
Take Home Final Math 250A Fall 2010

1. Let M be a C∞ manifold and let X be a vector field on M . Let f ∈
C∞(M) be such that Xf = 0 and let φt be the local flow generated by X.
Then prove that for every p ∈ M , f(φt(p)) = f(p). Use this observation
to describe the leaves of the foliation of R2 − {(0, 0)} corresponding to the
subbundle of the tangent bundle given by p → RXp with X = y2 θθx +

x2 θθy .(Hint: Consider x
3 − y3.)

2. Let f : M → RN be a proper embedding of a non-compact manifold M .
Show that f(M) cannot be bounded.

3. Use the method of the proof we gave of the embedding theorem for
compact manifolds to prove that a compact m-dimensional manifold with
boundary can be embedded in R2m+1. Use this result to prove that the
interior of a compact m-dimensional manifold with boundary has a proper
embedding into R2m+1.

4. The purpose of this problem is to guide you through a proof of: If M is
a connected C∞ manifold and p, q ∈ M then there exists a diffeomorphism
φ : M →M such that φ(p) = q.

a) If X ∈ V ect(M) (i.e. X is a vector field on M) define supp(X) to
be the closure of the set {p ∈ M |Xp 6= 0}. let X ∈ V ect(X) and let φt
be the local flow generated by X. Prove that if p is in the closure of the
complement of supp(X) then φt(p) = p for all t.

b) Show that if X ∈ V ect(M) has compact support then X is complete.
c) Let (U,Φ) be a cubic chart forM . Let p, q ∈ U . Show that there exists

a diffeomorphism, φ, of M such that φ(p) = q. (Hint: we may assume Φ(U)
is the cube Cma = (−a, a)×· · ·×(−a, a) m-fold product. Let v = Φ(q)−Φ(p)
and let X be the vector field Xx = v for all x ∈ Rm. Show that the flow
generated by X is φt(x) = x+ tv. Let p, q ∈ Cmb and let 0 < b < c < a. Let
ψ ∈ C∞(Rm) be such that ψ|Cmb ≡ 1and ψ|Rm−Cmc ≡ 0. Let Y = ψX. Show
that Y is complete. Let ηt be the flow generated by Y . η1(Φ(p)) = Φ(q),
η1(x) = x for x /∈ Cmc . and η1 maps [−c, c]× · · · × [−c, c] m-fold product to
itself. Set η1 = ξ. Show that if we set φ = Φ−1 ◦ ξ|U ◦Φ on U and φ(x) = x
for x ∈ U then φ is a diffeomorphism.)

d) Show that if p, q ∈ M then there exist cubic neighborhoods (Ui,Φi),
1 ≤ i ≤ r such that p ∈ U1 and Ui ∩Ui+1 6= ∅ for i = 1, ..., r− 1 and q ∈ Ur.

e) Complete the proof.
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