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1 Introduction

In her thesis [RB], Ranee Brylinski (then Gupta) studied the orbit structure of
the projective variety of abelian subalgebras of a fixed dimension, k, in a simple
Lie algebra, g, over C under its adjoint group, G. Fix a Borel subalgebra, b, of
g and let B be the closed subgroup of G corresponding to b. Then the Borel
fixed point theorem implies that the closed G-orbits are precisely the orbits of
the abelian ideals in b of dimension k. Let [ be the rank of g and fix h a Cartan
subalgebra. The main result in [RB] is that the closed orbits are all contained
in the closures of the orbits of the subspaces of h of dimension k. In particular,
if k =1 the closure of the orbit of b contains all of the closed orbits.

In this paper we will only study the case when k = [ (although we expect that
similar methods will work for k < [) and we prove the following strengthening
of Brylinski’s theorem.

Theorem 1 Let x be a regular (not necessarily semisimple) element of g con-
tained in b. Then the closure of the B-orbit of g* = {y € gl[x,y] = 0} contains
all of the abelian ideals of b of dimension I.

Since there is a regular nilpotent element in the closure of the B orbit of
each regular element of the projective space on g, this theorem follows from the
special case of x = e a principal (i.e. regular) nilpotent element (see Proposition
3 and its corollary). For this reason we will concentrate on the centralizers of
regular nilpotent elements.

In [K3] the first named author proved (in particular) that if we look upon Alg
as a g-module in the usual way and if C is the Casimir operator corresponding
to the Killing form of g then its eigenvalues on Alg are all less than or equal to
I. Let V} be the l-eigenspace for C' on Alg. He also proved that relative to the
choice of b the highest weight spaces of the [-eigenspace in Alg are exactly the
lines Ala with a an abelian ideal in b of dimension I. In light of this we have the
following result as an immediate implication of the above theorem.

Corollary 2 Let x € g be reqular then the g-cyclic space of N'g® in Alg is V.

For z regular semisimple this corollary can be found in [RBJ.



Unfortunately, the proof of Theorem 1 is by a case by case check through
the classification of simple Lie algebras over C (as was Brylinski’s original ar-
gument). The hearty reader will find a few general theorems (e.g. Theorem
7) that do not use the classification that should be much more palatable and
demonstrate a beautiful underpinning of the results of this paper.

We dedicate this work to our long time friend Veervalli (Raja) Varadarajan
in honor of his seventieth birthday.

2 Some observations about g°.

Let g be a semisimple Lie algebra over C and let h be a Cartan subalgebra of
g. Let ® denote the root system of g with respect to b, let ® be a system of
positive roots and let A be the corresponding simple roots. If & € ® then let
go denote the corresponding root space. Let B denote the Killing form of g.
We fix a principal nilpotent element e € g which (after possibly acting by G)

we write as
e= Z Xa
a€A
with X, # 0 for @ € A. Let H € h be defined by a(H) =1 for all @ € A. Then
clearly, [H,e] =e. Tz € gthen z =u+ > __ 4 To with u € h and z,, € go. We
define

acd

suppr = {a € ®|zy # 0}.

Let G denote the adjoint group of g (the identity component of the group
of automorphisms) and let O(g) denote the polynomial functions on g and let
O(g)¢ denote the set of all G-invariant polynomials (i.e. f(gz) = f(z), z € g
and g € G). lf z € g, f € O(g) then we define Vf(z) € g by

d
%f(x +ty) =0 = B(Vf(z),y)
for all y € g. One checks that if f € O(g)® then

gVf(x)=Vf(gr),9 € G,z €g.

Thus in particular, if f € O(g)¢ then Vf(z) € g° = {y € g|[x,y] = 0}.

Let ¢y, ..., ¢, be a minimal set of homogeneous generators for O(g)“ ordered
by increasing degree. One has | = diml. Chevalley has shown that ¢, ..., ¢,
are algebraically independent. Such a (partially) ordered set ¢4, ..., ¢; is called
a basic set of invariants. The first named author has shown

Theorem 3 Let x € g then x is a regular element in g (i.e. dimg® = dimb) if
and only if the elements Vo, (x), ..., Vo, (x) are linearly independent.

This result implies that for a regular element and a choice of ¢y, ..., ¢; the
elements V¢, (), ..., V@, (x) form a basis of g*.

If V is a vector space over C and if © € V is nonzero let [z] denote the
corresponding point in the projective space, P(V).



Proposition 4 If x € b is a reqular element of g then [e] is contained in B|x].

Proof. Let z = x4 + x, be the Jordan decomposition of . Then we may
assume that x, € h and
= Y

acA
alzs) =0

with each of the indicated summands nonzero. Consider the TDS (standard
basis of a three dimensional simple Lie algebra) containing to x,, : u, <.,y with
u € hand [y, xzs] = 0. Set

P=9 4ot fa-
alzs) #0

In [K1] it is proved that there exists a map z : C* — v such that
ad(x(1) L
e Ty = Ts + Ze

where

e = E ZTa

ae A

a(zs) #£0

with all the indicated summands nonzero. Thus

eadz(t)e— log(t)adu/Qm =z, + 16/ + leadz(t)xn.
t t

We write the term e®*®g, = x, + w(t) with w(t) € [n,n]. Thus if s(t) =
eadz(t)e— log(t)adu/Z. Then

ts(t)x = txs + € +xy,+ w(t).

This implies that
s(t)[x] = [trs + € + 2, +w(t)].

Let {t;} be a sequence in (0,1) converging in (0,1) to 0. Then by taking a
subsequence we may assume that

lim [tjzs + € + z, +w(t;)]
j—oo

exists. This limit is of the form [el + 2, + w,] with w, € [n,n]. € +x,+w, is a
principal nilpotent element in n so there exists b € B such that b( € 4z, +w,) =
e. This completes the proof. m -

We note that there is a more direct proof that G[z] contains [e]. Indeed
from [K2] we know that there exists g € G such that gz = f + 2z with 2 € b



and f = > ca %o With z4 # 0 for @ € A. We note that z = >, z; with
[H, zj] = jzj. Thus e'“gz = e " f + 37 e/'z;. Hence

etetangl, =f+ Ze(j+l)tzj~
Jj=0

This implies that lim_. o [’ gz] = [f].

Corollary 5 Ifx € b is a regular element of g then g¢ € Bg® (here the closure
is taken in the Grassmannian of | dimensional subspaces of g).

Proof. We use the standard imbedding of the Grassmannian into the projec-
tive space IP’(/\lg). Then Theorem 3 implies that g* corresponds the the line
[Voi(z) A -+ AVe(z)] and so the equivariance assertion above for the maps
V¢ :g— gfor ¢ € O(g)¢ and the previous result imply this corollary. m

If S C A then we denote by @5 theset @M} g Za. Let gs = b+ . ba-

Then es = >, .g Xao is a principal nilpotent element of gg.

Lemma 6 Let f € O‘(g)G be homogeneous of degree j and if S C A then
Vfles)=(j — DI(=1)"""ad(es)’ "'V f(H).

Proof. We have
. 1
etvdes)V f(H) = Vf(e "N H) = Vf(H — teg) = tj’1Vf(gH —eg).

Thus 1
tl—jetad(es)Vf(H) = Vf(;H —eg).

Now take the limit as ¢ — +oo and the Lemma follows. m

Lemma 7 If f € O(g)C is homogeneous and such that Vf(e) # 0 then there
exists a basic set of invariants for G containing f.

Proof. Let j be the degree of f. The content of the assertion is that f is
not contained in the subalgebra of O(g)¢ generated by Doic Oi(g)¢ (Oi(g) the
polynomials of degree i on g). This is obvious since h(e) = 0 if h € O%(g)¢ with
1>0. m

Lemma 8 Let f € O'(g)® with i > 0. If suppVf(e) N ®s # () then ¢ =
filas.as) 8 contained in a set of basic invariants for [9s,0s] and suppVp(es) =
suppV f(e) N ®g.

Proof. We note that g =gg @V with V = Za¢¢s go- This decomposition
is adgg-invariant. Let P be the corresponding projection of g onto gg. Then
PV f(e) = X ncsuppvi(e)nas VS (€)a # 0. Up to non-zero scalar multiple ¢; =

(-1)i!
G-1)!

Vf(e) = ciad(e) 'Vf(H) = ciad(es + ea_g) "'V f(H)



which is equal to ad(es)* "'V f(H) plus a sum of terms that are multiples of
expressions of the form uy - -u; 1V f(H) with at least one u; = ad(ea—_g) and
the other u; either ad(eg) or ad(ea—_g). Hence we see that Puq ---u;—1 Vf(H) =
0 for each of those terms. Thus 0 # PV f(e) = ciad(es) "'V f(H) = Vf(es) =
Vfilgs.as](es). The result now follows from the previous lemma. m

We are now ready for our first result about supports.

Theorem 9 If g is simple and not of type D;, Eg,0or E7 then
supp(V,(e)) = {a € @7 |a(H) = deg ¢; — 1}.

After we prove this result we will look at the corresponding result for D;,Eg
and E7 in each case we will show that there is one exceptional :. We set (’)(g)(j =
{f € O(g)“|f(0) = 0}. Since e € N = {z € g|¢g(x) = 0,¢ € O(g)§} we see that
if ¢, € O(g)¢ and if ¢ — ¢ € (O(g)§)2 then Vo(e) = Vip(e). Thus in light of
Chevalley’s theorem and the fact that under our hypotheses deg ¢; # deg ¢, for
i # j we need only prove the result for one choice of ¢,,...,¢;. We will prove
the theorem by a case by case check.

A, We realize g (as usual) as {x € M,,1(C)| trX = 0}. Then we may take
e =Y. | Eji11 (one nilpotent Jordan block). We take ¢;(z) = tr(z"). Thus
(up to scalar multiple) V¢,(z) = 2°~1. If we use the standard “c” notation for
the roots then if j is given then the set {« € ®F|a(H) = j} is 0if j > n and is
equal to {&; — ;15| =1,...,n+1— j}. Obviously,

n+l—j

Bj = Z Eii+j-
i=1
This is the content of the theorem for A,,.

For the B,, and C,, case we will introduce some notation. We take L,, to be
the skew diagonal n X n matrix with ones on the main skew diagonal. That is,

Ls

Il
_ O O OO
O = O OO
oo~ OO
OO O = O
OO O O

We realize B,, as the elements x € My, 41(C) such that (2T is the transpose of

z)

xLopy1 + Loppiz? = 0.

We set J,, equal to the 2n x 2n block matrix

0 L,
~L, 0



and we realize C,, as the elements x € M»,,(C) such that
xJ, + JozT = 0.

With this realization of g = B,, or C,, we choose b to be the upper triangular
elements of g and § to be the diagonal elements. We note that if x is a non-zero
nilpotent element of u = sl(2,C) and if (o,,,C™) is (up to equivalence) the
unique m-dimensional irreducible representation of u then o,,(z) is conjugate
to a single nilpotent Jordan block hence defines a principle nilpotent element
of sl(m,C). Also the representation o, is orthogonal (has a nondegenerate
invariant symmetric form) if m is odd, m = 2n + 1 and is symplectic (has a
nondegenerate skew symmetric form) if m is even, m = 2n. This implies that
for the cases B, or (), a principal nilpotent element is principal nilpotent for
the ambient sl(m,C) (m respectively, 2n + 1,2n) in our realization. Since we
can take ¢;(v) = tr (v*") in both of these cases. Hence Vo;(v) = 2jv*~1. We
see that the assertion for these two cases follows from that for the corresponding
An_q.

In type G there is nothing to prove since [ = 2 and the assertion of the
theorem is true for the invariant of degree 2 (yielding e) and the basic invariant
of a highest degree (yielding the highest root).

For the other exceptional cases we will use results in [K1] and [K2] to prove
the following theorem that simplifies the problem. Recall that the Coxeter
number of g is h = deg ¢;.

Theorem 10 If the number deg ¢, — 1 is relatively prime to h then
supp(V;(e)) = {a € ©F|a(H) = deg¢; — 1}.

Proof. Set G equal to the adjoint group of g. Let A = A U {—B} with 8 the
highest root in ®T. We set

Zo = Zma =e+x_g.
aeﬁ

with z4 € g, for a € A and zo # 0. We note that z, is a cyclic element of g in
the sense of [K1] and [K2] hence in particular it is a regular semisimple element
of g and hence

u={z € gllz,z] =0}

is a Cartan subalgebra. We define z, € h by a(z,) =1 for all « € A. We put
A = exp(2miad(z,)/h) € G.

Then if ¢ = €2>™"/" then since f(z,) = h — 1, Az, = cz,. We also observe that
the order of A as h and that A is a regular semisimple element of G hence it
is a principal element in the sense of [K1]. In [K1] it is shown that the set



of principal elements of G form one conjugacy class and since it has order h
on u we see thatA), defines a Coxeter element of the Weyl group of u. Let
@1,..-,¢; be a set of homogeneous fundamental G invariant polynomials on g
with deg¢; < deg¢; ;. Since z, is regular the elements u; = V¢,(2,) are
linearly independent. Set m; = deg ¢, — 1. Observe that m; = h — 1. Also

Au; = AV, (20) = V;(Azo) = Vi (czo) = c™uy.
In particular this implies that
Ui =V +Y;
with adz,v; = m;v; and adz,y; = (m; — h)y;. We note that
9207, (2,) = Ty (€190 (e + _g)) = ™ Vg (e + ¢z _g).
We therefore have

v; = lim e tMiel %oy, — Ve (e).
t——+o0
If ged(m;,h) = 1 then let 1 < ¢; < h — 1 be defined by ¢;m; = 1 mod h. Then
A% has order h and is also regular and so it is principle and its restriction to u
is also a Coxeter element. This implies that there exists w; in the normalizer of
u in G such that
wiAw; L= A%,

Since A% is a regular element in the Cartan subgroup of G corresponding to
f we not that w;, defines an element of the Weyl group of h. We note that
the above conjugacy implies that A%w;z, = cw;z,. Hence Aw;z, = ™ w;z,.
Hence

-~

w;A ={a € Pla(z,) = m;} U{a € Ola(z,) =m; — h}.

v; = Z T
acd
a(z,) =m;

We therefore have

with z, # 0 for all the indices in the sum. This proves the theorem. m

This result implies Theorem 9 for G, F4 and Eg and hence completes its
proof.

We now determine the supports for the groups not covered by the theorem.

Eg in this case the numbers deg ¢, — 1 are respectively 1,4,5,7,8,11 and
deg ¢s = 12. So we need only check the support of V¢, for i =2,5. For i =5
the set {@ € ®*|a(H) = 8} consists of two roots that are conjugate under the
outer involution. If ¢ = 2 we argue indirectly as follows. We note that we have
an slo-triple e, 2H, f. Also, up to scalar multiple we have

ad(e)4v¢2(H) = Vy(e).



We can choose e such that it is invariant under the outer automorphism, 6,
gotten from the involution of the Dynkin diagram. We also know that the
eigenspace 1 for 0 is a C4 and since C4 has no invariants of degree 5 we see that
the restriction of ¢y to h? is 0. This implies that OV ¢, (H) = —V ¢, (H). Since
fe = e we see that

OV y(e) = =Vy(e).
The set ®; = {a € ®*|a(H) = 4} consists of (in Bourbaki notation):

01111 00111111110 11100 0111020
0 ’ 1 ’ 0 ’ 1 ’ 1 '

The support of Vs (e) is this set with the last element deleted. We will
complete the proof of this assertion when we finish our study of the case D,,.

E7: In this case we have deg ¢, = 18 and the numbers deg ¢; — 1 are respec-
tively 1,5,7,9,11,13,17. Thus the only case not covered by Theorem 9 is ¢ =4
(mg = 9). In this case the set & = {a € ®T|a(H) = 9} is

012221112211 1221111222130
1 ’ 1 ’ 1 ’ 1 '

Let us choose a root vector X; # 0 for the i-th root above (i = 1,...,4). We note
that if S = A — {ar} then [gs, gs] is isomorphic with Eg. Since Eg doesn’t have
a basic invariant of degree 10 we see that the last root cannot be in the support
(Lemma 8). If we calculate with S = A — {ay} then we find by a calculation
for Dg that V¢, (es) # 0 so the first root is in the support. We also note that
@, consists of

We take e = e1 +e3+e3+eq4 + €5+ eg + er with e; # 0 in the root space for the
i-th simple root in the Bourbaki order. Let X = a1 X7 4+ as Xs + a3 X3 + a4 X4.
Then using the list of elements in @, we see that [e, X] is given by

ailer, X1] + azles, Xo] + asles, Xo] + asles, X3| + asles, Xu] + asler, X4l.

We are solving for aj,as,as,as so that In this expression the only term in
1 2 2 1 .
the :1)) 0 root space is asleq, X4] so we must have a4 = 0.
(We have already seen this above.) Since a; # 0 and since [e1, X1] is in the
11 2 2 2

1 root space and the only other term in that root space is
12 2 21

[es, X2] we see that as # 0. But [e3, Xa] is in the 1

root space

as is [es, X3| thus we must have a3 # 0.



D,,: We realize D,, as the Lie algebra g = {X € My, (C)|X Loy, + Lo, X1 =
0}. We take b to be the diagonal elements in g that is the elements

by -
ha

—hy

_hl

The element H then is given by h; = n —i. Also we can take the element e to
be

0 1 1
0 1
11
B 00 —1
€= 0 —1 )

0 -1
0

that is Z?:_ll (E'i,i+1 - En+i,n+i+1) + En—l,n+1 - En,n+2- We take as the in-
variants v;(X) = trX?% for i = 1,2,..,n — 1 and v, (X) = pfaff(X). A di-
rect calculation shows that suppVv;(e) = So;—1 = {a € T |a(H) = 2i — 1},
1<i<n—-1.

Lemma 11 suppVpfaff(e) = {e1 + en,e1 — €n}.

Proof. We will show that (the blanks should be filled with zeros)

00 -~ 1 -1 1
0 --- 0 0
0 0 © 1
Vpfaff(e) = ¢, 0 0 1

0

with ¢, # 0. Indeed, in this case we take o to be the permutation matrix
corresponding to the transposition n < n + 1. Then

(:x+— ox0



defines an outer automorphism of g. One checks that if « € ®F | — {g1 +
€n,€1 — En} then ¢ la.. 18 multiplication by 1 and ¢ interchanges the root spaces
corresponding to €1 + €, and €1 — &,. Also on b, ¢ acts by h; — h; for i < n
and h,, — —h,,. This implies that

pfaff((X) = —pfaff(X).

Now e = (e. Thus (Vpfaff(e) = —Vpfaff(e). The result now follows since
Vpfaff(e) # 0.

We will now finish the discussion of Eg. We note that the Lie subalgebra that
corresponds to the roots that have coefficient 0 with respect to the first simple
root is the Levi factor CdDs5. This subalgebra contains the Cartan subalgebra.
One checks that the restriction of ¢, to this D5 is the Pfaffian. The projection
of the Eg “H” into this Dj is the corresponding “H”. This implies that the
projection of V¢o(H) into the Dy is a nonzero scalar multiple of Vpfaff(H).
Since the e for Eg is E,, plus the e for D5 we see that in ad(e)*V¢y(H) the
terms that don’t involve the first simple root are the ones that appear for Ds
and the Pfaffian. This implies that in the list above the first 2 roots are in
the support. The next two are the images of the first two under the outer
automorphism. This completes the discussion for Eg. m

3 Ideals in b of dimension /.

In this section we will give a complete description of these ideals for simple
Lie algebras over C. Much of this section can be considered to be a review of
results in the MIT thesis of Ranee Brylinski (nee Gupta) [RB]. We maintain the
notation of the previous section. We note that since ) C b if a is an ideal in b
then a = aNh@)_ o+ GaNa. It is easy to see that if dim a = [ then anh = {0}.
This implies that a is determined by the roots ®(a) = {@|goNa # {0}}. Further
a subset A C ®* is a set ®(a) for a an ideal in b of dimension [ if and only if it
satisfies the following two conditions
1. |A| =1
2. Ifaedt, e Aandif a+ 3 € ® then a+ 3 € A.

Fix A satisfying these two conditions. We note that this implies that if ¢
is the highest root then ¢ € A. Also since ¥(H) = h — 1, we see that if « € A
then a(H) > h —I. One can check that 1. and 2. imply that if o, § € A then if
g is not of type A or D then o(H) 4+ S(H) > 2h — 2l > h so the corresponding
a is abelian. For type A, and D,, we will see that the ideals in b of dimension
[ are abelian as part of our case by case study. We will state this as a lemma
and indicate below when the proof is complete.

Lemma 12 If g is simple and if a is an ideal in b with dima = [ then a is
abelian.

We will now give a (case by case) classification of the sets A.

10



A,: In this case @ is the set of all roots «; ; = Z?@:z «; with aq, ..., ay, the
simple roots in the usual order and 7 < j. Clearly, if o;; € A then o, € A
for 1 <r <i < j <n. From this we see that A corresponds to an ideal of b
contained in n if and only if it is of the form

{al,ml 9 al,m1+17 seey a17n}u{a27m2 ) a2,m2+17 sy QQ,W}U' : 'U{ak,mk 9 ak,mk+1) sery ak:,’n}

with m; < mg < ... <my. If dima = n then we must have > (n —m; + 1) = n.
Thus

n=n-—-m+1>n=n—my+1>..>2n=n—mp+1>0

defines a partition of n. We assert that under this condition m; > k. Indeed,
if mi < k then ny > n —k+ 1. Since n; > 1, for i = 1, ...,k we would have
n=>mn>n—k+1+(k—1)=mn. 1.,2. and the dimension condition imply
that the ideal is abelian in this case. This also implies, in this case, that the
number of ideals in b of dimension n is p(n) the partition function of n. In the
“e” notation for roots the A as above are the sets:

{51 —&n—n14+2,€1 — En—my1435--,€1 — 5n+1}U

{52 —E&n—no+2,€2 — En—no+35 €2 — 5n+1} u---u
{€k — En—ny+2,€1 — En—ny+3, -+ €k — Ent1}
with n; > ... > ng >0 and > n; =n.

B,,: We take A to be {aq, ..., ap } in the usual order. Then the positive roots
are given by a; j = > 7 _. a; for i < j and

j
Biy= ar+201ml<i<j<n
k=i
We note that h = 2n so if A satisfies 1. and 2. above then a(H) > n for all
a € A. Since «; ;(H) = j + 1 — i we see that the only possible element of the
form o ; that can be an element of A is 1, = a1 + ... + o, If A contains this
element then it must contain 3, ; for j = 1,...,n—1 by condition 2. One checks
that the set

{arn} U{B 15 =1,....,n -1}
satisfies 1. and 2. We may thus assume that all elements of A are of the second

form. Here we note that if Bi,j € A then b’p’q eAforalll1 <p<i<gqg<jthis
implies that the other A are of the form

{ﬁl,laﬁl,% "'761,m1} U {ﬂ2,27 "'7B2,m2} U {ﬂk,kaﬁk,kJrlv "'7Bk,mk}

with m; >ifori=1,..,kand my > mg > ... > my with > .(m; —i+1) =n. It
is, perhaps, clearer to describe these sets in “c” notation. The first set described
above ({a1,,} U{By i =1,...,n—1}) is

{e1 +e2,61+€3,...,61+€n €1}

11



The set for myq, ..., my is given by
{e1tea, . ertem, ritUleates, o eatemyr1 U - U{ep+eptt, s EktEmpt1}-

Thus the number of such A in this case is the number of partitions of n with
distinct parts. We note that as a consequence of Euler’s identity the number
of partitions of n with distinct parts is the same as the number of partitions,
Do(n), of n with an odd parts (c.f. [A] a discussion of the asymptotics can also
be found therein which imply ~ C1e©>v™).

C,: This case is very similar to the previous one. We use the standard
labeling of the simple roots. This time the positive roots are in the form a; j,
lgi,jgnasbeforeandﬁi’j 1<t <j<nand

j—1 n—1
Bij=D ar+2) an+an.
=i =

Assume that A satisfies 1. and 2. As before, if & € A then a(H) > n. Thus the
only element of the form cy;; that can be in A is o ,,. The only A satisfying 1.
and 2. that can contain o, is

{al,n7ﬂ1,n—17617n—25 "'76171}'

The other elements are of the form

{61,17ﬂ1,2= '“7/81,m1} U {ﬁ2,2v "'7ﬁ2,m2} U {Bk,kﬂﬂk,kJrlv "'7Bk,mk}

with m; > mg > ... > my and m; > i and > (m; —i+ 1) = n. We will write
these sets in “c” notation. The first is

{e1 +en,e1+en1,..,61 + 62,261},
the others are
{e1+emy s oy €1+E2, 261 JU{EateEm,, -y EatEs, 282 U - U{eptem, s oy ExFERLT, 26K -

These all clearly satisfy the conditions 1.,2. Thus number of such ideals in this
case is also equal to the number of partitions of n with distinct parts.

D,,: We will only consider the case n > 4. We note that h = 2n — 2. Let A
satisfy 1. and 2. If @ € A then the argument above implies that a(H) > n — 2.
If a(H) = n — 2 and if there exist two simple roots v,d such that « + v and
a + § are roots then o cannot be a member of A (since then |A| > n +1). If
n is even then every element at this level has this property so if n is even and
if @ € A then a(H) > n — 1. If n is odd consider the roots at level n — 2. For
n = 2k + 1 the only « at this level such that we can add exactly one simple root
to get a root is

= Q11 + 20842 + ... + 200051 + Qof + QK41

12



To this root we can only add aj. However to o + a we can add two simple
roots, a1 and g4 and get a root. Thus there are no roots at level n — 2 in
A. This implies that if «,8 € A then a(H) + S(H) > h so the corresponding
ideal in b is abelian. This completes the proof of Lemma 12.

It is convenient to continue our discussion of the possible A using the “&”
notation for the roots thus we identify § with C* and so H = (n—1,n-2,...,1,0).
The above implies that the only o € ®T that can possibly be elements of A are
€1 —ep and g;+¢;5 for 1 <4 < j < n. We observe that if ¢; + ¢; € A then
ept+eg € Aforl <p<i<q<j. We first assume that €1 — e, € A then
€1 +¢€; € Aforany 2 < j < n —1. Thus there is at most one more root in
A. If the root were of the form ¢; + €5, 3 <9 < j < n then we must have
gi—1 +¢&; € A. Similarly if €2 +€; € A for j > 3 then we would have the same
problem. So there would be too many roots in A. Thus the element must be of
the form €1 + ¢; or €2 + €3. Hence A can only be one of

{e1 —en}tU{er +e9,..cie1 + &0}

or
{e1 —en}Ufer +eg,.ie1 +en-1} U {ea +e3}.

Clearly, both of these sets satisfy 1. and 2. The rest of the possible choices for
A involve only the elements €; 4-¢;. Using the above observation these sets must
be of the form

{e1+e2,.er1t+em tU{eates,eat+em, U U{er +€kpt, ey €k + Emy I

with my > ... > my, m; > 1 and the sum Zle(mi — 1) = n. Again, an easy
check says that these sets all satisfy 1. and 2. Here we see that the number of
such ideals is one more than the number of partitions of n with distinct parts.

Eg: In this case it is convenient to label the positive roots as 6 tuples where
we take the simple roots in the Bourbaki order. One checks that the sets A are
given as follows:

A =1{(0,1,1,2,2,1),(1,1,1,2,2,1),(1,1,2,2,1,1),(1,1,2,2,2,1) }U
{(1,1,2,3,2,1),(1,2,2,3,2, 1)},

Ay =1{(1,1,2,2,1,0),(1,1,1,2,2,1),(1,1,2,2,1,1),(1,1,2,2,2,1)}U
{(1,1,2,3,2,1),(1,2,2,3,2, 1)},

A ={(1,1,1,2,1,1),(1,1,1,2,2,1),(1,1,2,2,1,1),(1,1,2,2,2,1) }U
{(1,1,2,3,2,1),(1,2,2,3,2,1)}.

E7: For this case the sets A are given as follows. Set
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V= {(1,2,2,3,2,2,1),(1,2,2,3,3,2,1),(1,2,2,4,3,2,1)}U
{(1,2,3,4,3,2,1),(2,2,3,4,3,2,1)}
A= {(1, 2,2,3,2, 1,0)7 (1, 2,2,3,2,1, 1)} uVv.
Ay =1{(1,1,2,3,2,2,1),(1,1,2,3,3,2,1)} UV
A3 = {(17 27 23 3, 2, 17 1)a (la 17 27 Ba 3; 2’ 1)} uv

Eg: Here is the list in this case:

If V is given by
{(2,3,3,5,4,3,2,1),(2,3,4,5,4,3,2,1),(2,3,4,6,4,3,2,1) }U
{(2,3,4,6,5,3,2,1),(2,3,4,6,5,4,2,1) }U
{(2,3,4,6,5,4,3,1),(2,3,4,6,5,4,3,2)}

then we have
{(1,3,3,5,4,3,2,1)} UV

and
{(27 274’ 5?4?37 27 1)} U V

F4: In this case there is only one choice:

{(1,2,3,2),(1,2,4,2),(1,3,4,2),(2,3,4,2) }.

Go: Here there is only one choice:

{3,1),(3,2)}.

4 The main result.

We retain the notation of the previous sections. We will assume that g is simple.
Let G,(g) denote the Grassmann variety of r-dimensional subspaces of g and
let A, (g) be the closed subvariety of r-dimensional Lie subalgebras of g. In this
section we will study the natural action of G on A,.(g). Fix B a Borel subgroup
of G with Lie algebra b and h C b a Cartan subalgebra (as in the previous
sections).

Lemma 13 Assume that 1 <r <. If a €A,(g) is such that Ga is closed then
there exists a Borel subalgebra by of g such that a is an ideal in by contained in
[61,61]. Furthermore, a is abelian.

14



Proof. The Borel fixed point theorem implies that B has a fixed point in Ga.
Thus by replacing a by ga, if necessary, we may assume that Ba = a. Since this
implies that [h,a] C a we see that a=hNa ©Y .5 aNge. This implies that
a must contain the highest root. Since dima = r <1 this implies that a C [b, b]
and is an ideal in b. The case by case argument of the previous section implies
that a is abelian. m

Our main result is

Theorem 14 Let a be an ideal in b of dimension | then a is in the Zariski
closure of Bg®.

This result will be proved by a case by case check. The arguments are
complicated but are based on a small number of ideas (most of which appear in
the first case). We encourage the serious reader to carry out the steps indicated
in the arguments for a specific value of n (for the classical groups). We note that
the Borel fixed point theorem implies that the closed orbits of B in A, (b) are
fixed points which are therefore the ideals of b. Thus there is at least one such
element in the Zariski closure of Bg®. This combined with the observations for
F4 and Gs implies the theorem in these two cases. We now begin the analysis
of the other cases.

A,: We set e; = Z;jllﬂ Ejj+; for i = 1,...,n. Using the standard imbed-
ding of the Grassmannian, G;(b) in P(A!b) we must show that if a is an abelian
ideal in b of dimension n then A"a € B(eg A--- Ae,). We will set up a com-
binatorial method to prove the result in this case. Many of the techniques will
be used for the other simple types. We will be using the “c” notation for roots.
We will freely interchange partitions, subsets A of ®T satisfying 1. and 2. of
the previous section and ideals in b of dimension I. We need a bit more notation
before we get started. Let H; = ngi E;; — n%_lf. We will also use the notation
u; for E;; — n%HI. Then we note that if p < ¢

t .
etadHiE _ € qu7p S 1
pa E,q, otherwise

The analogous formula for u; is

. .
aau; —_ — — 4
e E,, = e "Epg,q=1
E,q, otherwise
This implies that
n+1—1
tadH t
e, = "By + Y Ejje
=2

SO
€7tn€de1 (61 VANCERWA en) =FE o ANEizgN---A E17n+1 + O(eit)
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as t — +o0o. We will use the notation [w] for Cw in P(Alg) (the projective
space). The displayed formula now implies that

lim etadHl [61 VARERIVAN en] = [E12 A E13 VARERIVAN El,n+1]

t—oo

This proves the result for the a corresponding to the partition n. For the
conjugate partition (a column of n, 1’s)

A={e1 —ent1,62 — g1y 8n — Ent )
Using H,, we find
e e (e A Nep) = Eppit ABapii A A By +0(e?).

Proving the result in this case.

Let py > ps > ... > p,, be a partition of n. We will prove that the corre-
sponding ideal is in the closure of B Al g¢. If m = 1 or m = n then we have
proved the result above. We may assume that 1 < p; <n and n >m > 1. The
ideal in b corresponding to this partition considered as an element of ]P’(/\l g) is

[El,n+2—p1 ASE '/\El,n+1/\E2,n+2—p2 ASE ’/\E27n+1/\' : '/\Em,n+2—pm/\' : '/\Em,n+1]-

We will now approach this element in the closure of Bey A--- Aey] in a se-
quence of steps. We first show that if 1 < k < m and p; > 1 then the element

[ep1+...+pk7k:+1 AN Nep—p A E17n+27p1 ARERIA El,n+1 A E2,n+27p2 AR
A E2,n+1 AERIAN Ek,n+27pk ANRRRAN Ek,n+1 A Ek+1,n+1]

is in the closure. We prove this by induction on k. We first note that

1 .
pradBrni . _ ] €t B inpi—p-5),1<J<p
J ej,p<j<mn.

since e, = F1 n41 and e,—1 = Eq1,, + Ea 11 We see that if p > 1 then
Pl tadBrnyip (e1 A Ney) =

Eipta—p N NE1 g ANey Ao Nep—a A E1 g1 AEs i1 +O(t),t — 0.

Thus we have

tl_igloe%adEl‘"Jrl’p [er A Aep)=lep N Nepa ANE1nyop A ANE1n ANE1pi1 A B i)

This is the assertion for £k = 1. Assume that we have proved the assertion for
k—1>1and k <m, pp > 1. Then we know that

U= [ept.4ppr—kt2 N N enkp1 A B piop Ao ABE1np1i AE2nyo p, A
ANEypii N ANEg_1pqope Ao NEg_1np1 A Egnga]
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is in the closure. We also note that e, 4. 4p, 1—k+t2 = 2 Erodtpi+.. +pe_1—k+2
over l <r<n-14+k—p;—..—pr_1. We consider the term with » +p; +... +
Pk—1—k+2 =n+2—pg. Thatisr =n—p1—...—pr+k = prr1+...+pm+k > k+1
since m > k. We will now analyze et®Erry as t — 0. The factors in u that
have a term of the form E, ; are ep, 4. 1pp 1—k+2s s €p1+...4pp_1—k+1+p, and
the terms are E; ;,12_p, ..., Erny1. As above we have all of the factors in u are
fixed by etadE.r except for these (we note that every term appearing in the
product has second entry at least k) and for these

%adEk,

e "€prtoApr_1—k+1+j = €pitotpp_1—k+1+j T EE",n—pk+1+j-

. . 1 .
Now Ej, 41 is already a factor see that lim;_,o et Bk ry g

[ep1+tpr—kt1 A Aenk AB1Lppop, A AE1ni1i AB o p, A- e
NEypy1i N NEgniop, N NEg i1 A By ng1)-

This completes the induction. We can now prove the theorem in the case of A,,.

If m = 1 all of the p; are 1 then we are done. We may thus assume that
m > 2 and either p; > ... > p,, > 1 or we have p; > ... > pr > 1 and
Dk+1 = ... = pm = 1. We apply our assertion above for k¥ = m — 1. We then
have

v = [€p1+...+pm,1—m+2 AR €n—m+1 A El,'rz+2—p1 ARERNAN E1,7L+1 A E2,n+2—p2 AREE

A E2,n+1 ARERIA Emfl,nJerpk ARERIA Emfl,nJrl A Em,nJrl]

in the closure. We note that m +p; + ... + pu_1 —m+2=n+ 2 — p,,. Thus
we have in the first case lim;_, | etadHmy, —

[El,n+2—p1 ARE '/\El,n+1 /\EQ,n+2—p2/\' : ’/\E2,71+1/\' : '/\Em,n+2—pm/\’ : '/\Em,n+1]

as desired. In the second case we note that if K = m — 1 we are already done.
If not we argue as in the beginning of the proof to see that

H

lim e'fny

t—oo
is the desired element. Since we have covered both cases the proof for A, is
complete.

B, ,n > 2. We use the realization in section 2. We will do this case in a
great deal of detail and just show how one modifies the methods for C,, and D,,.
We note that if n = 2 then there is only one such ideal so we may assume that
n > 3. We assume that the reader has looked at the methods for the previous
case. We write

Xe; = Ejny1 — Ent1nt14g,

KXey—e; = Eij — Fopgo—jronta—i, 1 < J,

17



Xeive; = Eioanyoj — Ejonta—i,t < J.

The subsets A under consideration are
{e1 + 2,61 +e3,...,e1 +€ns €1}
and
{e1+e2,..,e1+em fU{ea+es,..,eatem U U{er +€pt1, -k +Emy }

for mi > mg > ... > my, with m; > i and >, (m; — 1) = n.
We will also use the notation u; for the element of § such that e;(u;) = d;;.
We must show that if ap is the ideal corresponding to A then it is in the
closure of Bg®. We first look at the first of the sets corresponding to ideals in
b. If n = 2k then
vo = lim eie; A Ney] =

t——+oo

[X€1*€2 ARRRNA X€1*62k A X51+€2k A X51+€2k—2 AREERA X€1+€2]'

Now

; tadXe, . —
v ggr(l)et“ 2tevg = [X61+63/\XE1+€4/\' A% CREEIP, CRTAY YA ANXeteo]

and if v; has been defined with j < k — 1 then

1
i1 = lim et Xeasrsteri—2y,
: t—0 ‘

We have (recall n = 2k)

Vg = [X51—52k A X51+52k A X51+52k—1 TARRRNA Xs1+63 A X61+€2]

finally

lim e 2d%n Vg
t—0
is the desired element.
The case when n = 2k + 1 is almost the same define vy, ..., v; in exactly the
same way then vy is the desired element.
For the rest of the argument in this case it will be convenient to use the

notation
Xi,0) = Xeyy, Xi,—j) = Xyt < Jand X jy = Xeye, -

Before we continue we will give another description of the sets A C &7 that
satisfy condition 2. in section 3. We note that the set must contain a maximal
subset of the form A(") = {ei+eg|1<i<randi+1<j<r+1}. IfA# A
then the rest of A is given as U}”:ll_r_l{ai +ejirq1|l <0 <p;} and

T Z D1 Z D2 Z Z Pmy—r—1 Z 0
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satisfies » . pj = [A] — w To see this decomposition we give an example In

the array below the first row incicates the elements €1 +¢; in A second indicates
the elements g5 + ¢; etc.

w w
NN
SRS
coo oo
RS JEN |

o0 o0

So here m1 = 8,my = 8.m3 = 7,m4 = 6,m5 = 6, 7 = 5 and A®) corresponds to

2 3
3

IS
v Ut Ot
coo oo

and the rest is
{e1 +er,e0+e7,e5 +e7} U{er + 5,62 +es7}.

So in this case p1 = 3,p2 = 2,p3 = 0. Our strategy in the proof is to use this
decomposition of the set and handle the two parts individually.

We prove by induction on 7 that if a(™ is the ideal corresponding to A(")
then if r is odd the the subspace corresponding to

/\(ﬁl)a(r) A 6(1‘42_1) " Ao Ne, i

+1- 1

r+1

5 ) then the subsubspace

is in the closure of Bg® and if r is even and if n > (
corresponding to

41

/\( 2 )a(r) A X(LH_Q) AN 6(@51)_,'_1_g VARERIVAN en_er
is in the closure of Bg® or if r is even and n = (Tgl) then a(™ is in the closure
of Bg®. The latter case (with the extra X(1,r42) will be called a “carry”. This
is because e,z A /\('P;l)a(r) = X(1,r42) N /\(Wél)a("“).
If r = 1 then since e,, is a multiple of X(; 5) and a = CX{(1,2) the assertion
is that g° is in the closure of Bg®. If » = 2 then the case of equality is n = 3. In
this case

}in(l) et adXas [e1 Aea ANes] = [ea A X(1,3) A X(1,2)]

and ey is up to nonzero multiple X(; o) + cX(2 3y with ¢ # 0. Thus
lim efeduz [62 N X(1’3) A X(1,2)} = A%a®,

t——+o0
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Note that this completes the proof of the main result for n = 3. If n > 3
then

v = }in}) et Xen ey Neg A Aen] =Jea Ao Aen_1 A X1,3) A X(1,9)-

If n =4 then

.1,
lim e 7% = [X(1,0) A X1,3) A X(12) A X2,3)]

proving the assertion and completing the proof for n = 4. If n > 4 then
1
lim e#24X65y = [(X X X X e
Y e v =X A X AXea) AXaa Aes A ens]
This completes the initiation of the induction and the proof of the main theorem
for n < 5 we can thus assume that n > 6.
To go on with the induction we will need a bit more notation. We set

—rifl<r<n
o, (r) = Oifr=n+1
Mm+2—rifn+2<r<2n

We consider the array, A, with a,; = (4,¢,(2j+i—1))for 1 <i<n-—j+1
and 1 < j<n—i+ 1. For example, if n =9

(1L,=2) (1,-4) (1,-6)) (1,-8) (1,0) (1,8) (1,6) (1,4) (1,2)
(2’_3) (27_5) (27_7) (27_9) (279) (277) (275) (273)
(3,-4) (3,-6) (3,-8) (3,0) (3,8) (3,6) (3,4)
4.-5) 4,-71 4,-9) (4,9 4,7 (4,5
A= (5,-6) (5,-8) (5,0) (5,8) (5,6)
(6’ 77) (67 79) (67 9) (67 7)
(7’ _8) (77 0)) (77 8)
(8,-9) (8,9
(9,0)

If we write e(i,m) = g;+sgn(m)e),,. (defining sgn(0) = 0). Then the ;"
column of A is the support of e;. We will illustrate the method for this case.
Looking at the array we see that

}iH(l) e%“dX“A)[el Ao Negl = [Xa. 29 AN X3y ANea A+ Negl.

If we do the same operation using X, ¢) to the outcome we have
(X1, 2A X3 AX 23 AesN - Nes| = [ X ) AX 1,3 AX (1,0 AX (2,3 \e3- - -Ae7] =

N3a® A X4 ANes Aes Aes Aeg Aer.

We now “add” the third row of al®). We “need” (2,4) and (3,4). We use X (2 g)
(as above) getting

N3a® A X4 A XgayAes Aes Aeg Aer
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and then X3 _g) to get
A3a® A X1, N X2,a) N X(30) Nes Neg N e = Na® Aes Aeg Aer.

We now assume that we have proved the assertion for » — 1. We first look

at the case when (Tgl) =n. If r is odd then r — 1 is even hence the inductive

hypothesis implies that /\(5) ar=1 A X+ A e(T)_H_
2
the closure of Bg®. We note that under our hypothesis we have

(-

Thus if j = (5) +1— 5% then ¢,,(2j 4+ (r+1)—1) = ¢, (2(n—r+1)—r+1+r) =
¢,(2n —2r +3). If 2n — 2r + 3 < n + 1 then we would have (Tgl) <2r—2
and this is not possible. Thus ¢,,(2n — 2r + 3) = 2r — 1. We also note that the
element in the third row and the n — % column is (3,7 4+ 1). This implies that
the subspace corresponding to

r—1 A Ae, _raisin
2 2

lim etodurtt A(2) g(r=1) A X4 A €(r)+1-5 Noo-Ne, ri1 =
2 2

t——+oo n >

AG)alr=1 A Xapa) A Xrg1,2r—1) A Xrg1,2r—3) Ao A X (pg1r42)A
Kiprny) AN X241 A A X341

Now do in order the limits as t — 0 of et %X @ —2r+1) , 14X 4 ~2r+3) s et X (r—1,-r-2)
41
(here the limit of the left most term is taken first) and we have A2 as
desired.
If r is even and (
subspace corresponding to

r;rl) = n. then the inductive hypothesis implies that the

T

/\(2)a(’"*1) A e(r) ANe-Nen_z
2

+1-2
is in the closure of Bg®. If we set j = (g) +1— 5 then we see that if 2j +r < n+1
then r < 2 but then n = 3 and the result has been proved in this case. Thus
0,27+ (r+1)—1) = ¢,,(2n—2r+2) = 2r. This time the element in the second
row and the n — & column is (2,7 4 1). This implies that

lim efodurt A(2) gr=1) A ¢

Ao, (rimg N Nenog =

AGE)a(r=1 A Xirt1,20) N Xrg1,2r—2) Ao A X1 rg)A

Xrsy) AN X241y A A X241

Now argue in the same way as the previous case.
We are now ready to do the general inductive step. We first look at the case
when n is sufficiently large compared with (’”;1). For us this will mean that if r
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is odd then n > (Hz'l)
condition we have that if r is odd and m = ( )
This implies that we can apply in order (left to rlght)

(T'H) + & + 1. Under this
—r—i—l >m+r—1.

lim et %X (2.6, 20m+1)+m) Jlime? tadXa, $n(m+24m) lim e 104X (r.6,, (2(mtr—1)41)
t—0 t—»O t—0

to get the desired element. If r is even and if m = (;) — 5 then our hypothesis
implies that n —r + 1 > m + r and so we can apply

lim et 24X (1.6, (2(m+1)+r)) ,lim etadX (2, on(2(mt2+m) hm e 104X (r.6,, (2(m+r)+r))
t—0 t—0 —0

we note that after the second limit we have

/\() (r 1)/\X(1T+1)/\X(2r+1)/\6() /\~-~/\€n,%

+3—

but /\(;)a(’”’l) A X(2,r+1) N en—1z = /\(;)a(ril) A X(2,r+1) A X(17r+2)- We have
finally completed this induction.
To complete the proof we recall that if A satisfies condition 2 in section 3
then it is of the form
A UC 1, U---UC

mi1—1'Pmy—r—1

with Cyp, = {&; + ex+1li = 1,...,p} (as above). Let s be the maximum of the
even ¢ such that p; > 2,p,_1 > 3,... If no such exists we set s = 0. We set
Xo =X o) N AN Xagp,) if C ={(a1,b1),..., (as,bs} }. We argue as above
that if ¢ is odd and r is odd then if i < s then the subspace corresponding to

r41

AEDa™ A X g AAXe  Ae A---Ae

H1,p1 py N E(TEN) 1=y n—1

is in the closure of Bg®, if ¢ > s then the subspace corresponding to

AU a™ A X6 A Xe Ao Nen—s

rHLr vPi ne (1;1)+1_%+P1+~~+Pi

is in the closure, if ¢ is even, ¢ < m; — 1 and ¢ < s then there is a carry that is
the subspace corresponding to

/\(Tgl)a(r) AXo A AXe

r+1,p1 1p;

AN X141 A
6(Tgl)+17%7p17...7p7, JANRERWAN en—#

is in the closure of Bg® otherwise there is no carry and

ACED e A X6 A X, Ne

i NE(TEY g pr o, N N g

r+1,p1
This (finally) implies the result.

We illustrate this with the example n = 9, r = 3 and p; = 2,p; = 1. We
have s = 4 and
Ga(3) Nes N\eg ey
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is in the closure. Apply X(; _¢g) and get
Na® A X1 5 Aeg Aer
to this apply X(;,—4) and get (the carry)

6(1(3) A X(1,5) N X(275) /\X(l’ﬁ).

Cn, n > 3. We will use the “¢” notation for the roots. We will write
e(i,j) = €; + sgn(j)e|;|. Here the positive roots are ¢; —¢; for i < j and &; +¢;
for ¢ < j. Thus &(2,2) = 2e9. As in the previous case we choose a nonzero root
vector, X,, for each positive root a. We will write X(; ;) = X (; ;) and freely
interchange the roots and the pairs. For this case we define

—r,r<n
¢"(T)_{ 2n+1—r,r>n

Then the support of e; is the set {e(i,¢,, (2 +i—1))|1 <i<n+1-j} We
lay out the support in an array A where the j-th column is the support of e;.
Thus if n = 9 we have

(1L,=2) (1,-4) (1,-6)) (1,=-8) (L,9) (L,7) (1,5 (1,3) (1,1
(2’_3) (27_5) (27_7) (27_9) (278) (276) (274) (272)
(3,-4) (3,-6) (3,-8) (3,9 (3,7 (3,5 (3,3)
(4.-5) 4,-7) (4,-9) (4,8) (4,6) (4,4)
A= (5,-6) (5,-8) (5,9) (5,7)  (5,5)
(6’ 7) (67 79) (67 8) (67 6)
(7,-8) (7,9) (7,7)
(8,-9) (8,8)
(9,9)

As above we define u; € § by ¢;(u;) = 0;5.
We first look at the set A = {2¢1,e1 + €9,...,61 + €, }. Then if n = 2k or
n=2%k+1
lim e

t——+oo

[(X(1,—2)AX (1A AX (1, —2m) AX (1,20 (—1)m) AX (1,26 (—1)n—) A - AX (1,3 A X (1,1)-

tadu [61 A /\en] =

If we apply lim;_,¢ et X5 Xaran to this we have A"ay. For the set A one
can apply the same method of constructing the set A column by column as in
the case of B,, to prove the main theorem in this case. The arguments are a bit
simpler. We won’t go into the details but will set up for the calculations. In
this case if

AC) = {(i,4)li < rj < i <)

and a(”) = ay then if A C &7 is the set of roots in an ideal in b then

A= ADUE,r41), (2, 741), ooy (Prgr, TH1) JU- UL (1, 74E), (2, 74E), oo, (Drgr, 7HE) }
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with 7 > pry1 > ... > pryr > 1. We will show how the procedure works (we will
give details only for the case of n = 9) first we consider the A", We have if
n > 5 then

tlil% et19X 0.9 [er A--Ney|=Tlea A Aepo1 A X A X(1,1)]-

If we apply lim;_.q et24X2.5) to this we have
les A ANeno1 A X2 A Xy A X22)]
we note that
len—1 A Xa2) A X A Xyl = [Xas A X AXan A Xel,
a “carry”. We thus have
NG a® A X5 Aes A Aen s,
We now assume that n > 9 then applying lim;_.g et2X28) we have

A @ A XasAXaz Aea A Aep_a.

Now we assume that n. = 9 (if n > 9 then the next step would involve lim;_q e *4X@.10))

we apply lim;_g et2X(3,-9) to this and we get
(2@ BN EHIE)
A\2/qa /\X(1,3)/\X(2’3)/\X(3,3)/\65/\66/\67—/\2Cl Nes N\eg N er.

The possible A containing As correspond to py = 3;p4 = 2,p5 = 1;p4 = p5 =
pe = 1. In the last case we note that

lim e/ A=) a® Aes Aeg Aer = AEa® A X1 g) A X7y A X (15

t——+oo

We want the last factor to be X1 4y AX (1 5)AX(1,6) s0 apply lim; o et ad(X(a, —0)+X(6,-7)
and get the desired element. For the case of py = 2,p5 = 1. We apply
4
lim;_.o eta9Xa., -5 to /\(2) a®) Aes Aeg Aer and get
NG a® Aeg Aer A X(1a).
; LadX (3) 43

We next apply lim;_,o et*Xa.-6) and get Al2)al®) Aer A X(1,4) N X(2,4) we note
that we have a “carry”.

4

2

/\(g)a(?’) ANer N\ X(1,4) A X(2’4) = [/\( )CL(S) N X(175) A X(1’4) N X(274).

4
There is one more case py = 3. Here we start with /\(2)a(3) Neg Ner N X(1,4-
Now we must avoid the carry so apply limy_. 4o /%4 and get

/\(;l)a(g) N X(1’4) A X(2,4) N X(4’4).
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Now apply limy_.o e99¥X@.—9 and get A=) a®) AX (1,0 AN X (2,4)NX (3,4) as desired.
We will leave it to the reader to set up the corresponding inductions, carries to
prove the result in this case.

D,,, n > 4. As we shall see, this case is almost identical with that of B,, with
one complication (involving the Pfaffian) that we will study now. Here we will
use the realization in section 2. We write (as in the case of B,,)

Xi—j)y=Xey—e; = Eij — Eopy1—jon1—i for 1 <i<j<mn
and
Xij) = Xejre; = Biont1-j — Ejopp1—i for 1 <i < j <n.

If > j then X(; ;) = —X(j). Then e = 31" ' Xo, i,y + X 4e,. With this
notation we have
Vpfaff(e) = ¢, (Xey—c, — Xeyte,) -

Indeed, let ¢ be an outer automorphism of g such that {e; = ¢;,7 < n and
(en, = —€p. Then we may assume that (e = e. Under this condition we have
observed that {(pfaff = —pfaff. We also note (if A is an m X m matrix that
A;j is its ij entry)

Lemma 15 (e" 1)1, = (e" Yipy1 = 1.
Proof. We write
0o —-J

with J the standard n x n nilpotent Jordan block > F; ;11 and M = E,,_11 —
En,g. Then

-3 5]

=1 i

and M1 = JM;, + (—1)*MJ*. We note that E;;J is E; j41 or 0. Thus only
the first term contains E,,_j ; for some ¢. This implies that in the expansion of
M,,_1 indicated by the above recursion the only term that has a nonzero entry
in the fist row is J* ' M. This implies that the first row of e” ! is all 0’s except
for 1’s in the n and n + 1 position. This proves the lemma. m

We use the same notation as in the case of B,,. We label the e; so that
they are in non-decreasing order by the eigenvalue of ad(h) and if n is even
the gradient of the Pfaffian will have the smaller index. We will also use the
notation w; for the element of § such that €;(u;) = d;;.

If n is even n = 2k then up to scalar multiple we have

erNeaN--Nep=erNea N Neg 1 ANX ) A Xy Negra A Aep+

ejNeg/\- - -/\ek,l/\X(L_")/\z/\ekHN - Nep,—epNegA- - -/\ek,l/\X(Ln)/\z/\ekHN - Neg.
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With z = Zfﬁ X(i,i+1)- Using this we can write out the matrix of supports in
this case. This time we set (here n can be even or odd).

6, (1) = —rl1<r<n
n\T) = 2n+2—rn+2<r<2n

we set a;; = (4,0,(2j+i—1))if j #kk+1,2j+i—1#n+1,a,; = (i—1,n)
if2j+i—1=n+1andi+j <n+ 1. the matrix of supports with the k and
k + 1 column deleted is given by A = (a;;) thus if n = 10 then

(1a72) (1a74) (17*6)) (17*8) * X (178) (176) (134) (172)
(2,-3)  (2,-5)  (2-7) (2,-9) * * (2,7) (2,5) (2,3)
(3,-4) (3,-6) (3,=8) (3,-10) x = (3,6) (3,4)
(4.-5)  4,-7)  (4,-9) (3,100 * x (4,5)

A (5,—6) (5,—-8) (5,—10) (4,9) x =

B (Gv 77) (Ga 79) ( ) 10) (57 8) * X

(7a _8) (7’ _10)) (67 9) (67 7)
(87 _9) (77 10) (77 8)
(9,-10) (8,9)
(9,10)

The blank columns correspond to X1, _10) A X(1,10) +X(1,—10) A2 — X (1,100 A2
with z = X(g’g) + X(g’g) + X(4’7) + X(S,G)-

If n = 2k+1 then we set for i+j <n-+1,a;,; = (4,6, (2j+i—1))if j £ k+1
and 2j+i—1#n+1if2j+i—1=n+1thena; =(¢—1,n) Ifj=k+1
then the rules apply except all entries a;; are blank except for ¢ = 1,2. Thus if
n = 9 then the matrix of supports is given by

(17_2) (17_4) (17_6)) (17_8) (17_9) (178) (176) (1a4) (1a2)
(2,-3) (2,-5) (2,-7) (2,-9) (1,9 (2,7) (2,5) (2,3)

(37 *4) (3’ 76) (37 *8) (27 9) * (37 6) 3, 4)

(4.-5) 4,-7) (4,-9) (3,8 * (4,5)

(5,—6) (5,—-8) (4,9) (4,7) *

6,-7) (6,—-9) (5,8) (5,6)

(77 _8) (67 9)) (67 7)

(8,-9) (7,8)

(8,9)

We now begin the proof of the main theorem for D,,. We will assume that
the reader is familiar with the techniques used for types A;B and C. Let a
correspond to

{er —en}U{er + 62,61 +en}

we will first prove that it is in the closure of Bg®. There are two cases n even
and n odd. We first look at the case when n = 2k. We have

3 tad(u) o N — -
t_l}inooe [61 A AN en] T [X(1772)/\X(1774)/\ /\X(177n)/\X(17n)/\X(17n72)/\
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If we successively calculate

.1 .1 B} .1
11n(1)et“dX(2=3):z: =z, hn(l)etadx“mxl = To, ..., lln(l)et“dx<"—2>”—1):ck_1 = T}
t— t— t—
Then

T = Q.

If n = 2k + 1 then the the first step yields

lim eted(u) [

e1N-Ney)l=z
t——+o0

= X1, A Xa, A AX e ) A X1 =) = X)) AX ) A AX(1,2)]-

If we do the sequence

lim et99X @3 4 — 1, lim e%adX(“-f’)a:l = Is,..., lim e%adX("*lw"ﬁxk = Tht1-
t—0 t—0 t—0
Then the last element is the desired one.

Since the outer automorphism u; — u;,7 < n and u, — —u,, preserves g¢
and B this implies that to prove the theorem in this case we need only consider
the A of the form

{e1+ea2,..,e1+em tU{eates, eatem U~ U{er +erq1y oy 8r +Em,. -

with mq > ... > m,, m; > ¢ and the sum ) ;_,(m; — i) = n. Exactly as in the
case of B,,.

We will do the case m; = n separately. In this case A = {e1 + €2, ...,1 +
en} U{ea +e35}. We first note that since n > 4

}in(l) e%“d(X(L‘“)[el Ao Nepl=lea Ao Neno1 A X(1,3) A X1,y

If n = 4 then ey A ez is up to scalar multiple X 4y A X(1.4) + c(X(1,—4) —
X(1’4)) N X(Q’g). Thus

lim efedua [62 Aes N\ X(Lg) A X(1)2)] = [X(174) A X(173) A X(172) A X(2’3)]

t——+o0

as desired.
If n > 5 then e%adX%eg =e9+ C%X(273) and e%“dX%eg Aeven1 A Xz A
X(172) =e3sN--rep_1 N X(173) A X(l,?)' Thus

th_r)% e%ad‘X35 [e2 A ~/\en,1/\X(173)/\X(172)] = [egA\-- ~/\6n,1/\X(173)/\X(172)/\X(273)].

We look at the special case n = 5. We have (up non-zero scalar) ez = X(1,_5) —
X(1)5), and

lea AN X3y A X2y A X2,3)] = [X1,4) A X1,3) A X1,2) A X2,3)]-
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Thus as above

lim etadus [63/\64/\X(1’3)/\X(l’g)/\X(g’;;)} = [X(l’g,)/\X(1’4)/\X(l’g)/\X(l,Q)/\X(Q,g,)].

t—+o0

We now consider n = 2k, k > 2. Then we have

w = lim etadul [63 AN Nep—1 A X(173) A X(l,?) A X(273)] =

t——+4o0
[X(l,fﬁ)/\' . '/\X(l,fn+2)/\(X(l,fn)/\X(l,n)“"(X(l,fn)_X(l,n))/\z)/\X(l,nfﬂ/\' . ~/\X(174)/\X(Lg)/\X(l’Q)/\X(Q’g)]
with supz = {e2 + €1, ..., €k + €x+1}. Now take limy, o etedunyy and get
[(X1,—6)A - AX (1,2 AX (1, i) AX 1) AX (1n—2) A - AX 1,y A X (1,3)AX (1,2)A X (2,3)]-

If we now argue in the first case above we have the desired outcome.
If n =2k + 1 with & > 3 then

w= lim e'*d" [63 N ANep—1 N X(173) A X(LZ) N X(273)] =

t——+o0
[X1,—6)A - AX 1 D) AMX (1,—n) = X (1,0 )AX (1 n—1) A - AX 1,0y AX (1,3 A X (1,2)A X (2,3)]

As above we calculate lim;_ ; o, €/%?“»w and use the argument at the beginning
of this discussion to “fill in” the elements X; 241 with j =2,...,k — 1.

We may now assume that A is given as above and m; < n. We note that
myp >r.

Before we continue we will use the same description of the sets A C ®T
that satisfy condition 2. in section 3 that are still in question as we did in the
case of B,,. We note that the set must contain A(") = {e:i+¢j]1<i<rand
i+1<j<r7+1}. The rest of A is given as U;-n:ll_r_l{ai +ejirp1|l < i <pj;}
and

T>pL>p2> e 2 Pmy—r-1 20

satisfies 0 p; = [A] - w Our strategy in the proof is, as in the case of B,,,
to use this decomposition of the set and handle the two parts individually.

Let n = 2k or 2k + 1 and set v = n — 2k. We prove by induction on r that if
a") is the ideal corresponding to A(") then if r + 1 is even and if the inequality

(;) +1-— Tgl <k+r< (g) + %1 is not satisfied then

r+1
2

AUE) ) A ey A Ae

+1— n—

is in the closure of Bg®. If the inequality is satisfied then

TN
/\( 2 )a(’) A X(17T+2) A 6(;1)4_2_% AN---Ne,_r+1

2

is in the closure of Bg®. If 7 + 1 is odd and n > ("}') then

/\(T;rl)a(r) N X(l r42) A\ €(rt1 AN ANe _rq2
5 ( 2 )-‘,—1—% n—-—-
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is in the closure of Bg® or if n = (Tgl) then a(™ is in the closure.

If r = 1 then a(” = CX;5 = Ce,, , (T;rl) +1—% =1landn— Tgl =n—1.
Thus the assertion in this case is g° is in the closure of g¢. If r = 2 then
A2 = {e1 + e9,61 + €3,620 + €3}. We are assuming that n > 3. As above we

have

lim et94Xii[el A Nen] = [Xa) A X1y Aea A Aenoi)-

If n = 4 then as above up to scalar multiple
eaNe3 =X, gy N Xaqa) +aXq, a4y N X3 —aXga A X3
with a # 0 thus
eldacy A eq = X,—a) N X(1,0) +aXq,—4) AN X23) —aX14) N X(2,3)
hence

tlilgo etadus (Xa A XasyANea A Aepi] = [Xa2) A Xa3) A X(1,0) A X(2,3)]

as asserted for this case. We also note that this completes the proof for the
special case of n = 4. If n > 4 then one checks that

a2 et XX (1 9) A X1y A Koy A Xy e Ao Aen)

as asserted. We now begin the inductive step. So we assume the result for
r—1 > 3 and we prove it for . We must assume that n > (T"QH). First we
assume that r + 1 is even. Then 7 is odd and the inductive hypothesis implies
that

r+1

n— b)

/\(g)a(ril) N X(17r+1) A\ G(Z)Jrli

g/\.../\e
2

is in the closure of Bg®. If n = 2k or 2k + 1 and (;) +1-— ’“—;1 > k+ 1 then the
argument is identical with that in the case of B,,. If (g) +1- % <k—-r+1
if n is even or if (g) +1- ’;1 < k+ 2 —rif n is odd then the argument is
essentially the same as the previous two cases. Set v = n — 2k. The new aspect

of the argument is if

T r—1 T r+1
1-—<k <
(2>+ 5 = +V_(2>+ 5

since then the method in the case of B,, involves the gradient of the Pfaffian.
We note that under these circumstances these inequalities are inconsistent with
n= (T;rl) and n > 6 (we have proved the theorem for n < 5). Thus n > (Tgl).
We follow the method until we come to

U = /\(;)a(ril) A\ X(17T+1) VANEERIVAN X(S7T+1) Nepyy Nov-Ne, rti.

2

Now

lim etadXirizmy = /\(g)a(ril)/\X(LrJrl)/\' “AX (s ) AX 1 rp2) Neprup1A - Aey,
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We now continue as before and have

/\(Tgl)a(T)/\X N €e[rt1 AN Ne  rt1.
(Lr4+2) A €(r41) o1 ezt

2

For the assertion for r + 1 odd then if on the previous step we had to use the
argument above then we can do the inductive step as in the case of B,, without
the first limit. If the inequality

r T T r4+2
1—-=-<k <
(2)+ 5 = +u(2>+ 5

is satisfied then the inductive hypothesis implies that

U = A(£>a(r_1) /\6(;) N Nep_z

+1-5
is in the closure of Bg®. We first do

1
lim et 24X (r+2.m) g,
t—0

which yields

/\(;) alr=b /\X(27T+1) /\X(11T+2) /\6(;) A 'A6k+u—1/\(X(1,n) —|—Z)/\' o Nep_z

+1-%

A z is at the beginning of this interminable case) if n is even and

r 1
/\(2>a(7’ ) A X(27T+1) A X(l’r+2) A e(g)Jrli% N Nep Negga A-- A En—z
if n is odd. Now continue as in the case of B,,.
The hearty reader is encouraged to use the above tables for n = 9 and 10 to
carry out all the techniques in these two cases.

Es: We must show that the two 8 dimensional ideals in b are contained in
the closure of Bg®. We will use similar methods for the two examples. Let V'
be as in the Eg subsection of section 3. We will choose a non-zero root vector
for each positive root. We denote this element by X («) if « is the root and
if say « = (1,1,1,1,0,0,0,0) then we write X(1,1,1,1,0,0,0,0). We write
€1,...,eg with e; = e for a basis of g° with [H,e;] = m;e; with (my,...,mg) =
(1,7,11,13,17,19,23,29). Consider the subset

Z ={(2,3,4,5,4,3,2,1),(2,3,4,6,4,3,2,1)}U
{(2,3,4,6,5,3,2,1),(2,3,4,6,5,4,2,1)}U
{(2,3,4,6,5,4,3,1),(2,3,4,6,5,4,3,2)}

of V. Let a be the ideal in b that is the sum of these roots spaces. We set

61 = (2)3?476a5745271)aﬁ2 = (1a273747473a271)763 = (17172a3a3727271)7ﬂ4 =
(17172a3a271717 1)”65 = (1’ 1)2727 1a0a050)' Then

. LadX . 1 . Ladx . LadX . Ladx
lim eis X 0s) Jim eadX(Ba) Jjy e7599XBs) Jiy 72 24X(B2) iy g7y edX(51)
t5—0 ty—0 t3—0 to—0 t1—0
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applied to [e; A -+ - A eg] yields
NSa A eg N er.

Now (taking into account a “carry”)

lim e 194X (1,1,1,1,0,0,0,0) 56

alNeg/Ne
[ 6 7

is A® of the ideal corresponding to V U {(2,2,4,5,4,3,2,1)}. For the other ideal
we have

lim et X (0.1,1,1,0000) A6 g A e A er = ASa A X(1,3,3,5,4,3,2,1) Aer.

Now
lim et 2 ASq A X(1,3,3,5,4,3,2,1) Aey

t——+oo

yields A® of the ideal corresponding to {(1,3,3,5,4,3,2,1)} UV and completes
the proof of the main result for Eg.

E7: As in the case of Eg we set

Z=1{(1,2,2,3,3,2,1),(1,2,2,4,3,2,1)}U
{(1,2,3,4,3,2,1),(2,2,3,4,3,2,1)}

and we set a equal to the ideal corresponding to Z. We define H; € h by
aJ(HL) = 51] Set ﬁl = (172’2547372a 1)7ﬂ2 = (15 1727372a 170)763 = (1717 1a 17 17171)

lim 799X (Bs) iy oFodX(B2) Jipy (FadX(8)]

et Nea Neg NegNes Neg N\er|l =
t3—0 to—0 t1—0 ! 2 3 4 5 6 7]

AaAes Aes A eg.
In order to see the ideal, u, corresponding to
A= {(1, 2,2,3,2, 1,0)7 (17 2,2,3,2,1,1), (1, 2,2,3,2,2, 1)} uz

in the closure of Bg¢. We set v; = (1,1,2,2,1,1,1),v, = (1,2,2,3,2,1,0) and
’71 = (1727273727271)

lim etedHitHatHs) n4 g n ey Aes Aeg = Ata A X (7,) A X (79) A X(73)

t——+oo

finally

thi%e%adX(O,l,O,l,0,0,0) AL a/\X(’Yl) A X (75) /\X(’)/g) = Ay,

The other two cases are

A ={(1,1,2,3,2,2,1),(1,1,2,3,3,2,1),(1,2,2,3,2,2, 1)} U Z
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and
As=1(1,2,2,3,2,1,1),(1,1,2,3,3,2,1),(1,2,2,3,2,2,1)} U Z.
We have (since there is a “carry”)

. 1
lim e X(1.0.1,1,1,0,0) 14

alNeg Nes N\eg =
t—0

Ao Aes

with v the ideal corresponding to {(1,1,2,3,3,2,1),(1,2,2,3,2,2,1)} U Z. If u;
corresponds to A; for ¢ = 2,3 then

. 1
hH(l)efadX(O’O’O’l’O’O’O) /\6 b Aes = /\7112
t—

and

lim e 94X (0,1,0,0,0,0,0) 76

v Aes = /\7113.
t—0

This completes the proof for E-.

Eg: In this case we set

V={1,1,1,2,2,1),(1,1,2,2,1,1),(1,1,2,2,2,1)}U
{(1,1,2,3,2,1),(1,2,2,3,2,1)}

Then if v; = (0,1,1,2,2,1),v, = (1,1,2,2,1,0),v3 = (1,1,1,2,1,1) then the
three ideals in question are A; = {v,} UV for i = 1,2,3. Let u be the ideal
in b corresponding to V. Set 8, = (1,1,2,3,2,1),6, = (1,1,1,1,1,0), 85 =
(0,0,0,1,1,1) then

1 1
lim eEadX(%) lim eGadX(’gQ) lim e®

adX (B1) [61 /\62/\63 Negy /\65 /\66] = /\5u/\e4
t3—0 to—0 t1—0

we have shown that the support of eq is {7v;,7v3,73}. Let a; be the ideal
corresponding to A;. Let H; € h be defined by «;(H;) = 6;;. Set v; =
Hy+ Hs+ Hy+ Hs + Hg,vo = Hy+ Ho + H3 + Hy + Hs and let v3 = Hy + Hg.
Then

lim efedvi AP

uANeg = /\Gai.
t——+o0

This completes the proof of Theorem 14.
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