqw lqwhuwzlq0
lqj rshudwru wkhq W lv d pxowlsoh ri wkh lghqwlw|1 Vr zh dvvxph W 5 OJ+K>K,
dqg W � @ W 1 Wr vxfk dq rshudwru wkhuh lv dq dvvrfldwhg idplo| ri vshfwudo
surmhfwlrqv/ SV / iru V � U d Eruho vhw1 +Vhh Uhhg/P1 dqg Vlprq/E1/ Ixqfwlrqdo
Dqdo|vlv L/Dfdghplf Suhvv/4<:51/ s15671, Wkh xqltxhqhvv ri wkh vshfwudo uhvr0
oxwlrq dqg wkh idfw wkdw �+j,W�+j,�4 @ W lpsolhv wkdw �+j,SV�+j,

�4 @ SV iru
doo V1 Wkhq W @ sL li dqg rqo| li Sisj @ L 1 Li wkh uhdo lqwhuydo ^d> e` frqwdlqv wkh
vshfwuxp ri W wkhq S^d>e` @ L1 Ohw M4 @ ^d> e`1 Li zh elvhfw M4/ wkhq M4 @ D ^E
dqg rqh ri SD ru SE lv qrq0}hur1 Wkxv SD @ L ru SE @ L 1 Ohw M5 eh rqh ri
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D>E vxfk wkdw SM5 @ L1 Zh fdq elvhfw djdlq dqg jhw M6 rqh ri wkh kdoyhv vxfk
wkdw SM5 @ L1 Zh wklv kdyh d qhvwhg vhtxhqfh ri lqwhuydov M4 � M5 � M6 � ===
vxfk wkdw Ml kdv ohqjwk 5�l+e � d, dqg SMl

@ L 1 Zh qrwh wkdw _lMl @ isj iru
vrph s 5 U1 Wkh gh�qlwlrq ri vshfwudo surmhfwlrqv lpsolhv wkdw wkh olplw ri wkh
SMl

lq wkh vwurqj rshudwru wrsrorj| lv Sisj1 Wkxv Sisj @ L 1 Khqfh W @ sL 1
Zh zloo uhskudvh wklv uhvxow lq wkh frqwh{w ri rshudwru dojheudv1 Ohw D �

O+K>K, eh d vxedojheud1 Wkhq lw lv fdoohg d �dojheud li zkhqhyhu W 5 D/
W � 5 D1 Zh vd| wkdw D lv dq luuhgxfleoh vxedojheud li zkhqhyhu Y � K lv d
forvhg vxevsdfh lqyduldqw xqghu doo wkh hohphqwv ri D/ Y @ i3j ru Y @ K1

Gh�qlwlrq ;4 Li D lv d vxevhw ri O+K>K, wkhq zh ghqrwh e| D3 wkh vhw iW 5
O+K>K,mWd @ dW> d 5 Dj1 D3 lv fdoohg wkh frppxwdqw ri D1

Wkh deryh lv d vwdqgdug qrwdwlrq1 Lw xqiruwxqdwho| frq lfwv zlwk rxu qrwd0
wlrq iru gxdo vsdfh1 Lw zloo eh deoh wr nhhs wudfn ri wklv dpeljxlw| wkurxjk wkh
frqwh{w ri lwv xvdjh1

Zh zloo qrz uhvwdwh Vfkxu*v ohppd1

Fruroodu| ;5 +wr wkh surri,D �dojheud D � O+K>K, lv luuhgxfleoh li dqg rqo|
li D3 @ FL1

Surri1 Zh qrwh wkdw li Y � K lv d forvhg vxevsdfh lqyduldqw xqghu hyhu|
hohphqw ri D wkhq vr lv Y B1 Wkxv dv deryh SY 5 D31 Wkxv li D3 @ FL 1 Wkhq D
lv luuhgxfleoh +dv deryh,1 Wr suryh wkh frqyhuvh/ zh qrwh wkdw li W 5 D3 wkhq vr
lv W �1 Li d 5 D lv vxfk wkdw d� @ d wkhq wkh hohphqw

hld @
4[

q@3

+ld,q

q$

gh�qhv d xqlwdu| rshudwru rq K1 Vlqfh

g

gw mw@3
hlwdWh�lwd @ l+dW � Wd,=

Zh vhh wkdw W 5 D3 li dqg rqo| li hldWh�ld @ W iru doo d 5 D vxfk wkdw d @ d�1
Zh fdq qrz dujxh lq h{dfwo| wkh vdph zd| dv zh glg lq wkh surri ri wkh suhylrxv
sursrvlwlrq wr suryh wkdw D3 @ FL 1

Zh qrz frph wr wkh Yrq Qhxpdqq ghqvlw| wkhruhp1

Wkhruhp ;6 Ohw D � O+K>K, eh d �vxedojheud frqwdlqlqj L1 Ohw W 5 +D3,3

dqg ohw i{qj4q@4 eh d vhtxhqfh lq K vxfk wkdw
S4

q@4 n{qn5 ? 41 Wkhq jlyhq

% A 3 wkhuh h{lvwv d 5 D vxfk wkdw
S4

q@4 n+W � d,{qn5 ? %1

Surri1 Ohw Y eh d Kloehuw vsdfh dqg ohw E eh d �vxedojheud ri O+Y> Y ,
frqwdlqlqj L 1 Wkhq

+4, Li y 5 Y wkhq +E3,3y � Ey1

Lqghhg/ Ey
B
lv E lqyduldqw vlqfh E lv lqyduldqw xqghu �1 Wklv lpsolhv wkdw

li S lv wkh ruwkrjrqdo surmhfwlrq ri Y rqwr Ey wkhq S 5 E31 Wkxv li W 5 +E3,3
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wkhq WS @ SW 1 Khqfh W +Ey, � Ey1 Zh wkhuhiruh vhh wkdw +E3,3+Ey, � Ey1
Wklv suryhv wkh uhvxow vlqfh y 5 Ey1

Zh zloo dsso| wklv uhvxow wr wkh Kloehuw vsdfh Y wkdw frqvlvwv ri doo vhtxhqfhv
i{qj zlwk

S4
q@4 n{qn5 ? 4 dqg lqqhu surgxfw ki{qj> i|qjl @

S
q k{q> |ql1 Ohw

E eh wkh dojheud ri rshudwruv �+d,/ d 5 D jlyhq e| �+d,i{qj @ id{qj1 Ohw
Spi{qj @ {p dqg ohw Tp{ @ i�q>p{j4q@41 Wkhq S�

p @ Tp1
Vxssrvh wkdw W 5 E3 dqg d 5 D1 Wkhq

SpW�+d,i{qj @ Sp�+d,Wi{qj @ dSpWi{qj=

Dovr

WTpd{ @ W�+d,Tp{ @ �+d,WTp{=

Wklv lpsolhv

+5, Li W 5 E3 wkhq SqWTp 5 D3 iru doo q>p � 41
Wklv lpsolhv wkdw li V 5 +D3,3 wkhq wkh rshudwru i{qj :�$ iV{qj lv lq +E3,31

Khqfh li W 5 +D3,3 wkhq

iW{qj 5 Ei{qj=

Wklv lpsolhv wkdw jlyhq % A 3 wkhuh h{lvwv d 5 D vxfk wkdw
S4

q@4 n+W � d,{qn5 ?
%1

Wkh iroorzlqj uhvxow lv dovr uhihuuhg wr dv wkh Yrq Qhxpdqq ghqvlw| wkhruhp
lq wkh olwhudwxuh1

Fruroodu| ;7 Ohw D eh d �vxedojheud ri O+K>K, wkhq li L lv lq wkh forvxuh ri D
zlwk uhvshfw wr wkh vwurqj rshudwru wrsrorj| wkhq wkh dojheud +D3,3 lv wkh forvxuh
ri D lq wkh vwurqj rshudwru wrsrorj|1

Surri1 Ohw F @ D . FL 1 Wkhq wkh deryh uhvxow lpsolhv wkdw +F 3,3 lv
frqwdlqhg lq wkh forvxuh ri F lq wkh vwurqj wrsrorj|1 Qrz wkh forvxuh ri F lv
wkh vdph dv wkh forvxuh ri D e| rxu k|srwkhvlv1 Dovr lw lv fohdu wkdw D3 @ F31
Wkxv +D3,3 lv frqwdlq lq wkh forvxuh ri D1 Vlqfh wkh uhyhuvh lqfoxvlrq lv fohdu/
wkh uhvxow iroorzv1

Wklv uhvxow |lhogv dq dqdorj ri Exuqvlgh*v wkhruhp1

Fruroodu| ;8 Ohw D eh d �vxedojheud ri O+K>K, frqwdlqlqj wkh lghqwlw| lq lwv
forvxuh lq wkh vwurqj rshudwru wrsrorj| dqg dfwlqj luuhgxfleo| rq K wkhq wkh
forvxuh ri D lq wkh vwurqj wrsrorj| lv O+K>K,1

Surri1 D3 @ FL 1
Dw wklv srlqw zh fdq lqwurgxfh dq lpsruwdqw fodvv ri dojheudv iru devwudfw

uhsuhvhqwdwlrq wkhru|1

Gh�qlwlrq ;9 D �vxedojheud ri O+K>K, lv fdoohg d Yrq Qhxpdqq dojheud ri
lw lv forvhg lq wkh vwurqj rshudwru wrsrorj| dqg frqwdlqv wkh lghqwlw|1
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Wkh deryh uhvxowv lpso|

Sursrvlwlrq ;: D �vxedojheud/ D/ ri O+K>K, lv d Yrq Qhxpdqq dojheud li
dqg rqo| li +D3,3 @ D1

Zh zloo xvh wklv uhvxow wr jlyh d xvhixo yduldqw ri Vfkxu*v ohppd1

Sursrvlwlrq ;; Ohw +�>K, eh dq luuhgxfleoh xqlwdu| uhsuhvhqwdwlrq ri J1 Ohw
G eh d ghqvh vxevsdfh ri K vxfk wkdw �+j,G � G iru doo j 5 J dqg ohw W eh d
olqhdu pds ri G wr K vxfk wkdw W�+j,y @ �+j,Wy iru doo j 5 J>y 5 G1 Dvvxph
wkdw wkhuh h{lvwv d ghqvh vxevsdfh G3 lq K dqg d olqhdu pds V iurp G3 wr K
vxfk wkdw

kWy>zl @ ky> Vzl
iru doo y 5 G/ z 5 G31 Wkhq W @ �L iru vrph � 5 F1

Uhpdun ;< Qrwlfh wkdw wkhuh lv qr wrsrorj| dvvxphg rq G ru G3 dqg W>V duh
jhqhudo vxemhfw wr wkh dvvxpswlrqv lq wkh sursrvlwlrq1

Surri1 Dvvxph wkdw y 5 G dqg y dqg Wy duh olqhduo| lqghshqghqw1 Wkhq
wkhuh h{lvwv E 5 O+K>K, zlwk Ey @ y/ EWy @ y1 Ohw D eh wkh vxedojheud ri
O+K>K, vsdqqhg e| i�+j,mj 5 Jj1 Wkhq D vdwlv�hv wkh k|srwkhvlv ri Wkhruhp
;61 Vfkxu*v ohppd lpsolhv wkdw +D3,3 @ O+K>K,1 Khqfh wkhuh h{lvwv d vhtxhqfh
dm 5 D vxfk wkdw

olp
m$4

dmy @ y> olp
m$4

dmWy @ y1

Rq wkh rwkhu kdqg dmG � G dqg Wdm @ dmW 1 Wkxv li z 5 G3 wkhq

ky> zl @ olp
m$4

kdmWy>zl @ olp
m$4

kWdmy> zl @ olp
m$4

kdmy> Vzl @ ky> Vzl @ kWy> zl =

Vlqfh G3 lv ghqvh wklv |lhogv wkh devxug frqfoxvlrq wkdw ri y> Wy duh olqhduo|
lqghshqghqw wkhq Wy @ y1 Wkxv y> Wy duh olqhduo| ghshqghqw iru doo y 5 G1
Wklv lpsolhv wkdw W lv d vfdodu pxowlsoh ri wkh lghqwlw|1

H{huflvh <3 Vkrz wkdw li Y lv d yhfwru vsdfh dqg W lv d olqhdu rshudwru rq Y
+qr wrsrorj|, dqg li iru hyhu| y 5 Y / y dqg Wy duh olqhduo| ghshqghqw wkhq W lv
d pxowlsoh ri wkh lghqwlw|1

Zh zloo qrz jlyh wkh pdlq dssolfdwlrq ri wkh suhfhglqj jhqhudol}dwlrq ri
Vfkxu*v ohppd1 Wklv dssolfdwlrq lqyroyhv wkh ghyhorsphqw ri wkh pdfklqhu| ri
F4 yhfwruv iru uhsuhvhqwdwlrqv ri Olh jurxsv1 Zh zloo eh dvvxplqj wkh vwdqgdug/
edvlf Olh jurxs wkhru|1

Ohw J eh dq q0glphqvlrqdo Olh jurxs zlwk d �qlwh qxpehu ri frqqhfwhg
frpsrqhqwv1 Wkhq J lv d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo jurxs1 Ohw
Olh+J, ghqrwh/ dv xvxdo/ wkh Olh dojheud ri J1 Ohw $ eh d gl�huhqwldo irup ri
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ghjuhh q rq J vxfk wkdw O�
j$ @ $ iru doo j 5 J1 Khuh zh uhfdoo wkdw $ lv dq

dvvljqphqw { :�$ ${ zlwk ${ 5 Yq
W +J,�{ +W +J,{ wkh wdqjhqw vsdfh dw {, vxfk

wkdw li [4> ===> [q duh yhfwru �hogv rq J wkhq wkh pds

{ :�$ ${++[4,{> ===> +[q,{,

lv ri fodvv F41 Wkh frqglwlrq O�
j$ @ $ phdqv wkdw

$j{++gOj,{+[4,{> ===> +gOj,{+[q,{, @ ${++[4,{> ===> +[q,{,

iru doo { 5 J +khuh g/ dv xvxdo/ vwdqgv iru gl�huhqwldo, Wkh vwdqgdug zd|
ri frqvwuxfwlqj vxfk dq $ lv wr fkrrvh d edvlv [4> ===>[q orrnhg xsrq dv ohiw
lqyduldqw yhfwru �hogv ++gOj,{[{ @ [j{, dqg fkrrvlqj � 5 Yq

Olh+J,� vxfk
wkdw �+[4> ===>[q, @ 4 wkhq zh lghqwli| Olh+J, zlwk W +J,41 Zh vhw iru \4> ===> \q

yhfwru �hogv rq J

${++\4,{> ===> +\q,{, @ �++gO{,
�4+\4,{> ===> +gO{,

�4+\q,{,=

Zh �{ dq rulhqwdwlrq rq J +zh fdq fkrrvh wkh rqh fruuhvsrqglqj wr $ dv deryh,1
Wkhq li i 5 Ff+J, zh fdq lqwhjudwh i zlwk uhvshfw wr $ gh�qlqj

�+i, @

]
J

i$1

Wklv gh�qhv d Kddu phdvxuh rq J1 Wkh srlqw khuh lv wkdw wkh F4 vwuxfwxuh kdv
ehhq wdnhq lqwr dffrxqw1

Gh�qlwlrq <4 Ohw +�> Y , eh d uhsuhvhqwdwlrq ri J rq d orfdoo| frqyh{ wrsrorjl0
fdo vsdfh1 Wkhq d yhfwru y 5 Y lv vdlg wr eh d F40yhfwru li wkh pds j :�$ �+j,y
lv d F4 pds ri J lqwr Y 1

Wkh iroorzlqj revhuydwlrq lv gxh wr Jèuglqj1

Ohppd <5 Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J1 Li i 5 F4
f +J,+@

F4+J, _ Ff+J,, dqg li y 5 K wkhq �+i,y lv d F4 yhfwru1

Surri1 Ohw X eh d uhodwlyho| frpsdfw vxevhw ri J frqwdlqlqj 41 Ohw O4+X,
ghqrwh wkh vxevsdfh ri doo O40ixqfwlrqv rq J wkdw duh olplwv ri hohphqwv ri Ff+J,
zlwk vxssruw lq X1 Ohw Y eh dq rshq vxevhw ri X vxfk wkdw lw lv lqyduldqw xqghu
lqyhuvh dqg vxfk wkdw Y Y � X 1 Wkhq zh kdyh

41 Li i 5 F4
f +Y , wkhq wkh pds ri Y wr O4+X, jlyhq e| { :�$ I+{, @ O+{,i lv ri

fodvv F41 Lqghhg/ li [ 5 Olh+J, wkhq zh vhw O+[,i+j, @ g
gw mw@3

i+h{s+�w[,j,

iru j 5 J1 Wd|oru*v wkhruhp zlwk uhpdlqghu lpsolhv wkdw wkhuh h{lvwv � A 3 dqg
d ixqfwlrq/ H/ ri w> j iru mwm � � vxfk wkdw mH+w> j,m � !+j, zlwk ! 5 Ff+J, iru
mwm � % dqg

i+h{s+�w[,j, @ i+j, . wO+[,i+j, . w5H+w> j,
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iru mwm � � dqg j 5 Y 1 Wklv lpsolhv wkdw

nO+{,O+[,i � +4@w,+O+{ h{s+w[,,i � O+{,i,n4 @

nO+[,i � +4@w,+O+{ h{s+w[,,i � O+{,i,n4 � mwmF
iru mwm � � iru F A 3 dqg dssursuldwh frqvwdqw1 Khqfh wkh ixqfwlrq I lv ri fodvv
F41 Wklv dujxphqw fdq eh lwhudwhg wr suryh wkh uhvxow1 Zh kdyh vhhq +dw ohdvw
lpsolflwo|, wkdw wkh pds i :�$ �+i, lv frqwlqxrxv iurp O4+X, wr K1 Wkxv/ vlqfh
olqhdu frqwlqxrxv pdsv duh vprrwk/ zh vhh wkdw li y 5 K wkhq wkh pds iurp Y
wr K jlyhq e| { :�$ �+O+{,i,y lv ri fodvv F41 Qrz �+O+{,i,y @ �+{,�+i,y1
Wkh ohppd qrz iroorzv xvlqj d sduwlwlrq ri xqlw| dujxphqw1

Zh ghqrwh e| Y4 wkh vsdfh ri doo F4 yhfwruv lq Y 1 Qrz dujxlqj dv lq wkh
surri ri Ohppd :6 zh kdyh

Wkhruhp <6 Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J1 Wkhq wkh vsdfh ri
F4 yhfwruv lq K lv ghqvh1

Surri1 Wkhuh h{lvwv d Ghowd vhtxhqfh ixmj lq J zlwk hdfk xm 5 F4
f +J,1 Zh

kdyh vkrzq

olp
m$4

k�+xm,y> zl @ ky>zl

iru doo y>z 5 K1 Qrz vxssrvh wkdw z 5 +K4,B wkhq vlqfh �+xm,z 5 K4 iru
doo m zh kdyh

3 @ olp
m$4

k�+xm,z>zl @ kz>zl =

Li +�>K, lv d Kloehuw uhsuhvhqwdwlrq ri J dqg li y 5 K4 wkhq zh gh�qh iru
[ 5 Olh+J,

g�+[,y @
g

gw
�+h{s w[,ymw@31

Zh kdyh

� g�+[,K4 � K4 iru doo [ 5 Olh+J,/�+j,K4 � K4 iru j 5 J1

� g�+d[ . e\ , @ dg�+[, . eg�+\ ,/ d> e 5 U/ [>\ 5 Olh+J,1

� g�+^[>\ `, @ g�+[,g�+\ ,� g�+\ ,g�+[,/ iru doo [> \ 5 Olh+J,=

� Li j 5 J/ [ 5 Olh+J, wkhq �+j,�+[,y @ �+Dg+j,[,�+j,y=

Zh zloo vlpsoli| qrwdwlrq dqg zulwh �+[, iru g�+[,1 Wkh �uvw dvvhuwlrq lv
fohdu iurp wkh gh�qlwlrq ri F41 Wkh vhfrqg iroorzv iurp

h{s+w[, h{s+w\ , @ h{s+w+[ . \ , .R+w5,,=
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Wkh wklug iroorzv iurp

h{s+w[, h{s+\ , h{s+�w[, @ h{s+\ . w^[>\ ` .R+w5,,=

Wkh irxuwk iroorzv iurp

h{s+wDg+j,[, @ j+h{s w[,j�4=

Wkh wkuhh exoohw lwhpv lpso| wkdw +�>K4, gh�qhv d uhsuhvhqwdwlrq ri Olh+J,1
Wkh irxuwk lv d frpsdwlelolw| frqglwlrq wkdw zloo sod| d uroh odwhu1 Zh zloo dovr
frqvlghu wklv wr eh d uhsuhvhqwdwlrq ri wkh frpsoh{l�fdwlrq ri Olh+J,/ wkdw lv
Olh+J,F1 Vhw IF @ Olh+JF,1 Wkhq +�>K4, h{whqgv wr d uhsuhvhqwdwlrq ri wkh
xqlyhuvdo hqyhorslqj dojheud/ X+IF,1 Zh gh�qh ]J+IF, wr eh wkh vxedojheud li
X+IF, frqvlvwlqj ri wkrvh } vxfk wkdw Dg+j,} @ } iru doo j 5 J1 Zh gh�qh dq
lqyroxwlrq ghqrwhg - rq X+IF, e| wkh iroorzlqj uxohv

� +}4,� @ �}4=

� [� @ �[ iru [ 5 Olh+J,1

� +{|,� @ |�{� iru {> | 5 X+IF,1

Zh qrwh wkdw wkh dqwl0krprprusklvp { :�$ {� h{lvw e| wkh xqlyhuvdo sure0
ohp vroyhg e| wkh xqlyhuvdo hqyhorslqj dojheud dqg dovr wkh qdwxudolw| lpsolhv
wkdw li j 5 J wkhq +Dg+j,{,� @ Dg+j,+{�,1

Ohppd <7 Li +�>K, lv d xqlwdu| uhsuhvhqwdwlrq ri J dqg li y> z 5 K4 dqg
{ 5 X+IF, wkhq

k�+{,y>zl @ ky> �+{�,zl =

Surri1 Zh qrwh wkdw li [ 5 Olh+J, dqg y> z 5 K wkhq

k�+h{s w[,y>zl @ ky> �+h{s+�w[,,zl

iru doo w 5 U1 Li y> z 5 K4 wkhq erwk vlghv ri wkh htxdwlrq duh gl�huhqwldeoh lq
w1 Wdnlqj wkh ghulydwlyh dw w @ 3 |lhogv

k�+[,y>zl @ ky> �+�[,zl @ k�+{,y> zl @ ky> �+[�,zl =

Qrz xvh wkh idfw wkh Olh+J, jhqhudwhv X+IF, ryhu F1
Zh qrz frph wr wkh surplvhg dssolfdwlrq ri rxu jhqhudol}hg Vfkxu*v ohppd1

Wkhruhp <8 Ohw +�>K, eh dq luuhgxfleoh xqlwdu| uhsuhvhqwdwlrq ri J wkhq
wkhuh h{lvwv dq dojheud krprprusklvp �� = ]J+IF, $ F vxfk wkdw �+},y @
��+},y iru doo y 5 K41
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Surri1 Lq Sursrvlwlrq ;; wdnh G @ G3 wr eh K41 Li } 5 ]J+IF, wkhq wdnh
W @ �+},1 Zh qrwh wkdw li y 5 K4 wkhq

�+j,W�+j,�4y @ �+j,�+},�+j,�4y

@ �+Dg+j,},y @ �+},y @ Wy=

Dovr wdnh V @ �+}�,1 Wkhq wkh suhylrxv ohppd lpsolhv wkdw wkh k|srwkhvhv ri
Sursrvlwlrq ;; duh vdwlv�hg1 Wkxv �+}, dfwv dv d vfdodu rq K41 Ghqrwh wklv
vfdodu e| ��+},1

Gh�qlwlrq <9 Wkh krprprusklvp �� lv fdoohg wkh lq�qlwhvlpdo fkdudfwhu ri
+�>K,1

Li +�>K, lv d Kloehuw uhsuhvhqwdwlrq ri J dqg li { 5 X+IF, wkhq zh ghqrwh
e| s{ wkh vhpl0qrup rq K4gh�qhg e| s{+y, @ n�+{,yn1 Zh jlyh K4 wkh
fruuhvsrqglqj orfdoo| frqyh{ wrsrorj|1 Qrwlfh wkdw li i{lj lv d edvlv ri X+IF,
wkhq wkh vhpl0qrupv is{l

j vx!fh wr gh�qh wkh wrsrorj|1 Wkh iroorzlqj uhvxow
xvhv edvlf fdofxoxv lq lwv surri1 Zh zloo mxvw uhihu wr Uhdo Uhgxfwlyh Jurxsv L/
Dfdghplf Suhvv/ 4<;;/ Ohppd 41915 vlqfh wkh uhvxow zloo qrw eh xvhg lq d vhulrxv
zd| khuh1

Ohppd <: Wkh vsdfh K4 lv d Iuìfkhw vsdfh zlwk uhvshfw wr wkh orfdoo| frqyh{
wrsrorj| jlyhq deryh1 Ixuwkhupruh/ +�>K4,/ lv d vprrwk Iuìfkhw uhsuhvhqwdwlrq
+l1h1 li y 5 K4 wkhq wkh pds j :�$ �+j,y gh�qhv d F4 pds iurp J wr K41

41515 Vtxduh lqwhjudeoh uhsuhvhqwdwlrqv1

Wkurxjkrxw wklv vhfwlrq zh zloo dvvxph wkdw J lv xqlprgxodu1

Gh�qlwlrq <; Ohw J eh d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo jurxs1 Wkhq
dq luuhgxfleoh xqlwdu| uhsuhvhqwdwlrq/ +�>K,/ ri J lv vdlg wr eh vtxduh lqwhjudeoh
li wkhuh h{lvwv d qrq0}hur y 5 K vxfk wkdw wkh pdwul{ frh!flhqw fy>y lv vtxduh
lqwhjudeoh +uhfdoo fy>z+j, @ k�+j,y>zl,1

Zh zloo qrz vshqg d vxevwdqwldo sduw ri wklv vhfwlrq jlylqj dq lpsruwdqw
idplo| ri h{dpsohv ri vtxduh lqwhjudeoh uhsuhvhqwdwlrqv1 Zh zloo eh xvlqj vrph
uhvxowv iurp odwhu ohfwxuhv1 Ohw G @ i} 5 Fmm}m ? 4j1 Zh xvh ruglqdu| Ohehvjxh
phdvxuh rq G wklqnlqj ri } @ {.l| dv +{> |, 5 U51 Zh zulwh g} @ g{.lg| dqg
g�} @ g{� lg| wkhq g{

Y
g| @ 4

5l
g�}

Y
g}1 Ohw J eh wkh jurxs VX+4>4,1 Wkdw lv

li j 5 J wkhq

j @

�
d e
�e �d

�
> mdm5 � mem5 @ 4= +4,

Khuh wkh hqwulhv d> e 5 F exw wkh jurxs lv d uhdo Olh jurxs1 Zh gh�qh dq dfwlrq
ri J rq G e|

j � } @
d} . e
�e} . �d
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zkhuh j lv jlyhq dv lq +4,1 Zh zloo xvh wkh iroorzlqj irupxodv1

4�
����d} . e
�e} . �d

����5 @
4� m}m5
m�e} . �dm5 = +5,

g+j � }, @ g}

+�e} . �d,5
= +6,

Xvlqj +5,/+6, zh kdyh]
G

!+j � }, g�}g}

+4� m}m5,5 @

]
G

!+j � },g+j � },g+j � },
+4� mj � }m5,5 @

]
G

!+},
g�}g}

+4� m}m5,5 =

Wkxv

�+!, @
4

5l

]
G

!+},
g�}g}

+4� m}m5,5 +7,

gh�qhv d J0lqyduldqw phdvxuh rq G1
Ohw Kn eh wkh vsdfh ri doo krorprusklf ixqfwlrqv i = G $ F vxfk wkdw

4

5l

]
G

mi+},m5+4� m}m5,n g�}g}

+4� m}m5,5 ? 4=

Li i4> i5 5 Kn wkhq zh vhw

ki4> i5ln @
4

5l

]
G

i4+},i5+},+4� m}m5,n g�}g}

+4� m}m5,5 = +8,

Zh gh�qh iru i 5 Kn/ dqg j dv lq +4,

�n+j,i+}, @ +��e} . d,�ni+j�4 � },= +9,

Wkhq xvlqj irupxodv +5,/+6, dv zh glg lq wkh surri ri wkh lqyduldqfh ri �1 Zh
�qg wkdw

k�n+j,i4> �n+j,i5l @ ki4> i5l > i4> i5 5 Kn> j 5 J1

Sursrvlwlrq << Li n � 5 wkhq Kn lv d Kloehuw vsdfh dqg li n 5 ] / n �
5> +�n> K

n, lv d vtxduh lqwhjudeoh uhsuhvhqwdwlrq ri J1

Surri1 Zh �uvw vkrz wkdw wkh vsdfh Kn lv frpsohwh1 Iru wklv zh revhuyh

wkdw li }r 5 G dqg li u @ 4�m}rm
5

wkhq wkh vhw Gu @ i} 5 Fmm} � }rm � uj � G1
Wkhq li n � 5 zh kdyh

+4� m}m5,n�5 � +4� 4

7
+4 . m}rm,5,n�5iru doo } 5 Gu =
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Wkxv zh vhh wkdw

ki> iln � +4� 4
7 +4 . m}rm,5,n�5

5l

]
G

u

mi+},m5g�}g}=

Rq Gu wkh krorprusklf ixqfwlrq i lv jlyhq dv d vhulhv

i+}, @
4[

q@3

dq+} � }r,
q1

Wkhq

4

5l

]
Gu

mi+},m5g�}g} @

] u

3

] 5�

3

[
q>p�3

dqdpvqvphl+q�p,�g�vgv @

5�
[
q�3

mdqm5
] u

3

v5q.4gu @ 5�
[
q�3

mdqm5 u5q.5

5q. 5
� 5�md3m5u51

Zh wkhuhiruh vhh wkdw

ki> iln � +4� 4

7
+4 . m}rm,5,n�55�mi+}r,m51

Wklv lpsolhv wkh frpsohwhqhvv/ vlqfh li iimj lv Fdxfk| lq Kn wkhq lw lv Fdxfk|
uhodwlyh wr wkh wrsrorj| ri xqlirup frqyhujhqfh rq frpsdfwd1 Wklv lpsolhv wkdw
wkhuh lv d frqwlqxrxv ixqfwlrq rq G/ i / vxfk wkdw olpm$4 im+}, @ i+}, xqlirupo|
rq frpsdfwd ri G1 Exw wkhq i lv krorprusklf rq G dqg lw lv hdv| wr fkhfn
wkdw lw lv lq Kn1

Qrwlfh wkdw wkh ixqfwlrq i+}, � 4 lv lq Kn li n � 51 Zh fdofxodwh wkh pdwul{
frh!flhqw +j dv lq +4,,

k�n+j,4>4l @ 4

5l

]
G

+��e} . d,�n+4� m}m5,n�5g�}g} @] 4

3

] 5�

3

+��euhl� . d,�n+4� u5,n�5g�ugu @ d�n

] 4

3

u+4� u5,n�5

] 5�

3

+�
�e

d
uhl� . 4,�ng�gu=

Zh revhuyh wkdw vlqfh mdm5 � mem5 @ 4/ m �e
d
m � 41 Wkxv li 3 � u ? 4 wkhq wkh

ixqfwlrq

!+}, @ +�
�e

d
u} . 4,�n

lv krorprusklf lq } iru m}m ? 4
u
1 Wklv lpsolhv wkdw] 5�

3

!+hl�,g� @ 5�!+4, @ 5�=

Zh wkhuhiruh vhh wkdw

k�n+j,4>4ln @ d�n5�

] 4

3

u+4� u5,n�5gu @ fnd
�n1
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Qrwlfh wkdw wklv lv d frqwlqxrxv ixqfwlrq ri j1 Ohw i+j, @ d�n zh zloo vkrz wkdw]
J

mi+j,m5gj ? 41

Iru wklv zh qhhg d irupxod iru wkh Kddu lqwhjudo dqdorjrxv wr wkh irupxod iru
srodu frruglqdwhv1 Vhw

N @ in+�,mn+�, @
�

hl� 3
3 h�l�

�
> � 5 Uj

dqg

D. @ idwmdw @
�

frvk w vlqk w
vlqk w frvk w

�
> w 5 U> w � 3j1

Wkhq J @ ND.N +h{huflvh zh zloo vhh lw lq jhqhudo odwhu,1 Ixuwkhupruh/ li !
lv vxppdeoh rq J wkhq xs wr frqvwdqwv ri qrupdol}dwlrq]

J

!+j,gj @

] 5�

3

] 4

3

] 5�

3

!+n+�4,dwn+�5,, vlqk+5w,g�4gwg�5=

Wklv fdq eh suryhg e| revhuylqj wkdw N @ ij 5 Jmj �3 @ 3j1 Wkxv li i 5 Ff+J,
wkhq

�i+jN, @

] 5�

3

i+jn+�,,g�

Gh�qhv d ixqfwlrq rq G @ J � 31 Li zh zulwh rxw wkh lqyduldqw phdvxuh jlyhq
lq irupxod +7, deryh lq srodu frruglqdwhv dqg frqvlghu wkh fkdqjh ri yduldeohv
u :�$ wdqk w/w A 3 wkh irupxod iroorzv1 Qrz

i+n+�4,dwn+�5,, @ +hl�4 frvk whl�5,�n=

Wkxv ]
J

mi+j,m5gj @ +5�,5
] 4

3

+frvk w,�5n vlqk+5w,gw @

7�5

] 4

3

+frvk w,�5n frvk+w, vlqk+w,gw @
5�5

n � 4
1

Wklv vkrzv wkdw f4>4 lv vtxduh lqwhjudeoh1 Wkh h{huflvh ehorz suryhv wkdw �n lv
d uhsuhvhqwdwlrq1 Zh zloo suryh wkh luuhgxflelolw| odwhu1

Iru odwhu uhihuhqfh zh qrwh wkdw fn @ k4> 4ln wkxv zh kdyh +xs wr qrupdol}d0
wlrq ri phdvxuhv, ]

J

m k�+j,4>4ln m5gj @
5�5

n � 4
k4>4l5n = +:,
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H{huflvh 433 Fdofxodwh

�n+j,}

o> }p
�
iru o>p @ 3>4>5> ==1 dv deryh dqg vkrz

wkdw lw lv d frqwlqxrxv ixqfwlrq ri j1 Vkrz wkdw wkh vsdq ri wkh ixqfwlrqv
4> }> }5> === lv ghqvh lq Kn iru n � 51 Qrz xvh dq dssursuldwh h{whqvlrq ri
Ohppd :6 +doorzlqj wkh hohphqw z lq 5= wr eh wdnhq iurp d ghqvh vxevsdfh, wr
vkrz wkdw +�n>K

n, lv d uhsuhvhqwdwlrq iru n � 51

H{huflvh 434 Jlyh wkh ghwdlov ri wkh surri ri wkh lqwhjudwlrq irupxod iru Kddu
phdvxuh rq J dv vnhwfkhg lq wkh deryh surri1

Zh zloo qrz suryh wzr edvlf uhvxowv derxw vtxduh lqwhjudeoh uhsuhvhqwdwlrqv1
Zh zloo frqvlghu O5+J, dv d xqlwdu| uhsuhvhqwdwlrq xqghu wkh uljkw uhjxodu
dfwlrq1

Sursrvlwlrq 435 Ohw +�>K, eh d vtxduh lqwhjudeoh uhsuhvhqwdwlrq ri J1 Wkhq
hyhu| pdwul{ hqwu| +fy>z/ y>z 5 K, lv vtxduh lqwhjudeoh1 Ixuwkhupruh/ wkhuh
h{lvwv dq hohphqw W 5 OJ+K>O5+J,, zlwk forvhg udqjh frqvlvwlqj ri frqwlqx0
rxv ixqfwlrqv wkdw lv d xqlwdu| elmhfwlrq rqwr lwv udqjh1 Wkh pds W fdq eh
lpsohphqwhg dv iroorzv= �{ yr lq K d xqlw yhfwru wkhq W +z, @ fz>yr 1

Surri1 Il{ yr d xqlw yhfwru lq K vxfk wkdw fyr>yr lv lq O5+J,1 Ohw G ghqrwh
wkh vsdfh ri doo y 5 K vxfk wkdw fy>yr 5 O5+J,1 Zh qrwh wkdw

f�+j,y>z @ Ujfy>z=

Wkxv G lv dq lqyduldqw qrq0}hur vxevsdfh1 Vlqfh yr 5 G wkh luuhgxflelolw|
lpsolhv wkdw G lv d ghqvh vxevsdfh1 Rq G zh sxw wkh suh0Kloehuw vsdfh vwuxfwxuh

+y>z, @ ky>zl. kfy>yr > fz>yrl =

Wkh odvw lqqhu surgxfw lv wkh O50lqqhu surgxfw wkh �uvw rqh rq wkh uljkw kdqg
vlgh lv wkh lqqhu surgxfw rq K1

Zh qrz frph wr wkh nh| srlqw1
+-, G lv frpsohwh zlwk uhvshfw wr +===> ===,1

Lqghhg/ li iymj lv d Fdxfk| vhtxhqfh lq G wkhq lw lv Fdxfk| lq K dqg
ifym >yrj lv Fdxfk| lq O5+J,1 Vlqfh K lv frpsohwh wkhuh h{lvwv y 5 K vxfk wkdw
olpm$4 ym @ y1 Vlqfh O5+J, lv frpsohwh e| gh�qlwlrq wkhuh h{lvwv i 5 O5+J,
vxfk wkdw olpm$4 fym >yr @ i lq O51 Zh qrwh wkdw

mfym >yr+j,� fy>yr+j,m � nym � yn > j 5 J=

Ohw X eh dq rshq vxevhw ri J vxfk wkdw �X lv frpsdfw dqg ohw ! 5 Ff+J,
eh vxfk wkdw !+{, � 3 iru doo { 5 J dqg !+{, @ 4 li { 5 �X 1 Zh qrwh wkdw
wkh rshudwru ri pxowlsolfdwlrq e| ! rq Ff+J, h{whqgv wr d erxqghg rshudwru
W! = O5+J, $ O5+J,1 Qrz zh kdyh olpm$4 !fym >yr @ !fy>yr lq O5+J, e| wkh
deryh xqlirup frqyhujhqfh1 Zh dovr kdyh

olp
m$4

!fym >yr @ W!i
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lq O5+J,1 Khqfh zh kdyh !fy>yr @ W!i 1 Wklv lpsolhv wkdw i lv uhsuhvhqwhg e|
wkh frqwlqxrxv ixqfwlrq fy>yr 1 Exw wkhq y 5 G1

Zh qrwh wkdw li j 5 J dqg y> z 5 G wkhq

+�+j,y> �+j,z, @ +y>z,=

Wkxv wkh rshudwruv �+j,mG gh�qh xqlwdu| rshudwruv �+j, rq G zlwk uhvshfw wr
+===> ===,1 Ohw V+y, @ y iru y 5 G exw orrnhg xsrq dv d pds ri wkh Kloehuw vsdfh
G lqwr K1 Wkhq

kV+y,> V+y,l � +y> y,

iru doo y 5 G1 Wklv lpsolhv wkdw V h{whqgv wr d erxqghg rshudwru iurp wkh
Kloehuw vsdfh frpsohwlrq/ G/ lqwr K1 Ixuwkhupruh/ V � �+j, @ �+j, � V1 Ohw
V� = K $ G ghqrwh wkh dgmrlqw rshudwru1 Wkhq V� � �+j, @ �+j, � V� iru doo
j 5 J1 Zh wkhuhiruh vhh wkdw VV� 5 OJ+K>K,1 Vfkxu*v ohppd lpsolhv wkdw
VV� @ �L dqg lw lv fohdu wkdw � lv uhdo dqg � A 31 Qrz li y 5 K wkhq V�+y, 5 G
vr �y @ V+V�y, @ V�y1 Exw wkhq y 5 G1 Khqfh G @ K1 Zh dovr qrwh wkdw wklv
lpsolhv wkdw

+y> y, � 4

�5 ky> yl

iru doo y 5 K1 Wkxv nfy>y
r
n55 � 4��5

�5
nyn51 Gh�qh W +y, @ fy>y

r
1 Wr frpsohwh

wkh surri zh qrwh wkdw doo zh xvhg derxw yr lq wkh surri deryh zdv wkdw wkh vhw
iz 5 Kmfy>yr 5 O5+J,j lv qrq0}hur1 E| wkh deryh wklv lv wuxh iru hyhu| y 5 K
vlqfh yr lv lq wkh fruuhvsrqglqj vhw1

Wkh qh{w wkhruhp lv d jhqhudo irup ri wkh Vfkxu ruwkrjrqdolw| uhodwlrqv1

Wkhruhp 436 Ohw +�>K, dqg +�> Y , eh vtxduh lqwhjudeoh uhsuhvhqwdwlrqv ri
J1 Li � dqg � duh lqhtxlydohqw wkhq wkhlu pdwul{ frh!flhqwv duh ruwkrjrqdo1
Wkhuh h{lvwv d srvlwlyh uhdo qxpehu g+�, +zklfk ghshqgv rqo| rq � dqg wkh
qrupdol}dwlrq ri Kddu phdvxuh, vxfk wkdw li y4> y5> z4> z5 5 K wkhq]

J

k�+j,y4> z4l k�+j,y5> z5lgj @
4

g+�,
ky4> y5l kz5> z4l =

Surri1 Dvvxph wkdw kr 5 K dqg yr 5 Y duh xqlw yhfwruv dqg wkdw wkhuh
h{lvwv k 5 K/ y 5 Y vxfk wkdw]

J

k�+j,k> krl k�+j,y> yrlgj 9@ 3=

Ohw W = K $ O5+J, dqg V = Y $ O5+J, eh dv lq wkh surri ri wkh suhfhglqj
sursrvlwlrq1 Wkdw lv W +{, @ f{>kr dqg V+|, @ f|>yr 1 Wkhq zh vkrzhg wkdw W
dqg V uhvshfwlyho| gh�qh lqmhfwlyh lqwhuwzlqlqj rshudwruv iurp K dqg Y lqwr
O5+K, zlwk forvhg udqjh1 Frqvlghu

+{> |, @ kW +{,> V+|,l =
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Wkhq +k> y, 9@ 3 dqg +�+j,{> �+j,|, @ +{> |,= Ilqdoo| wkh sdlulqj lv frqwlqxrxv
lq {> |1 Wkxv wkh Ulhv} uhsuhvhqwdwlrq wkhruhp/ iru K/ lpsolhv wkdw +{> |, @
k{>D+|,l zlwk D = Y $ K d erxqghg rshudwru1 Lw lv hdv| wr vhh wkdw D 5
OJ+Y>K,1 Vlqfh D 9@ 31 Zh vhh wkdw nhuD @ 31 Zh dovr vhh wkdw LpD lv ghqvh
lq K1 Zh dovr revhuyh wkdw D�D 5 OJ+Y>Y , dqg DD� 5 OJ+K>K, 1 Wkxv
hdfk lv d vfdodu e| Vfkxu*v ohppd1 Zh frqfoxgh wkdw wkhuh lv d vfdodu v A 3 vxfk
wkdw vD lv d xqlwdu| elmhfwlrq/ Zh wkhuhiruh frqfoxgh wkdw � dqg � duh xqlwdulo|
htxlydohqw1

Wr suryh wkh odvw sduw zh vhh wkdw]
J

k�+j,y4> z4l k�+j,y5> z5lgj @ d+z5> z4, ky4> y5l

dqg ]
J

k�+j,y4> z4l k�+j,y5> z5lgj @ e+y4> y5, kz5> z4l

iru y4> y5> z4> z51 Wklv lpsolhv wkdw d+z5> z4, lv d srvlwlyh pxowlsoh ri kz5> z4l1
Zh fdoo wkh pxowlsoh 4

g+�,
1

Gh�qlwlrq 437 Zh fdoo wkh qxpehu g+�, wkh irupdo ghjuhh ri �1

H{dpsoh 438 Li +�n> K
n, lv dv deryh iru VX+4>4, wkhq g+�n, @

n�4
5�5 1

41516 Uhsuhvhqwdwlrqv ri frpsdfw jurxsv

Xqohvv rwkhuzlvh vshfl�hg/ wkurxjkrxw wklv vhfwlrq J zloo ghqrwh d frpsdfw/
vhsdudeoh wrsrorjlfdo jurxs1 Wkh iroorzlqj uhvxow lv Zh|o*v �xqlwduldq wulfn�1

Ohppd 439 Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J1 Wkhq wkhuh h{lvwv dq
lqqhu surgxfw/ +===> ===, rq K wkdw lqgxfhv wkh vdph wrsrorj| rq K dqg vxfk wkdw
uhodwlyh wr wkdw lqqhu surgxfw wkh uhsuhvhqwdwlrq lv xqlwdu|1

Surri1 Zh qrwh wkdw vlqfh J lv frpsdfw wkhuh h{lvwv F ?4 vxfk wkdw

n�+j,n � F

iru doo j 5 J +vhh Ohppd :6,1 Zh vhw iru y> z 5 K

+y>z, @

]
J

k�+j,y> �+j,zl gj=

Wkhq wkh idfw wkdw J lv xqlprgxodu lpsolhv wkdw

+�+j,y> �+j,z, @ +y> z,> j 5 J>y>z 5 K=

Zh dovr qrwh wkdw +y> y, A 3 li y 9@ 31 Vlqfh �+j,�+j�4, @ L zh kdyh

4 � n�+j,n ���+j,�4
�� � F n�+j,n 1
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Khqfh

F�4 � n�+j,n � F=

Wklv lpsolhv wkdw

F�4 ky> yl � +y> y, � F ky> yl =

Fohduo|/ dq luuhgxfleoh xqlwdu| uhsuhvhqwdwlrq ri J lv vtxduh lqwhjudeoh1 Zh
kdyh

Wkhruhp 43: Ohw +�>K, eh dq luuhgxfleoh Kloehuw uhsuhvhqwdwlrq ri J1 Wkhq
glpK ? 41 Li +�>K, lv xqlwdu| dqg zh qrupdol}h wkh Kddu phdvxuh/ �/ rq J
vxfk wkdw �+4, @ 4 wkhq g+�, @ glpK +uhfdoo g+�, lv wkh irupdo ghjuhh,1

Surri1 Zh pd| dvvxph wkdw +�>K, lv xqlwdu|1 Wkhq lw lv vtxduh lqwhjudeoh1
Wkhuh lv wkhuhiruh dq lqmhfwlyh lqwhuwzlqlqj rshudwru W = K $ O5+J, zlwk forvhg
lpdjh frqwdlqhg lq F+J,1 Zh orrn xsrq F+J, dv d Edqdfk vsdfh xqghu wkh
vxs0qrup/ sJ+i, @ pd{{5J mi+{,m1 Ohw Y ghqrwh wkh forvxuh ri W +K, lq F+J,1
Wkhq li zh qrupdol}h wkh Kddu phdvxuh dv lq wkh vwdwhphqw ri wkh wkhruhp lw lv
fohdu wkdw

nin5 � sJ+i,=

Wkxv wkh pds i :�$ i ri W +K, wr W +K, h{whqgv wr d frqwlqxrxv olqhdu pds ri Y
wr W +K, +vlqfh W +K, lv forvhg lq O5+J,,1 Wkh forvhg judsk wkhruhp +\rvklgd/ s1
:</ Wkhruhp 4, lpsolhv wkdw wklv pds lv frqwlqxrxv1 Khqfh wkhuh h{lvwv F ? 4
vxfk wkdw li i 5 W +K, wkhq

sJ+i, � F nin5 =
Zh zloo vkrz wkdw wklv lpsolhv wkdw W +K,/ khqfh K/ lv �qlwh glphqvlrqdo1

Ohw i4> ===> ig eh ruwkrqrupdo lq W +K, wkhq li �l 5 F zh kdyh

m
[
l

�lil+{,m � sJ+
[
l

�lil, � F

�����[
l

�lil

�����
5

@ F

#[
l

m�lm5
$4

5

=

Zh dsso| wklv zlwk �l @ il+{,1 Zh frqfoxgh wkdw

[
l

mil+{,m5 � F

#[
l

mil+{,m5
$ 4

5

=

Khqfh [
l

mil+{,m5 � F51
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Lqwhjudwlqj erwk vlghv ri wkh htxdwlrq ryhu J |lhogv g � F51
Zh qrz fdofxodwh wkh irupdo ghjuhh1 Ohw y4> ===> yq eh dq ruwkrqrupdo edvlv

ri K wkhq wkh pdwul{
�
fyl>ym+j,

�
lv xqlwdu| iru doo j 5 J1 Khqfh[

l>m

mfyl>ym +j,m5 @ q

iru doo j 5 J1 Li zh lqwhjudwh erwk vlghv ri wklv htxdwlrq dqg wdnh lqwr dffrxqw
wkh Vfkxu ruwkrjrqdolw| uhodwlrqv zh kdyh

4

g+�,
q5 @ q=

Li iKqj4�q?Q zlwk Q � 4 lv d vhtxhqfh ri Kloehuw vsdfhv wkhq zh zulwhfO
q?QKq iru wkh vsdfh ri doo vhtxhqfhv i{qjq?Q vxfk wkdw

S
q n{qn5 ? 4 zh

gh�qh

ki{qj> i|qjl @
[

k{q> |ql =

Wklv hqgrzv fO
q?QKq zlwk d Kloehuw vsdfh vwuxfwxuh1 Wklv frqvwuxfwlrq gh0

�qhv wkh Kloehuw vsdfh gluhfw vxp1 Qrwlfh wkdw lw lv d frpsohwlrq ri wkh dojheudlf
gluhfw vxp1

Gh�qlwlrq 43; Ohw E d orfdoo| frpsdfw wrsrorjlfdo jurxs dqg iru hdfk q>4 �
q ? Q zh kdyh d xqlwdu| uhsuhvhqwdwlrq +�q> Kq, ri E wkhq wkh xqlwdu| gluhfw

vxp ri wkhvh uhsuhvhqwdwlrqv lv wkh uhsuhvhqwdwlrq +fOq?Q�q>fOq?QKq, ri E
zlwk �gP

q?Q
�q+j,i{qj

�
@ i�q+j,{qj=

Gh�qlwlrq 43< Ohw E eh d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo jurxs wkhq d
xqlwdu| uhsuhvhqwdwlrq +�>K, ri E lv vdlg wr eh ri fodvv FF li �+i, lv frpsohwho|
frqwlqxrxv iru doo i 5 Ff+E,1 Zh vd| wkdw E lv d FFU jurxs li hyhu| luuhgxfleoh
xqlwdu| uhsuhvhqwdwlrq ri E lv ri fodvv FF1

Rqh ri Kdulvk0Fkdqgud*v edvlf wkhruhpv lv wkdw doo uhdo uhgxfwlyh jurxsv duh
FFU jurxsv1

Wkh qh{w uhvxow lv d jhqhudol}dwlrq ri wkh Shwhu0Zh|o wkhruhp dqg lv edvlf wr
wkh wkhru| ri dxwrprusklf irupv +lw dssolhv wr wkh vr0fdoohg fxvslgdo vshfwuxp,1
Lq wkh frxuvh ri wkh surri ri wkh uhvxow zh zloo eh xvlqj wkh idfw wkdw li E lv
xqlprgxodu wkdq ]

E

i+e,ge @

]
E

i+e�4,ge1

Wkhruhp 443 Ohw E eh d orfdoo| frpsdfw/ vhsdudeoh wrsrorjlfdo jurxs dqg ohw
+�>K, eh d xqlwdu| uhsuhvhqwdwlrq ri E ri fodvv FF1 Wkhq +�>K, lv xqlwdulo|
htxlydohqw zlwk d xqlwdu| gluhfw vxp ri luuhgxfleoh uhsuhvhqwdwlrqv ri E1
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Ehiruh zh suryh wkh wkhruhp zh zloo ghvfuleh wkh jhqhudo irup ri wkh pdlq
dssolfdwlrq1 Dvvxph wkdw E lv xqlprgxodu1 Ohw [ @ E@F zlwk F d forvhg
xqlprgxodu vxejurxs ri E dqg dvvxph wkdw [ lv frpsdfw dqg wkdw wkhuh h{lvwv d
E0lqyduldqw phdvxuh rq [/ � +rqh fdq vkrz wkdw wklv lv qrw uhdoo| dq dvvxpswlrq
xqghu rxu k|srwkhvhv rq E dqg F,1 Zh zloo zulwh wkh phdvxuh dv

�+i, @

]
[

i+{,g{

dv xvxdo1 Ohw ! 5 Ff+E, wkhq zh fdq fkrrvh Kddu phdvxuh rq E dqg F vxfk
wkdw li zh vhw �!+eF, @

U
F
!+ef,gf +wkh lqwhjudwlrq zlwk uhvshfw wr Kddu phdvxuh

rq F, wkhq ]
E

!+e,ge @

]
[

�!+{,g{1

Ohw K @ O5+[, dqg �+e, @ Oe1 Zh fdofxodwh

�+!,i+{, @

]
E

!+e,i+e�4{,ge @

]
E

!+e,i+e�4jF,ge

@

]
E

!+e,i++j�4e,�4F,ge @

]
E

!+je,i+e�4F,ge

@

]
E

!+je�4,i+eF,ge @

]
[

]
F

!+jfe�4,i+eF,gfg+eF,=

Ohw

n!+jF> eF, @

]
F

!+jfe�4,gf=

Wkh ixqfwlrq n! 5 F+[ �[, dqg

�+!,i+{, @

]
[

n!+{> |,i+|,g|=

rq O5+[,= Wkh ohppd ehorz lpsolhv wkdw +�>O5+[,, lv ri fodvv FF1

Ohppd 444 Ohw \ eh d orfdoo| frpsdfw/ vhsdudeoh/ wrsrorjlfdo vsdfh dqg ohw �
eh d uhjxodu phdvxuh rq \ 1 Ohw n 5 O5+\ � \ , +zlwk uhvshfw wr wkh surgxfw
phdvxuh,1 Li zh gh�qh W = O5+\ , $ O5+\ , e| W +i,+{, @ �+n+{> �,i,1wkhq W
gh�qhv d frpsdfw rshudwru1

Surri1 Ohw i!qj eh dq ruwkrqrupdo edvlv ri O5+\ , frqvlvwlqj ri frqwlqx0
rxv ixqfwlrqv +O5+\ , lv vhsdudeoh vlqfh \ lv vhsdudeoh,1 Gh�qh xq>p+{> |, @

!q+{,!p+|,1 Wkhq ixq>pj lv dq ruwkrqrupdo edvlv ri O5+\ � \ ,1 Qrz

n @
[
q>p

dq=pxq>p
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lq O5+\ � \ ,1 Vhw nQ @
S

q>p�Q dq=pxq>p1 Wkhq wkh rshudwru

WQ +i,+{, @

]
\

nQ+{> |,i+|,g|

lv ri �qlwh udqn khqfh frpsdfw1 Dovr

+W � WQ ,i @
[

p>qAQ

dq>p!q ki> !pl =

Dq dssolfdwlrq ri wkh Vfkzdu} lqhtxdolw| |lhogv

nW � WQn5 �
[

p>qAQ

mdq>pm5=

Wkxv W lv lq wkh qrup forvxuh ri wkh �qlwh udqn rshudwruv1 Khqfh lw lv frpsdfw1

Zh zloo qrz suryh wkh wkhruhp1 Ohw V ghqrwh wkh vhw ri doo forvhg lqyduldqw
vxevsdfhv/ Y / ri K vxfk wkdw Y lv d Kloehuw vsdfh gluhfw vxp ri luuhgxfleoh
vxeuhsuhvhqwdwlrqv rughuhg e| lqfoxvlrq1 Li iY�j lv d olqhduo| rughuhg vxevhw ri
V wkhq wkh forvxuh ri

V
� Y� lv lq V +h{huflvh,1 Khqfh ]ruq*v ohppd lpsolhv wkdw

wkhuh lv d pd{lpdo hohphqw Y lq V 1 Zh zloo qrz suryh wkdw Y @ K dqg wkhuhe|
suryh wkh Wkhruhp1 Ohw Z @ Y B1 Li x 5 Ff+E, wkhq �+x,Z @ Z 1 Ohw z 5 Z
eh d xqlw yhfwru1 Ohw ixqj eh d ghowd vhtxhqfh vxfk wkdw xq+{

�4, @ xq+{, iru
doo { 5 E1 Wkhq �+xq,

� @ �+xq, +h{huflvh,iru doo q1 Qrz olpq$4 �+xq,z @ z1
Khqfh wkhuh h{lvwv q vxfk wkdw �+xq,z 9@ 31 Il{ W @ �+xq,mZ 1 Wkhq W lv d
frpsdfw/ qrq0}hur vhoi0dgmrlqw rshudwru rq Z 1 Ohppd 97 lpsolhv wkdw W kdv d
qrq}hur hljhqydoxh rq Z 1 Ohw ] ghqrwh wkh fruuhvsrqglqj hljhqvsdfh1 Wkhq
Ohppd 97 dovr lpsolhv wkdw glp] ? 41 Ohw p A 3 ghqrwh wkh srvlwlyh plqlpdo
glphqvlrq ri dq lqwhuvhfwlrq ri d forvhg E0lqyduldqw vxevsdfh zlwk ]1 Il{ P dq
lqwhuvhfwlrq ri wklv w|sh zlwk glpP @ p1 Ohw X ghqrwh wkh lqwhuvhfwlrq ri doo
forvhg lqyduldqw vsdfhv \ vxfk wkdq \ _] @ P1 Wkhq X lv forvhg dqg lqyduldqw1
Li Q lv d forvhg lqyduldqw vxevsdfh ri X wkhq erwk Q dqg QB duh W lqyduldqw1
Wkxv P @ P _ Q

O
P _ QB1 Exw wkhq P _ Q @ P ru P _ QB @ P1 Li

P _Q @ Q +uhvs1P _QB @ P, wkhq Q @ X +uhvs1 QB @ X, e| gh�qlwlrq ri
X 1 Wkxv X lv d forvhg/ lqyduldqw/ luuhgxfleoh vxevsdfh ri Z dqg wkxv Y

O
X

lv lq V1 Wklv frqwudglfwv wkh gh�qlwlrq ri Y 1 Khqfh Z @ 31
Ohw eJ ghqrwh wkh vhw ri htxlydohqfh fodvvhv ri luuhgxfleoh �qlwh glphqvlrqdo

uhsuhvhqwdwlrqv ri J1 Iru hdfk � 5 eJ zh �{ +�� > Y�, 5 � zklfk zh dvvxph lv
xqlwdu|1 Li +�>Y , lv d uhsuhvhqwdwlrq ri J wkhq zh vhw Y +�, htxdo wr wkh vxp ri
wkh forvhg/ J0lqyduldqw/ luuhgxfleoh vxevsdfhv lq wkh fodvv ri �1

Gh�qlwlrq 445 Wkh vsdfh Y +�, lv fdoohg wkh �0lvrw|slf frpsrqhqw ri Y 1

Zh zloo qrz frqfhqwudwh rq O5+J, zh �uvw qrwh wkdw vlqfh J lv frpsdfw
wkh glvfxvvlrq diwhu wkh vwdwhphqw ri Wkhruhp 443 lpsolhv wkdw wkh uljkw +ru
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wkh ohiw, uhjxodu uhsuhvhqwdwlrq lv ri fodvv FF1 Li � 5 eJ wkhq zh gh�qh d pds
D� = Y �

�

Q
Y� $ O5+J, e|

D�+�
Q

y,+j, @ �+�+j,y,=

Vhw g+�, @ glpY� 1 Li � 5 Y �
� wkhq wkhuh h{lvwv y� 5 Y� vxfk wkdw �+y, @ ky> y�l

iru doo y1 Zh gh�qh k�4> �5l @ ky�5 > y�4 l1 Wkhq wkh Vfkxu ruwkrjrqdolw| uhodwlrqv
lpso| wkdw

s
g+�,D� lv d xqlwdu| rshudwru iurp Y �

�

Q
Y� rqwr lwv lpdjh1 Zh

dovr revhuyh wkdw D�+� � ��+j,�4
Q

y, @ OjD�+�
Q

y,1
Wkh qh{w uhvxow lv wkh Shwhu0Zh|o wkhruhp1

Wkhruhp 446 Wkh �0lvrw|slf frpsrqhqw ri O5+J, lv wkh lpdjh ri D�1 Ixu0
wkhupruh/ O5+J, lv wkh Kloehuw vsdfh gluhfw vxp ri wkh vsdfhv O5+J,+�,1

Surri1 Ohw Y eh d forvhg/ lqyduldqw/ luuhgxfleoh vxevsdfh ri O5+J,1 Wkhq lq
sduwlfxodu lw lv dq luuhgxfleoh xqlwdu| uhsuhvhqwdwlrq khqfh Wkhruhp 43: lpsolhv
wkdw glpY ? 41 Li x 5 F+J, wkhq �+x,Y � Y 1 Zh kdyh vhhq wkdw wkh vsdq ri
wkh hohphqwv �+x,y zlwk x 5 F+J,/ y 5 Y lv ghqvh lq Y 1 Khqfh lw lv htxdo wr
Y 1 Zh ohdyh lw wr wkh uhdghu wr fkhfn wkdw wklv lpsolhv wkdw Y � F+J,1 Gh�qh
�+i, @ i+4, iru i 5 Y 1 Wkhq � 5 Y � dqg �+�+j,i, @ i+j,1 Ohw W = Y� $ Y
eh d elmhfwlyh lqwhuwzlqlqj rshudwru1 Ohw � @ � � W�41 Wkhq li W +y, @ i /
i @ D�+�

Q
y,1 Wkh odvw dvvhuwlrq qrz iroorzv iurp Wkhruhp 4431

Gh�qlwlrq 447 Li +� > Y , lv d �qlwh glphqvlrqdo uhsuhvhqwdwlrq ri J wkhq lwv
fkdudfwhu lv gh�qhg wr eh wkh ixqfwlrq "Y +j, @ wu+�+j,,1

Zh qrwh wkdw "Y 5 F+J, dqg wkdw "Y +{j{
�4, @ "+j, iru doo {> j 5 J1 Zh

dovr revhuyh wkdw li +�4> Y4, dqg +�5> Y5, duh htxlydohqw wkhq "Y4
@ "Y5

1 Zh
zloo qrz vkrz wkdw wkh frqyhuvh lv dovr wuxh1 Zh �uvw revhuyh wkdw wklv lpsolhv
wkdw li Y4> Y5 5 � 5 eJ wkhq "Y4

@ "Y5
1 Wklv frpprq ydoxh zloo eh ghqrwhg

"� 1 Zh dovr vhw �� @ g+�,"�+frpsoh{ frqmxjdwh,1 Zh qrwh wkdw wkh Vfkxu
ruwkrjrqdolw| uhodwlrqv lpso| wkdw

�� � �� @ ��>���

iru �> � 5 eJ1 Dovr/ vlqfh ��+{j{
�4, @ ��+j, iru {> j 5 J zh kdyh

�+��,�+j, @ �+j,�+��,

iru doo � 5 eJ1
Ohppd 448 Wkh ruwkrjrqdo surmhfwlrq ri O5+J, rqwr O5+J,+�, lv wkh rshudwru
S� @ �+��,1

Surri1 Ohw y4> ===> yg eh dq ruwkrqrupdo edvlv ri Y� 1 Wkhq �� @ g+�,
S

fyl>yl =
Zh wkxv kdyh

�+��,i+{, @ g+�,
[]

J

fyl>yl+j,i+{j,gj @ g+�,

]
J

fyl>yl+j,O{�4i+j,gj1
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Li � 5 eJ / � 9@ � dqg i lv lq wkh lpdjh ri D� wkhq wkh deryh lqwhjudo lv 3 e|
wkh Vfkxu ruwkrjrqdolw| uhodwlrqv dqg wkh revhuydwlrq suhfhglqj Wkhruhp 4461
Li � @ � wkhq dvvxplqj wkdw i+j, @ k��+j,y> zl iru vrph y>z lq Y� zh kdyh
i+{j, @


��+j,y> ��+{,

�4z
�
1 Wkh Vfkxu ruwkrjrqdolw| uhodwlrqv |lhog

g+�,

]
J

fyl >yl+j,O{�4i+j,gj @ g+�,
[]

J

k��+j,yl> yll

��+j,y> ��+{,

�4z
�
gj @[

ky> yll

yl> ��+{,

�4z
�

@

y> ��+{,

�4z
�
@ k��+{,y> zl @ i+{,1

Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J1 E| Ohppd 439 zh pd| dvvxph

wkdw wkh uhsuhvhqwdwlrq lv xqlwdu|1 Li � 5 eJ wkhq zh vhw H� @ �+��,1 Wkhq li
y>z 5 K zh kdyh

kH��+j,y> zl @ +S�fy>z,+j,=

Wkxv li H�y @ 3 iru doo � 5 eJ wkhq fy>z @ 3 iru doo y 5 K1 Khqfh y @ 31
Li y 5 K+�, wkhq fy>z 5 O5+J,+�,1 Wkxv zh vhh wkdw H� lv wkh ruwkrjrqdo
surmhfwlrq ri K rqwr K+�,1

Zh frqfoxgh

Sursrvlwlrq 449 Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J wkhq wkh dojheudlf

vxp ri wkh vsdfhv K+�,/ � 5 eJ lv ghqvh lq K1 Ixuwkhupruh/ li +�>K, lv xqlwdu|

wkhq K lv wkh Kloehuw vsdfh gluhfw vxp ri wkh vsdfhv K+�,> � 5 eJ1

41517 Wkh gh�qlwlrq ri d +I>N, prgxoh1

Lq wklv vhfwlrq J zloo ghqrwh d Olh jurxs zlwk d �qlwh qxpehu ri frqqhfwhg
frpsrqhqwv1 Ohw N eh d frpsdfw vxejurxs ri J1 Vhw I @ Olh+J, dqg M @
Olh+N,1 Wkh prvw lpsruwdqw vshfldo fdvh lv zkhq N lv d pd{lpdo frpsdfw
vxejurxs ri J1

Gh�qlwlrq 44: D +I>N, prgxoh lv d yhfwru vsdfh/ Y / ryhu F wkdw lv d prgxoh
iru wkh Olh dojheud I dqg d prgxoh iru N +dv dq devwudfw jurxs, vxfk wkdw

41 n �[ � y @ +Dg+n,[, � n � y iru n 5 N/ [ 5 I/ y 5 Y 1
51 Li y 5 Y wkhq Zy @vsdqFin �ymn 5 Nj lv d �qlwh glphqvlrqdo yhfwru vsdfh

vxfk wkdw wkh pds n $ n � z/ lv F4 dv d pds iurp N wr Zy iru doo z 5 Zy1
61 Li \ 5 M dqg y 5 Y wkhq g

gw mw@3
h{s+w\ , � y @ \ y +khuh wkh gl�huhqwldwlrq

lv dv d pds lqwr Zy1

Rxu pdlq fodvv ri h{dpsoh ri +I>N,prgxohv duh jlyhq dv iroorzv1 Ohw +�>K,
eh d Kloehuw uhsuhvhqwdwlrq ri J1 Ohw K4 eh wkh vsdfh ri F4 yhfwruv ri K1 Zh
kdyh vhhq wkdw wklv vsdfh lv ghqvh lq K1 Wkhq wkh pdwhuldo diwhu Wkhruhp <6
lpsolhv wkdw frqglwlrq 41 lv vdwlv�hg1 Dv lv frqglwlrq 61 +exw dv d pds lqwr K,1
Zh vhw K4

+N, htxdo wr wkh vsdfh ri doo y 5 K4 wkdw vdwlvi| 51 Wkhq li y 5 K4
+N,

lw vdwlv�hv 61 Wkh rqo| frqglwlrq plvvlqj lv wkdw I vwloo dfwv1
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Ohppd 44; Li [ 5 I wkhq [K4
+N, � K4

+N,1

Surri1 Ohw y 5 K4
+N, wkhq zh kdyh d pds ri I

Q
Zy $ K4 jlyhq e|

[
Q

z :�$ [z1 Wkh frpsdwlelolw| frqglwlrq 41 lpsolhv wkdw wkh lpdjh ri wklv
pds lv d N0lqyduldqw �qlwh glphqvlrqdo vsdfh1 Lw fohduo| frqwdlqv [y1 Wkxv
[y 5 K4

+N,1

Gh�qlwlrq 44< Wkh +I> N, prgxoh K4
+N, lv fdoohg wkh xqghuo|lqj +I>N,0prgxoh

ri +�>K,1

Wkh +I> N,0prgxohv irup d ixoo vxefdwhjru| F+I> N, ri wkh fdwhjru| ri I dqg
N prgxohv1 Wkdw lv Krp+Y>N,+Y>Z , @KrpY+Y>Z ,_KrpN+Y>Z ,1 Zh vd|
wkdw d +I>N,0prgxoh Y lv luuhgxfleoh li wkh rqo| I dqg N lqyduldqw vxevsdfhv
duh Y dqg 31

Li Y lv d +I> N,0prgxoh dqg li � 5 eN wkhq zh vhw Y +�, htxdo wr wkh vsdq ri
doo y vxfk wkdw wkh uhsuhvhqwdwlrq Zy 5 �1

Gh�qlwlrq 453 D +I> N,0prgxoh Y lv vdlg wr eh dgplvvleoh li glpY +�, ? 4
iru doo � 5 eN1

Wkh iroorzlqj uhvxow lv wkh hdv| gluhfwlrq lq d qhfhvvdu| dqg vx!flhqw frq0
glwlrq1

Wkhruhp 454 Ohw +�>K, eh d Kloehuw uhsuhvhqwdwlrq ri J vxfk wkdw wkh xqghu0
o|lqj +I> N,0prgxoh lv dgplvvleoh dqg luuhgxfleoh1 Wkhq +�>K, lv luuhgxfleoh1

Surri1 Ohw Y @ +K4,+N,1 Vxssrvh wkdw Y lv uhgxfleoh1 Ohw Z eh d

forvhg lqyduldqw vxevsdfh ri K1 Wkhq �+��,Z � Z iru doo � 5 eN1 Vlqfh
K4 lv ghqvh lq K dqg �+��,K

4 � K4 wklv lpsolhv wkdw K4 _ K+�, @ K+�,

vlqfh � lv dgplvvleoh1 Qrz li Z +�, @ K+�, iru doo � 5 eN wkhq Z @ K1
Dovr dv d vxeuhsuhvhqwdwlrq ri K zh kdyh Z4 @ Z _ K41 Wklv lpsolhv wkdw
+Z4,+N, � +K4,+N,1 Li wkh wzr vsdfhv duh htxdo wkhq wkh deryh frqvlghudwlrqv
lpso| wkdw +Z4,+N, @ +K4,+N,1 Dvvxph Z 9@ K1 Vlqfh +Z4,+N, � +K4,+N,

lv d I dqg d N0lqyduldqw vxevsdfh dqg +K4,+N, lv dq luuhgxfleoh +I> N,0prgxoh

wklv lpsolhv wkdw +Z4,+N, @ +3,1 Khqfh Z +�, @ 3 iru doo � 5 eN= Exw wkdq
Z @ 31 Khqfh � lv luuhgxfleoh dv dvvhuwhg/

Wklv uhvxow doorzv xv wr �qlvk wkh glvfxvvlrq ri wkh krorprusklf glvfuhwh
vhulhv ri VX+4>4,1 Khuh zh wdnh N dqg pxfk ri rxu qrwdwlrq dv lq 415151 Vlqfh
wkh pds W $ N/ hl� :�$ n+�, gh�qhv dq lvrprusklvp ri W @ i} 5 Fmm}m @ 4j
zlwk N1 Rqh vhhv hdvlo| wkdw li �q+n+�,, @ hlq� wkhq eN @ i�qmq 5 ]j1 Iurp
wkh gh�qlwlrq ri +�n>K

n, zh kdyh �n+n,}o @ ��n�5o+n,}
o1 Lw lv hdvlo| vhhq

wkdw li m 9@ i�n � 5omo 5 ]> o � 3j wkhq Kn+�m, @ 3 dqg wkdw Kn+��n�5o, @ F}o

rwkhuzlvh1 Wkxv Y @ +Kn,4+N, lv mxvw wkh vsdfh ri doo sro|qrpldov lq rqh frpsoh{
yduldeoh1 Zh zloo qrz suryh wkh luuhgxflelolw|1 Vhw

k @

�
3 4
4 3

�
> x @

�
3 l
�l 3

�
=
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Wkhq erwk duh hohphqwv ri Olh+VX+4>4,,1 Vhw ]. @ k�lx
5 dqg ]� @ k.lx

5 wkhq

].}o @ �o}o�4> ]�}o @ +n . o,}o.4> o � 31

Qrz vxssrvh wkdw Z lv dq lqyduldqw qrq0}hur vxevsdfh ri Y 1 Wkhq Z +�, 9@ 3

iru vrph � 5 eN1 Wklv lpsolhv wkdw }o 5 Z iru vrph o � 31 Qrz +].,o}o @ o$41
Wklv 4 5 Z 1 Exw +]�,p4 @ n +n .4, � � � +n .p� 4,}p1 Khqfh }p 5 Z iru doo
p � 3 vr Z @ Y 1

41518 D fodvv ri lqgxfhg uhsuhvhqwdwlrqv1

Ohw J eh d orfdoo| frpsdfw/ vhsdudeoh/ xqlprgxodu/ wrsrorjlfdo jurxs dqg ohw
N eh d frpsdfw vxejurxs dqg S d forvhg vxejurxs vxfk wkdw SN @ J1 Iru
h{dpsoh/ J lv d uhdo uhgxfwlyh jurxs/ N lv d pd{lpdo frpsdfw vxejurxs ri J
dqg S lv d vwdqgdug sduderolf vxejurxs1

Zh qrwh wkdw zh kdyh vkrzq wkdw zh pd| fkrrvh Kddu phdvxuh rq J vxfk
wkdw li i 5 Ff+J, wkhq ]

J

i+j,gj @

]
S�N

i+sn,gsgn

zkhuh wkh lqwhjudwlrq lq S lv uhodwlyh wr ohiw lqyduldqw phdvxuh dqg wkdw lq N lv
uhodwlyh wr qrupdol}hg lqyduldqw phdvxuh +Sursrvlwlrq 7;,1

Wkh iroorzlqj lv dovr vwdqgdug

Ohppd 455 Li i 5 F+N _ SqN, @ F+SqJ, wkhq wkhuh h{lvwv * 5 Ff+J, vxfk
wkdw

i+n, @

]
S

*+sn,gs=

Surri1 Frqvlghu wkh pds s> n :�$ sn ri S �N rqwr J1 Wkhq li sn @ s4n4
zlwk s> s4 5 S dqg n> n4 5 N wkhq +s4,

�4s @ n4n
�4 @ p 5 N _ S 1 Khqfh

s4 @ sp�4 dqg n4 @ pn1 Wklv lpsolhv wkdw li zh frqvlghu wkh ohiw dfwlrq
p+s> n, @ +sp�4>pn,/p 5 N_S wkhq J lv krphrprusklf zlwkN_Sq+S�N,1
Ohw ! 5 Ff+S@N _ S , dqg gh�qh *+s> n, @ !+s,i+n,1 Wkhq *+sp=p�4n, @
*+s> n, iru doo s 5 S / n 5 N/ p 5 S _N1 Dvvxph wkdw]

S

!+s,gs @ 4=

Wkhq wkh irupxod lq wkh vwdwhphqw lv vdwlv�hg1
Wkh iroorzlqj lqwhjudwlrq irupxod lv wkh nh| wr sduderolf lqgxfwlrq iru uhdo

+dqg s0dglf, uhgxfwlyh jurxsv1 Iluvw zh qhhg vrph qrwdwlrq1 Li x 5 F+S , dqg
x+sp, @ x+s, iru s 5 S dqg p 5 S _N wkhq zh h{whqg x wr J e| x+sn, @ x+s,/
iru s 5 S dqg n 5 N1 Li k 5 F+N, dqg k+pn, @ k+n, iru p 5 N _S dqg n 5 N
wkhq zh h{whqg k wr J e| vhwwlqj k+sn, @ k+n,/ s 5 S> n 5 N1 Ohw � eh wkh
prgxodu ixqfwlrq ri S 1 Wkhq vlqfh �mN_S @ 4 zh pd| h{whqg lw wr J dv deryh1
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Ohppd 456 Ohw i 5 F+N _ SqN, wkhq]
N

i+n,gn @

]
N

i+nj,�+nj,gn

iru doo j 5 J1

Surri1 Ohw * eh dv lq wkh suhylrxv ohppd1 Wkhq]
N

i+n,gn @

]
J

*+{,g{ @

]
J

*+{j,gj=

Li { 5 J wkhq zh zulwh { @ s+{,n+{, iru vrph fkrlfh ri s+{, dqg n+{, wkh
dpeljxlw| ri wkh fkrlfh zloo eh luuhohydqw lq wkh uhvw ri wkh dujxphqw1 Zh
frqwlqxh]

J

*+{j,g{ @

]
S�N

*+snj,gsgn @

]
S�N

*+ss+nj,n+nj,,gsgn

@

]
S�N

�+s+nj,,*+sn+nj,,gsgn @

]
N

�+s+nj,,i+n+nj,,gn=

Vlqfh �+s+nj,, @ �+nj, dqg i+n+nj,, @ i+nj, wkh ohppd iroorzv1
Zh fdq qrz gh�qh wkh fodvv ri lqgxfhg uhsuhvhqwdwlrqv wkdw duh lpsruwdqw

wr wkh kduprqlf dqdo|vlv ri uhgxfwlyh jurxsv1 Ohw +�>K�, eh d Kloehuw uhsuh0
vhqwdwlrq ri S 1 Ohppd 439 lpsolhv wkdw zh pd| dvvxph wkdw lw lv xqlwdu| zkhq
uhvwulfwhg wr N _ S 1 Ohw K�

r ghqrwh wkh vsdfh ri doo frqwlqxrxv ixqfwlrqv

i = J $ K�

vxfk wkdw i+sj, @ �+s,
4

5�+s,i+j, iru s 5 S dqg j 5 J1 Zh qrwh wkdw li i 5 K�
r

dqg imN @ 3 wkhq i @ 31 Zh hqgrz K�
r zlwk d suh0Kloehuw vsdfh vwuxfwxuh e|

wdnlqj

ki4> i5l @
]
N

ki4+n,> i5+n,l gn

iru i4> i5 5 K�
r +khuh wkh lqqhu surgxfw lqvlgh wkh lqwhjudo lv wkdw ri K�,1 Ohw

K� ghqrwh wkh Kloehuw vsdfh frpsohwlrq ri K�
r 1 Li j 5 J wkhq zh gh�qh wkh

rshudwru ��+j, rq K�
r e| ��+j,i+{, @ i+{j,1

Ohppd 457 Li j 5 J wkhq �+j, h{whqgv wr d erxqghg rshudwru rq K�1 Ixuwkhu0
pruh/ +��> K

�, gh�qhv d Kloehuw uhsuhvhqwdwlrq ri J zklfk lv xqlwdu| li +�>K�,
lv xqlwdu|1

Surri1 Dv deryh/ zh zloo zulwh { @ s+{,n+{,1 Li  lv d frpsdfw vxevhw ri J
wkhq vlqfh wkh dpeljxlw| lv lq N _ S zh vhh wkdw s+, � 3 d frpsdfw vxevhw
ri S 1 Wkxv wkhuh h{lvwv d frqvwdqw F ? 4 vxfk wkdw n�+s+{,,n � F iru doo
{ 5 1 Li i 5 K�

r wkhq

n��+j,in5 @

]
N

ni+nj,n5 gn @

]
N

�+s+nj,, n�+s+nj,,i+n+nj,,n5 gn= +;,
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Qrz li j 5  wkhq wklv odvw h{suhvvlrq lv ohvv wkdq ru htxdo wr

F5


]
N

�+s+nj,, ni+n+nj,,n5 gn @ F5
 nin5

lq oljkw ri wkh suhylrxv ohppd1 Wkxv n��+j,n � F1 Zh qrwh wkdw +;, deryh
frpelqhg zlwk wkh lqwhjudo irupxod deryh lpsolhv wkdw ��+j,/ iru j 5 J> lv
xqlwdu| li � lv xqlwdu|1 Zh ohdyh lw wr wkh uhdghu wr fkhfn wkdw wkh pdwul{
frh!flhqwv j :�$ k��+j,x> yl duh frqwlqxrxv iru x> y 5 K�

r 1 Wkxv Ohppd :6
+surshuo| h{whqghg, lpsolhv wkdw �� gh�qhv d uhsuhvhqwdwlrq ri J1

Wkh uhsuhvhqwdwlrq +�� >K
�, lv xvxdoo| ghqrwhg LqgJS +�, ru LqgJS +K�, dqg

fdoohg dq lqgxfhg uhsuhvhqwdwlrq1 Zh zloo qrz vwxg| wkh N0lvrw|slf frpsrqhqwv
ri wkhvh uhsuhvhqwdwlrqv xqghu wkh k|srwkhvlv wkdw wkh uhvwulfwlrq ri � wr N _S

kdv �qlwh pxowlsolflwlhv wkdw lv li � 5 _N _ S wkhq glpK�+�, ? 41 Zh qrwh
wkdw wklv uhvwulfwlrq ri ��wr N lv wkh N uhsuhvhqwdwlrq LqgNN_S +�mN_S ,1 Zh vhw
P @ N _ S dqg � @ �mN_S 1 Zh ghqrwh wkh lqgxfhg uhsuhvhqwdwlrq wr N e|
+�� > Y

�,1

Ohppd 458 Wkh uhsuhvhqwdwlrq +�> Y �, lv wkh xqlwdu| gluhfw vxp ri wkh uhsuh0

vhqwdwlrqv LqgNP +K�+�,, iru � 5 fP 1

Surri1 Vhw Y �
r htxdo wr wkh vxevsdfh ri Y � frqvlvwlqj ri frqwlqxrxv hoh0

phqwv1 Ohw S� eh wkh ruwkrjrqdo surmhfwlrq ri K� rqwr K�+�,1 Li i 5 Y �
r

wkhq vhw i�+n, @ S�i+n,1 Wkhq i� 5 Y �
r dqg i @

S
i� lq Y � 1 Fohduo|/

i� 5 LqgNP +K�+�,,1 Wkh ohppd iroorzv1
Wkh qh{w uhvxow lv d jhqhudol}dwlrq ri wkh fodvvlfdo Iurehqlxv uhflsurflw|1

Sursrvlwlrq 459 Ohw +�>Z , eh d �qlwh glphqvlrqdo uhsuhvhqwdwlrq riN1 Wkhq

wkh vhw ri doo � 5 fP vxfk wkdw

ON+Z>LqgNP +K�+�,,, 9@ 3

lv �qlwh1 Ixuwkhupruh ON+Z>K�, @
S

� ON+Z>LqgNP +K�+�,,, +d �qlwh vxp

e| wkh deryh,1 Ilqdoo|/ wkhuh lv d qdwxudo lvrprusklvp ri ON+Z>LqgNP +K�+�,,,
zlwk OP +Z>K�+�,,1

Surri1 Ohw W 5 ON+Z> LqgNP+K�+�,,, dqg ohw � 5 eN eh vxfk wkdw Z +�, 9@
31 Wkhq W +Z +�,, � LqgNP +K�+�,,+�, @ �� +��, LqgNP+K�+�,,1 Wklv vsdfh xv
frqwdlqhg lq K�

r 1 Vlqfh glpZ ? 4 wklv lpsolhv wkdw W +Z , lv frqwdlqhg lq wkh
frqwlqxrxv hohphqwv ri LqgNP +K�+�,, @ Z�>�1 Wkxv li z 5 Z zh fdq gh�qh

W +z,+4,1 Zh xvh wkh qrwdwlrq eW +z, iru W +z,+4,1 Wkhq vlqfh W +�+n,z,+4, @

W +z,+n, iru n 5 N1 Wkh pds W :�$ eW lv lqmhfwlyh1 Zh dovr qrwh wkdweW 5 OP +Z>K�+�,,1 Vlqfh glpZ ? 4 wklv lpsolhv wkh �uvw dvvhuwlrq ri wkh

sursrvlwlrq1 Vxssrvh wkdw V 5 OP +Z>K�+�,, wkhq gh�qh hV+z,+n, @ V+�+n,z,1

Wkhq hV 5 ON+Z>LqgNP +K�+�,,,1 Lw lv fohdu wkdw
heW @ W dqg

ehV @ V1
E| dqdorj| zlwk wkh gh�qlwlrq ri wkh odvw vhfwlrq zh zloo vd| wkdw d uhsuhvhq0

wdwlrq +�>K, ri J lv N0dgplvvleoh iru N li glpK+�, ? 4 iru doo � 5 eN1 Wklv lv
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wkdw vdph dv vd|lqj wkdw zkhqhyhu +�>Z , lv d �qlwh glphqvlrqdo uhsuhvhqwdwlrq
ri N/ glpON+Z>K, ? 41

Wkh deryh uhvxowv kdyh wkh iroorzlqj lpsolfdwlrq

Fruroodu| 45: Li +�>K�, lv +N_S ,0dgplvvleoh wkhq LqgJS +�, lv N0dgplvvleoh1

Zh orrn dw dq h{dpsoh1 Ohw J @ VO+5>U,1 OhwN @ VR+5, dqg ohw S ghqrwh
wkh vxejurxs ri xsshu wuldqjxodu uhsuhvhqwdwlrqv ri J1 Wkhq N _ S @ i	Lj1
Vhw

D @

�
dw @

�
hw 3
3 h�w

�
mw 5 U

�
dqg

Q @

�
q{ @

�
4 {
3 4

�
m{ 5 U

�
=

Wkhq S @N_S �D�Q dqg hyhu| hohphqw fdq eh zulwwhq xqltxho| dv 	dwq{1 Ohw
� ghqrwh rqh ri wkh wzr fkdudfwhuv ri N _ S 1 Ohw � 5 F dqg vhw ��+pdwq{, @
h�w�+p, iru p 5 N _ S 1 Wkh vhulhv ri uhsuhvhqwdwlrqv LqgJS +��, lv fdoohg wkh
sulqflsdo vhulhv ri J1 Qrwlfh wkdw li � lv sxuho| lpdjlqdu| wklv uhsuhvhqwdwlrq
lv xqlwdu|1 Lw wxuqv rxw wkdw iru � sxuho| lpdjlqdu| wkhq wkh rqo| uhsuhvhq0
wdwlrq ri wkh irup LqgJS +��, wkdw lv uhgxfleoh lv wkh rqh iru � qrq0wulyldo dqg
� @ 31 Wkhvh uhsuhvhqwdwlrqv frpelqhg zlwk wkh krorprusklf glvfuhwh vhulhv
+VO+5>U, lv lvrprusklf zlwk VX+4> 4,, dqg wkh dqwl0krorprusklf glvfuhwh vhulhv
+wdnh wkh rwkhu fkrlfh ri

s�4, jlyh doo ri wkh luuhgxfleoh xqlwdu| uhsuhvhqwdwlrqv
ri J h{fhsw iru wkh frpsolphqwdu| vhulhv +zklfk fruuhvsrqg wr d qhz Kloehuw
vsdfh vwuxfwxuh rq LqgJS +��, iru � uhdo dqg �4 ? � ? 4, dqg wkh wulyldo rqh
glphqvlrqdo uhsuhvhqwdwlrq1

Ohw J eh d uhdo uhgxfwlyh jurxs/ N d pd{lpdo frpsdfw vxejurxs ri J dqg
ohw S eh d vwdqgdug sduderolf vxejurxs ri J1 Wkhq S @ PDQ wkh vwdqgdug
Odqjodqgv ghfrpsrvlwlrq1 Ohw P @ Olh+Q, wkhq �+pdq, @ ghw+Dg+d,m+, +@
m ghw+Dg+pdq,mOlh+S ,m1 Khuh zh duh xvlqj wkh idfw wkdw iru d Olh jurxs/ E/ wkh
prgxodu ixqfwlrq lv mghw+Dg+e,,m1,

Li +�>K�, lv d xqlwdu|/ N _ S @ N _P 0dgplvvleoh uhsuhvhqwdwlrq ri P dqg
li � 5 Olh+D,�F wkhq zh gh�qh ��+p+h{sK,q, @ h�+K,�+p,1 Li � lv sxuho| lpdj0
lqdu| wkhq wkh fruuhvsrqglqj xqlwdu| uhsuhvhqwdwlrq lv fdoohg d sulqflsdo vhulhv
uhsuhvhqwdwlrq1 \rx zloo vhh wkdw luuhgxfleoh xqlwdu| uhsuhvhqwdwlrqv ri uhdo uh0
gxfwlyh jurxsv duh dgplvvleoh zlwk uhvshfw wr pd{lpdo frpsdfw vxejurxsv dqg
wkdw wkh uhsuhvhqwdwlrqv LqgJS +��, duh jhqhulfdoo| luuhgxfleoh li � lv luuhgxfleoh1
Wkh xqghuo|lqj +Olh+J,> N,0prgxoh lv ghqrwhg LS>�>� 1 Wkhvh prgxohv duh edvlf
lqjuhglhqwv lq wkh jhqhudo wkhru|111
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