UNENTANGLED BASES AND GLEASON’S
THEOREMS.

NOLAN R. WALLACH

1. INTRODUCTION.

Let H be a Hilbert space with unit sphere S(H). Following Gleason
([Gleason]) we will call a function f : S(H) — C a frame function of
weight w if for every orthonormal basis {v;} of S(H)

0 > fw) = w.

In [Gleason| he proved the following theorem

Theorem 1. Ifdim H > 3 and f is a frame function that takes non-
negative real values then there exists a self adjoint trace class operator
T:H — H such that

f(w) = (|T|v),v e S(H).

This theorem has been used as a “proof” that there is no hidden
variables explanation of quantum systems in dimensions at least 3.
The interested reader should also consult [Bell] for a discussion of this
point. If the Hilbert space is of dimension 2 then the statement in the
theorem is easily seen to be false.

The purpose of this note is to give a generalization of Gleason’s the-
orem that may be of relevance to quantum computing. The argument
in [Bell] shows that a proof of nonexistance of hidden variables can-
not be based directly on Gleason’s theorem due to the interaction of
the environment with the measurements in question. In (theoretical)
quantum computing one takes as a first approximation a finite dimen-
sional system that we assume is not effected by the environment. In
this version one constructs such algorithms as Grover’s or Shor’s. Then
one looks at the environment as inflicting errors in measurement and
one uses error correcting codes to “fix” the errors. Thus at the first
level, Bell’s argument plays no role and arguments based on Gleason’s
theorem are relevant.
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We will (for the sake of simplicity) confine our attention to finite
dimensional Hilbert spaces. To describe our results we need a bit more
notation. Let Hi,..., H, be (finite dimensional) Hilbert spaces. Set
H=H ®H,®---®H,. Let ¥ = X(Hy,..., H,) denote the subset
of S(H) consisting of those elements of the form a; ® - - - ® a,, with
a; € S(H;) for i = 1,...,n. In the jargon of quantum computing such
states are called unentangled or product states. The ones that are not
of this form are said to be entangled. An orthonormal basis {v;} of H
is said to be unentagled if v; € ¥ for all i. We say that f : ¥ — C
is an unentangled frame function of weight w if whenever {v;} is an
unentangled orthonormal basis of H then f satisfies (1) above.

Theorem 2. If dim H; > 3 for all v and of f : ¥ — R is a non-
negative unentangled frame function then there exists T : H — H a
self adjoint trace class operator such that f(v) = (v|T|v) for all v € 3.

This result is an almost direct consequence of Gleason’s theorem.
We will give a proof in the next section. The second result in this
paper shows that the dimensional condition is necessary. We should
point out that there is an alternative type of basis that is adapted to
the tensor product structure. This is a product basis and is defined as
to be a basis of the form {u;,;1 ®u;,2 ®--- @, } Where uyj, ..., up ; is an
orthonormal basis of H;. We could define a product frame function in
the same way as we did for an unentangled frame fuction except that
we only assume that there exists a weght w such that >, . . f(ui;1®
Uiy @ -+ - ® U, ) = w for every product basis. One can ask whether
this is all that us necessary for the conclusion of the theorem above.
The answer is no and a method of “finding” large class of examples
will be given at the end of the next section (see the proposition at the
end of the section).

Theorem 3. Let dimH; = 2 and let f : S(H;) — C be a frame
function of weight wy and g : X(Ha,...,H,) — C be an unentan-
gled frame function of weight wy. We set h(vy @ u) = f(v1)g(u) for
u € X(Hy, ..., H,). Then h is an unentangled frame function of weight
wiWsa.

This result is a bit harder and the proof involves a method (see
Theorem 5) that describes a combinatorial scheme for finding all unen-
tangled orthonormal bases where all of the spaces, H;, have dimension
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2. This analysis in turn leads to a natural question Given and unentan-
gled orthonormal set can it be extended to an orthonormal basis? Or
even stronger: Can it be a proper subset of an unentangled orthonormal
set? This question was studied in [BDMSST]. We conclude the paper
by giving a proof based on simple algebraic geometry of the following
theorem which is related to the bound that occurs in [BDMSST].

Theorem 4. Let V' be a subspace of Hi ® - - - ® H,, such that if v eV
and v # 0 then v is entangled. Then dimV < dim(H;) - - - dim(H,,) —
> (dim H; — 1) — 1. Furthermore, the upper bound is attained.

The author would like to thank David Meyer for several helpful
conversations, in particular, for suggesting that one should look at
bases consisting of product vectors in the context of Gleason’s the-
orem. Meyer was, in turn, influenced by conversations with Chris
Fuchs. Fuchs also suggested to the author that he study product
bases.

2. THE UNENTANGLED GLEASON THEOREM.

In this section we will give a proof of Theorem 2. If n = 1 the
statement is just Gleason’s theorem. We consider the situation of H =
HQ@VwithV=H H,®- ---® H, and dim H; > 3 for all .. We
prove Theorem 1 by induction (i.e. assume the result for n). We note
that if {v;} is an orthonormal basis of H, and if for each ¢, {u;;} is
an unentangled orthonormal basis of V' then the set {v; ® u;;} is an
unentangled orthonormal basis of H. Thus if w is the weight of f then
we have

Y fni@u) =w=Y" f; @ ui).
J 22,5

Thus for each v € S(Hy) the function f,(u) = f(v®u) is an unentangled
frame function. The inductive hypothesis implies that for each v €
S(H,) there exists a self adjoint (due to the reality of f) linear operator
T'(v) such that f(v®u) = (u|T(v)|u) for u € X(Hy, ..., H,). Similarly, if
{u;} is an unentangled orthonormal basis of V" and for each i, {v;;} is an
orthonormal basis of Hy then {v;; ® u;} is an unentangled orthonormal
basis of H. We therefore conclude as above that if u € X(Hy, ..., Hy,)
then there exists S(u) a self adjoint linear operator on H, so that
flv®@u) = (v|S(u)|v) for all v € H,.

Let {u;} be an unentangled orthonormal basis of V' and let {v;} be
an orthonormal basis of H,. Set

a;j(v) = (w|T(v)|u;)
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and
bij(u) = (v;|S(u)vj),u € X(Hy, ..., Hy).

We now observe that if v =, z;v; and if u = Zj yju; then we have
Z Ap,q(V)YpYq = Z by,s (u)Zr@s.
P9 r,8

If we substitute v = v, then we have

u) = Z ap,q(Vr)YpYq-
P

Now assuming that r # s and taking v= %(vr + v;s) we have

Reb,s(u Zapq vr + v5))UpY.

1 _ _
5 (Z p,q(Vr)YpYq + Z ap,q(”s)%%) :
P P

Also if we take v = %(vr + ’ivs) then we have

—Tmb,(u Z apa( 5 (0 +30:))ptly —

1 _ _
5 (Z ap,g(Vr)YpYq + Z ap,q(”s)%%) :
P P

Thus if we set

Crrpg = Qpg(Ur)

and if r # s then

Then
flo@u) = Z CrspgTrYpTsYq-

rspq

This is the content of the theorem.

We will now give a counterexample to the analogous assertion for
product bases.
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Proposition 5. Let H, and Hy be finite dimensional Hilbert spaces of
dimension greater than 1. Then there exists f : X(Hy, Hy) — [0,00)
such that ), . f(ui®v;) = w, withw € R fived, for all choices {u;} and
{v;} of orthonormal bases of Hy and Hy respectively but there is no lin-
ear endomorphism, T', on H; ® Hy such that f(u®v) = (u @ v|T|u @ v)
foru e S(Hy) and v € S(H3).

Proof. Let for w > 0, P,, denote the set of all Hermitian positive semi-
deﬁnite endomorphisms, A, of Hs such that tr(A) = w. Fix w, =
T Let o 0 S(Hy) — Pwo be a mapping (completely arbitrary). Set
flu®v) = (v|p(u)|v), for u € S(Hy) and v € S(Hy) . If {u;} is an
orthonormal basis of H; and if {v;} is an orthonormal basis of Hy then

Zﬂuz‘ Dv;) =Y (Z (vileo(ui)|v;) ) Ztr = dim(H;)w,

i J

Note: In this argument only one factor need be finite dimensional.
Also note that f can be chosen to be continuous.

3. UNENTANGLED BASES

In this section we will develop the material on “unentangled bases”
that we will need to prove Theorem 3 (in fact as we shall see a gen-
eralization). Let V' be a 2-dimensional Hilbert space and let H be an
n-dimensional Hilbert space. Fix ¥ C S(H) such that AX = X for all
A € C with |A\| = 1. We will use the notation S(V)® ¥ = {v® w|v €
S(V),w e 3}

If a € S(V) then up to scalar multiple there is exactly one element
of S(V') that is perpendicular to a. We will denote a choice of such an
element by @. The main result of this section is

Theorem 6. If {u; ”1 is an orthonormal basis of V @ H with u; €
S(V)® X for j =1,...,2n then there exists a partition

n>ng>...>n. >0
of n, an orthogonal decomposition
H=U,&..9U,

elements ay, ...,a. € S(H), and for each i = 1,...,r orthonormal bases
{bity ..oy bin; } and {ci1, ..., Cin, } of U; such that
{wli=1,...2n} = J{a; @ bylj =1, .n}U{@ @c;lj=1,....,n;}).

=1
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Before we prove the theorem we will make several preliminary ob-
servations. Let {u;} be as in the statement of the theorem. Then each
u; = a; @ h; with a; € S(V) and h; € 2.

1. For each i there exists j such that a; is a multiple of a;.

If not then we would have (a;|a;) # 0 for all j. Since (a;®h;|a;@h;) =
(a;laj)(hilhj), (hilh;j) = 0 for all j # i. This implies that {u;},;. C
V @ {hi}. This space has dimension equal to 2(n —1). So it could not
contain 2n — 1 orthonormal elements. This contradiction implies that
assertion 1. is true.

2. Assume that i # j. If (a;|a;) # 0 then (h;|h;) = 0. If (h;lh;) # 0
then (a;|a;) = 0.
This is clear (see the proof of 1.)

We will now prove the theorem by induction on n. If n = 1 the
result is trivial. We assume the result for all H with dim H < n and
all possible choices for . We now prove it for n.

For each i let m; denote the number of j such that a; is a multiple
of a;. Let m = max{m;|i = 1,...,2n}. If we relabel we may assume
that the first m of the a; are equal to a; (we may have to multiply h;
by a scalar of norm 1). By 1. above we may assume that the next k of
the a; are equal to @; with 1 < k <m and if ¢ > m + k then q; is not
a multiple of either a; or @;. This implies by 2. above that (h;|h;) =0
for j > m+kand i = 1,...,m. Also {hq,...,h,} is an orthonormal
set. Thus u; € V ® ({hy, ..., h}*) for i > m + k. This implies that
V& ({hi, ..., hm } ) contains 2n — (m + k) orthonormal elements. Since
dimV & ({h1, ..., hm }) = 2(n — m) this implies that k& = m. We now
rewrite the first 2m elements of the basis as

a1 bl, ey & bm,al & Ciy ..y ®Cm.

If we apply observation 2. again we see that the elements h; for i > 2m
must be orthogonal to {bi,...,b,} and to {ci,...,c,}. A dimension
count says that they must span the orthogonal complements of both
{b1,....,b } and {ci,...,c, }. But then {by, ..., b, } and {c, ..., ¢;n } must
span the same space, U C H. We have therefore shown that {u; }i>om
is an orthonormal basis of V ® U+. We may thus apply the inductive
hypothesis to U+ and ¥ N U+. This completes the inductive step and
hence the proof.

If W is a Hilbert space and if = is a subset of S(I¥) that is invariant
under multiplication by scalars of absolute value 1 then a function
f : E — C is said to be a =-frame function of weight w = w; if
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whenever {u;} is an orthonormal basis of W with u; € = (i.e. {u;} is a
E-frame) we have ) . f(u;) = w. We note

3. Let f be a =-frame function. If {u;} is a =-frame for W and if F
is a subset of {u;} then fipiz is a F- N E-frame function of weight

This is pretty obvious. Let {v;} be a 2N F+-frame for F-. Then
{v;} UF is a =-frame for W.

Proposition 7. Let V' be a two dimensional Hilbert space and let H
be an n-dimensional Hilbert space. Let ¥ C S(H) be as in the rest of
this section and let g : S(V) — C and h : ¥ — C be respectively a
frame function and a X-frame function. Then if f(v @ w) = g(v)h(w)
forv e S(H) and w € X then f is an S(V) ® X-frame function of
weight wgwy,.

Proof. Let {u;} be an S(V) ® ¥-frame. Then Theorem 5 implies that
we may assume that there is partition n; > ng > ... > n, > 0 of n and
elements a;, b;; and ¢;; as in the statement so that
{u} = (o @byli =1,...n} U{@ @cylj = 1,..,n}) .
i=1
Thus
D fu) = gla) Y hlby)+ Y 9(@) > hlci).
i i j=1 i 1
Observation 3. above implies that for each i we have 7%, h(b;;) =
> iy heij). Now g(ai) + g(@;) = w,. Hence since {b;;} is a ¥-frame
the result follows.

j=

Theorem 3 is an immediate consequence of the above proposition.

4. ENTANGLED SUBSPACES.

Let Hy, ..., H, be finite dimensional Hilbert spaces and set H = H; ®
Hy®---® H, IfV C H is a subspace than we will say then V is
entangled if whenever v € V and v # 0 then v is entangled (i.e. v
cannot be written in the form v = h; ® hs ® - - - ® h,, for any choice of
h; € H;). The purpose of this section is to give a proof of Theorem 4
using basic algebraic geometry. That is, we will prove that

dimV < dim(Hy) - - - dim(H,) — Y (dim H; — 1) — 1
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and that this estimate is best possible. The reader should consult
[Hartshorne].

Let L = {\ € H*|\(V) =0} (H* the complex dual space of H). Let
X={h® - ®h,|h; € H;}. We consider the map ® : H; x ... x H,, —
X given by ®(hy,....,h,) = hy ® - -+ @ h,. Then ® is a surjective
polynomial mapping. If we denote by ® the corresponding mapping of
projective spaces we have ® : P(H;) x ... x P(H,) — P(H). General
theory implies that the image of ® is Zariski closed in P(H). Since
X is clearly the cone on that image we see that X is Zariski closed
and irreducible. Also the map @ is injective so the dimension over C
of its image is > (dim H; — 1). Thus the dimension over C of X is
d=>(dimH; — 1)+ 1.

Since V is entangled XNV = {0}. This implies that {x € X ||\ (z) =
0,A € L} = {0}. Thus dimL > dimX = d. Hence dimV =
dim H — dim L < dim H — d. This is the asserted upper bound. The
fact that this upper bound is best possible follows from the Noether
normalization theorem which implies that there exist A\;,...,\y € H*
such that {z € X ||\(z) = 0 for all i} = {0} (i.e. a linear system of
parameters).
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