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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 251, July 1979

THE ANALYTIC CONTINUATION OF THE
DISCRETE SERIES. I
BY
NOLAN R. WALLACH

ABSTRACT. This is the second in a series of papers on the analytic
continuation of the holomorphic discrete series. In this paper necessary and
sufficient conditions for unitarizability are given in the case of line bundles.
The foundations for the vector valued case are begun.

1. Introduction. In Wallach [8] it was shown that the representations of the
holomorphic discrete series of a simply connected, connected, simple Lie
group, G, “analytically continue” to give new unitary representations. In
Wallach [8] the extent of this continuation was determined for the universal
covering group of SU(n, 1) and the holomorphic discrete series of SU(n, 1)
corresponding to homogeneous line bundles over the unit ball in C”. In this
paper we solve the same problem for arbitrary G (as above) admitting
holomorphic discrete series. We note that the sufficiency of the condition of
Corollary 5.11 has been proved by Rossi and Vergue by very different
methods (using techniques of [6]). They also conjectured the necessity.

This paper is quite algebraic in nature. It is more in the spirit of Harish-
Chandra [1] than the first paper in this series. In this paper we complete the
circle of ideas of Harish-Chandra [1] by giving a proof of Theorem 3 of [1]
which is in the spirit of [1]. In [1] a proof is not given. It is deferred to [2]
where the full theory of the holomorphic discrete series is used.

One of the main motivations for studying the analytic continuation of the
holomorphic discrete is to prove vanishing theorems for (0, p) cohomology of
compact, locally symmetric, Kéhler manifolds. (See Hotta-Wallach [4].) That
is if a certain value of the continuing parameter does not correspond to a
unitary representation then a (0, p) Betti number is zero. Of course, one needs
to study more general holomorphic discrete series than is studied in this
paper. The general case will be studied in later papers in this series.

2. Some structural lemmas. Let g be a simple Lie algebra over the reals (R).
Let g = ¥ @ p be a Cartan decomposition of g (cf. Helgason [3] or Wallach
[9]). We assume that [, f] = £, # £. If b, C f is a maximal abelian subalgebra
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20 N. R. WALLACH

of f then b, is a Cartan subalgebra of g. Let g, £, b, § denote the respective
complexifications of g, f, p and b,. Let H € h be such that ¥ = RiH @ £,
Then (as is well known, see Helgason [3]) we may assume that ad H |pc has
two eigenvalues * 1. Let A be the root system of (g, h). Let Ay = {a € Ag,,
Ct) @, ={X €ga.(h, X]= a(h)X for h € h)}). Then Ay = {a € Ala(H)
= 0). Let A, = {a € Alg, C b,).

Let H = H, H,,...,H, be a basis of hg = {h € hla(h) €ER for all
a € A}. Order b lexicographically relative to this ordered basis. Let A* be
the corresponding positive roots. Let Ay = A" N A, Af = A" N Ap. Let

Y1 - - - » Y, be constructed as in Harish-Chandra [2] (see also Helgason [3] or
Wallach [9]). In particular v,, . . . , ¥, satisfy:
(1) v, is the smallest element of A} andy, < - - - < y,and y, + y; € A for

alll<i<j<r
(i) r is the split rank of g.
(iii) Let B be the Killing form of g,.
If A €b* let H, €} be defined by B(H,, h) = A(h) for h €H. Let h~ =

i CHy, b* =(h€bly,(h)=0,i=1,...,r}. If « €A} then aly- is in
one of the following possible forms:

(@) aly- = — 3y, forsome 1 < j < r,

(b) aly- =5(v, — y) forsome 1 < j<i<r,

(©) al,- =0.

(iv) If « € A7 then af- is in one of the following possible forms:
(@) aly- =3 v/forsome 1 < i < r,
() aly- =3(v, + y) forsome l < i< j<r
(V) If Ay = {a € Alajy- =0} then Ay C Ag (see (iii)). If a € A, then
axy &Aforanyi=1,...,r If a €A then at most one of a + v, is in A
for each i. In particular the y; are all extreme for the adjoint representation of
g. on g  hence B(Hy;, Hy;) = B(Hy;, Hy,) for all i, j (cf. Moore [5]).
For proofs of these results see Harish-Chandra [2].
Let p* =3, c0380 P~ = Z,caz8_, Then [p*,p*]=[p7,p"]1=0 and
ad(k)p~ C p~.

LEMMA 2.1. Let A° = {a € Ala|,- # * 37, for any i}.

(i) A is a subsystem of A (that is if a, B €A%, a + B € Athena + B € A,
ifa €A% a € A).

(i) If ® C A is a subsystem so that A° C ® then ® = A® or ® = A.

PrROOF. Let b, = H, /<y;, v;) (here <A, p) = B(H,, H,) for A, p € h*). Let
Hy=3;_\h. a € A’ if and only if a(Hy) = *10r 0.« € A — A° if and only
if a(Hy) = * 3. This clearly implies (i).

Let n = exp(27i ad H,). Then 7 is an involutive automorphism of g,. If
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gf = {x €Egn(x) = x} then g} =B+ 3, cr8, (i) now follows from
Wallach [11]. Q.E.D.

Let ()|r =1, 0|p — L Let @ =9+ 3, cprba T_‘hen 03° cgc Let §° =
g N d. Then §° 1sarea1formofgc Lett®=tNgP=pnNng

LemMaA 2.2. Let ¢° = [p° p°] @ p°. Then ¢° is a simple subalgebra of g. If
£ = [p°, 1°] then £ = ¢° N t and [£°, £°] # °. If ¢° is the complexification of §°
then

by~ cgd

(11)p _po @ py Wlthpo —D np* and by —Dcﬂ p.

(i) If b = 9% N ° then by ® b~ is a Cartan subalgebra of a.

PROOF. [gc, @°] is semisimple (see the proof of Lemma 2.1). Since g% is an
ideal of [d°, 3°], g% is senns1mple Using the results of Moore [5] it is clear that
the restricted root system of ¢° relative to a maximal abelian subalgebra of g°
is connected. Hence ¢° is simple. The rest of the proof of this lemma is quite
easy and left to the reader. Q.E.D.

LemMA 23. If By, ..., B €A and if B+ - - + B=v,+ -+
then B; € AF N A° = A°+

PROOF. Suppose that the lemma is false. Then B, ..., B, & AyY,
Bests - - ,B € AY*, and s > 1. Let H, be as in the proof of Lemma 21
Then (Yn -+ y)(Ho) = j. But B(Hp) =3 forj < s. B4, (Hp) =1 for
t=1,...,j—s Hence (B, + ~~+,B)(H0 =1 s+j—s This is
impossible.

Let A, = {0 € A%al- € Z/_ Ry;}. Let A, = A, N A, Let Z,cp, 6o =
pl. Letg,c [, p] + ¥l Letg, gNg.5=tng,b=0p.

LEMMA 2.4. g, is simple. g; = 1, ¥, @ p; is a Cartan decomposition and [, t]] #
f.

J

ProoF. This lemma is a simple consequence of results of Moore [S].

Lemva 25. If By, ..., B, €AY and S B, = Z/_, v, then B € Af, = A7 N
A i=1,...,).

Jp’
PROOF. f; € A%* by Lemma 23. But then Bl =3(v, + %) 1<
s, <r.2f =2/_,7. Hence t, s, < j. QED.
Let pj* and p;” denote p; . N p* and PN respectively.

3. A theorem of Schmid. We retain the notation of §2. Since [p~, p~]=0
we see that U(p™~) the universal enveloping algebra of p~ is isomorphic with
the symmetric algebra on p~. Hence U (p~) is graded by degree. Let U(p7)
be the homogeneous elements of degree j. f. acts on p~ by the adjoint
representation, hence on U(p~) by derivations still denoted ad.



22 N. R. WALLACH

THEOREM 3.1 (W. ScHMID [7]). As a representation of ¥,, U’ (p~) splits into a
direct sum Z my ;7\ (1) the irreducible finite dimensional representation of ¥,
with highest weight, \, relative to Ag) with m, j = 0 or 1 depending on whether
ornotA= -3 my,m>m>---2>m>0,m€EZand T m, = j.

Setting A, = —(y, + - - © + v;) then every f_ highest weight in U’ (p~) is of
the form 27_, n A, withn, > 0,n, € Z and X in, = j.

Set ng = ,ca:8,. Set UP™)* = {u € U(p~)lad(ny)- u = 0}. Set for
AEY, UM ) = {u € U@p)lad(h)u = A(h)u for h € b}. Then U(p™)"* =
ZU@E HRNUP)* and dim U(p~), N U(P™)* =0 or 1. Let u; be a
nonzero element of U(p~™)"* N U (p7),- Then the above theorem and obser-

vations imply:

COROLLARY 3.2. U(p™)* is the subalgebra of U(p~) generated by

Uy ooy U,

We also need
LEMMA 3.3. w4, € U(p, ) (see Lemma 2.2 for notation).

PROOF. 4, € U/(p™)* N U(p™),. If X, € g, — {0} has been chosen for
each a €A then U/ (™), is spanned by the elements of the forms
X_pX_p,- -+ X_p, 2/ B, = Zj_, v;- Lemma 2.3 now implies the result.

4. The representations V2. We retain the notation of the previous sections.
Let n*¥ =3, ca+ @, 17 =32 ,c4 +6_,. Let U= U(g,) be the universal
enveloping algebra of g.. The Poincaré-Birkhoff-Witt theorem implies that
U=Ul)® U+ Un*) (here U(h) is the universal enveloping algebra of
b). Let P: U — U(}) be the corresponding projection. If A € h* extend A to
a homomorphism of U(}) to C in the usual fashion. Let for g € U, £,(g) =
A(P(g). If f € U* and x € U define (x - f)(g) = f(gx). Then U* becomes
a U-module. Let for A € h*, V2 = U-¢,. Then V' is an irreducible g,
module (see Wallach [10]). Let o be the conjugation of g, relative to g (that is
6(X +iY)=X —iY for X, Y € g). Let n: U— U be defined by: 9(1) = 1,
n(X) = = o(X), X € g, () = n(y)n(x) for x,y € U.

DEFINITION 4.1. A representation (7, V) of g, is said to have highest weight
A if there is v, € ¥V, v, # 0 so that

(1) #(h)vy = A(h)v,forh € B,

(@) m(n™)ve =0,

@) 7(U)vy = V.

LEMMA 4.2. Let (m, V) be a representation of g, with highest weight A. If {, >
is a Hermitian form on V so that

(1) vy, vo) = 1 (vg as in Definition 4.1).

2) {m(x)v, w) = =L, ()W), x € g.
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Then A € b that is A (hg) C R) and {m(x) - vy, m(y) - vo) = Ex(m(¥)x), for
x,y € U. If A € b} then {m(x)- vy, m(¥)vo) = Er(n(y)x) defines a form on
VA satisfying (1), (2).

ProOF. We note that n(n*) =n~ and n(n~) =n*. Thus P(n(u)) =
n(P(u)), u € U. If h € hg then n(h) = bh (ihg C g). Hence
A(R) = {m(h)vy, vy = {vg, T(h)vey =A(h) for h € bg. Hence A € hi. Now
() implies {m(x)0, T(¥)0p> = (m(n(¥)X)0 0o). But if a(z) = (m(2)p, v
then a(zn*) = a(n~z) = 0. Hence a(z) = a(P(2)). If h € U(Yh) then 7(h)v,
= A(h). Thus a(z) = £,(z). But then {7(x)vy, 7(¥)vy) = £5,(n(y)x). The last
statement follows from the fact that one can define a unique homomorphism
of g, modules ¥ — V* by x-v,— x (cf. Wallach [9, Theorem 4.4.5]).
Q.E.D.

In this paper we will study some very special A. In a later paper in this
series we will study the most general A for which the form defined in Lemma
4.1 can be positive definite.

Let A, be defined by

(@) A(H) =0,a € Ag,

®) 2AL Y/l Y0 =1
We will be studying only A of the form zA, with z € C.

We note that V2 = U- £,. Since n*¢ = 0 and U(h)¢ = C£ we see that
VA= Um )¢, If A=zA, then since f,=n, @HhSn; we see that
£4:aluq,) is the corresponding “§,” for f.. Hence U(E,)- &4, is irreducible.
But by definition of A, the irreducible representation of f, with highest weight
zA, is one dimensional. Hence V4 = U(p7)E,, .

Letu, ..., u beasin §3. Let U*» -~ *(p™) = ad(U(t,))uf' - - - u¥. Then
Up~) = Ziso,ezU* 50 7) and U*» - *(p7) is the irreducible repre-
sentation of f, with highest weight = k). By the above VM =
S Ukve-%(p7)g,,, and Ukr--%(p7)E,, is the irreducible f, representation
with highest weight zA, + 2 kA,. Let V,ff}__, K = Ukv--f(p7)E,, -

LEMMA 4.3. A necessary and sufficient condition for V;f,'}f..,k, # 0 is that
Pk, ..... k,(z) = ng,(n(ulkl e urkr)ulkl e urkr) * 0.

PROOF. Let p be the anti-automorphism of U defined by p(xy) =
p()p(x), p(1) =1, p(x) = — x, x €g.. Let {x,y} =&, (n(»)x). Then
{Xu, v} = —{u, Xv} for X € g,. Itis easily seen that the dual representation
of k, on Ukr---k(p~)is n(U*--*(p~)). Hence { , } sets up a f, invariant
pairing of n(U**--*%(p™)) and U*»----*(p~). Now the irreducibility implies
that

{ ’ }|"1(Ukl ..... kr(p~)) % Ukt kr(p~)
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is either zero or a nonzero multiple of the canonical pairing. But then
{ ’ }|T](Ukl ,,,,, kr(p—))x Uk| ..... k,(p—) # 0

,,,,,, k(z) # 0. In particular, we see that if P, , (z) #0

,,,,, r, #0andif P, ,(z)=0then {U®™*), Ukv%(p7)} =0.
But if x, y € U then {xn~,y} = 0. Arguing as above we find {x[f, f]
y} =0.Thus if {U(*),y} =0,y -4, =0. Hence if P, ,(z) =0 then
upt- - ub- g, =0. QED.

.....

5. Infinitesimally unitary modules.

DEFINITION 5.1. Let (7, V) be a representation of g,.. Then (ar, V) is said to
be g-infinitesimally unitary if there is a Hermitian positive definite inner
product ¢, > on V so that {w(x)v, w) = —{v, m(x)w) for x € g.

LEMMA 5.2. There exists a representation of g, with highest weight A which is
g-infinitesimally unitary if and only if V2 is g-infinitesimally unitary. V™ is
g-infinitesimally unitary if and only if z ER and P, ,(z) > 0 for all
ky....k,€EZ,k; > 0.

ProoF. The first statement is an immediate consequence of Lemma 4.2.
The second is a consequence of the proof of Lemma 4.3.
We now come to the critical observation.

LEMMA 5.3. Vi s g-infinitesimally unitary if and only if the irreducible
representation of g° with highest weight z\, defined with g replaced by ¢° is
a%-infinitesimally unitary.

PROOF. 4, € U(pg) and g2 = (n™ N g®) ® (h N g% & (n* N ¢%). Thus the
functions Pk. ..... . (2) are computed in U(g?). Q.E.D.

Let g, = £ + ip. Let 7 be conjugation in g, relative to g,. Let {E,} be a
Weyl basis of g, relative to {g,, b}. That is

@) 7E, = — E_,

(i) [, E_,] = H,
Then oE, = — E_, fora €Ay, 0E, = E__, a €EA,.

LemMa 54. Let a), ..., @, By, ..., B € Ay then f(z) =
§a(Eg, - “EgE_, - E_,)is a polynomzal in z of degree at most j.
Furthermore f is of degree Jjif and only if there is a permutation of {1, ..., j},
d, so that ay; = B.. Finally, if there is such a 8 the coefficient of z/ in f is
positive.

ProoF. By induction onj. If j = 1 then §, (Eg E_, ) = &4 (Eg, E_, D- If
Bl * o) then [EB ’ ] € [fc’ c] and ng]([fc’ f ]) =0 If Bl =0 then
§a(Eg,E_,)= zA,(Hﬁ) Since A,(Hg) > 0 for B € Ap the result follows
forj = 1.
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Suppose the result is true for 1 < j < k — 1. Suppose j = k. Then
£ZAI(EBI e EBkE_aI e E_“k)

k
= 2 gZAI(E‘ﬁl o Eﬁk—lE_‘xl T [Eﬁk’ E_a.'] T E_ﬁk)' (*)
i=1

If B # a; for any j then [Ez, E_,] € £, £.] for all . Since [E, £J,4, =0
we see that if B, # «; for any i then the right-hand side of (x) is of the form

k k
2 2 . ng, (EBI o Eﬂk—lE-“l e E—a,-+| T

[[Eg E-o) E—o] - E_s).

But [[Eg,E_,]J E_,]#Oonlyif B — 0o, — oy € Af. Thus if B, # «a; for
any i we see that f is of degree at most k — 1 by the inductive hypothesis.

We note that the argument above also shows that the terms in the sum on
the right-hand side of (*) with a; # S, are polynomials of degree k — 1 or less

in z. We may relabel so that a;, ..., a = B, o,y ; F B, j=1,...,k —s.
Hence
f(Z) = _21£ZAI (E T Eﬁk—lE—“l e [EBI(’ E_ai] o E—"‘k) + h(Z)

with A(z) a polynomial of degree at most k — 1. But then
S

f(Z) = '21 gZ/\l (EBI T Eﬁk—lE—ﬂl o E HBI(E_ai+I e E_“k)

%

=§1 A(H) - 3 <¢xj,ﬂk>)

J=i+1

) g“\l (Eﬁl e EB—IE_az o E_“k)'

'k

Since A(Hg) > 0 the result now follows from the inductive hypothesis.
QE.D.

LEMMA 5.5. P, . . is a polynomial of degree t = 2 ik;. Furthermore
P, .. K (2) = Ck,...k,zt + lower order terms and /(— l)tCk...‘k, > 0.

PrROOF. Let A\ = 3 kA,. Let w = ufr- .- uk Then w =
S as . sE_5 -+ E_, the sum taken over all §,,...,6, € Ay, 28 =-A
and distinct up to permutation. n(w) = (= 1)'Z @5 ..., E5, * - - Es. Thus

(_1)’Pkl vvvvv x(2) =2 By, .. 50y, £ZAI(E81 SR ¥ R E—m)‘
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Thus modulo polynomials of degree ¢ — 1 or less

(- 1)’Pk. ..... k (2) = > |as, ..-s,lzgm, (Eal o EyE 5 E_g )-
The result now follows from Lemma 5.4.
For the remainder of this section we wish to determine precisely when the
polynomials P, «, (2) are nonnegative. To do this we may assume A = A°
(see Lemma 5.3). We make this assumption for the next few results.

LeMMA 5.6. If 1 < j < k < I then [E..,, u] =0

PROOF. u; =2 a5 .. sE_5 -+ E_; the sum taken over all distinct
8,...,8 EAS so that 3 6, = 2,,1 Y- But now if a5 ... 7 0 then §, = 3(¥,
+7,), 1 <t <s; <r. (We are assuming that A = A°') But 68 =3/, v.
Hence 1 < 4,5, < j.If Kk >j then [E. ,E_;]# 0 only if +y, — §; €EA.
But (v, — §)l- = v, — 3(v, + 7v,) with £, 5; < k. This is not one of the
forms of §2 (iv). Q.E.D.

Lemma 5.7. If k > 0 and E, ukt,, = 0 then ukt,, = 0.

r

PrOOF. [f,, E Ju ) =0. (We are assuming that A°=A. In this case
A\, @y =0 if « € Ag.) Suppose that E, uf¢,, = 0. Then if Z € [£,, £.] we
see 0 = ZE u*¢,, =[Z, E, lu'é,,,- Hence (ad U([k, o c])E )uk¢,\, = 0. But

r

then p*uf¢,, =0 (y, is the hlghest root). Since nguf§,, =0 we see n*
uf¢,, = 0.But then 4§, = c£,, . Butk > Ohence c = 0. Q.E.D.

Now u =3ag .. BE—B. “E_g. The sum over B, ..., B €Ay,
201 B = Zi-, v;- We may clearly assume 8, < < B.. Since B, < v, we

seeu, = vE_, + wwith

2 ag..gE g E_y  vEURL)
B#v,

Here p,_, = 2 g, where af;- = 1(v + Y;), i»j < r — 1. The argument of the
proof of Lemma 5.6 implies that [E, , 4] = vH, + [E,, w]. Furthermore by
the form of w we see easily that

[E,w]=w + X WE, w,w,€U®).

aEAR
Nowif Z € ng,[Z, E,] = 0. Thus if Z € ng
0= [Z, [Ey,’ u,]] =[Z,0]H, + U[Z, Hv,] +[Z, w]

+ X [Z,w]E, + 2 w[Z E,]

aEAR aEAR

=[Z,0]H, +[Z,w]+ X vE, v,€U().

a AR
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Hence [Z, v] = [Z, w,] = 0. But it is clear that [, v] = A, + v,)(h)v, [h, w)]
= (A, + v,)(W)w,. Since A, + v, = A,_, we see that v = c,u,_;, w; = ot
Hence u, = c,u,_,E_, + w, with w as above.

LEMMA 5.8. Let the notation be as above. Then ¢, # 0.

PrOOF. We first observe that if K, is the group of automorphisms of g,
generated by the exp(ad X) for X € f.. Then Ad(K)(E_, + - -+ + E_))Is
open and dense in b . This can be seen in several ways. The easiest is to note
that if a = 27_, R(E, + E_,) then a is maximal abelian in p. Then use the
fact that Ad(K)a = p (here K c K, is the subgroup generated by the
exp(ad X), X €¥).

But then (E_, + -+ - + E_y)’ is a cyclic vector for U"(p™) as a repre-
sentation of f,. Hence if (E_, + -+ + E_,) - § =0 then U'(p~ )éa, =
0 But —A1 is the lowest welght of VM (d1m VA < o0) and since A® = A,

2(71 -+ +7,). Thus U% -~ '~ )gA, # 0. But Uy - - - Uf- 7 =
Oif S ik; = r, k; Z 1. Hence U"(p7)é,, = Voo, ... on Also 2CA L, v /<y, v
=lthusEiyj.§Al—OJ—l ,r. Let Q: U’(p )—>U° """ %1(p~) be the t,
invariant projection. Then since
r r! m
B+ +E ) =2 oy BB By
we see Q(E™, - - - E™ ) =0 if some m; # 1. Hence Q(E_, - - - E_)) =
cu,, ¢ # 0. This clearly implies ¢, # 0. Q.E.D.
We may thus assume

u, = u,_,E_Y’ +w, w= 2 ag ° - BrEp, e
Bi<- - <B
2 Bi=3v;
B.#,
LEMMA 5.9.
[Ey’ur] = U lH + 4<'Yr"Yr> 1t 2 We o
aEAF

with w, € U(p~) and c, is the order of C, = {a € Ag|aly- = =3(y, — v for
some j < r}.

PrOOF.

Wr = 2 ag,...Ep " E-p,
Bl< tee <Bl<7r
ZB=2vi

But then B,_ |- =3 (v, + ), B.ly- =3 (v, + 7)) withj < i < r. Hence
W= 3 Zog[Ep By |[Ew Eon]

a,BEC,
a< B
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with z, ; € U(b,_,) (see the end of §2 for notation). Now if « € C,, B €
AY,, then a — B|,- is not of one of the possible forms for a restriction of a
root to h~ (see §2(iii), (iv)). Hence [E,, U(b,_,)] = Ofora € C,.

Now if « € C, then 0 = [E,, 4] = u,_|[E,, E_ ] + [E,, w,]. Thus [E,, w,]

= —u_[E,, E_,]fora € C,. This implies that if § € C,

- ur—l[EG’ E—vr] = . LEC za,B[EnS’ [Eﬂ’ E—Y,]][Ea’ E—vr]

r

a< B

+ Q,EC za,B[EB’ E—»] [ ES’ [Ea’ E—vy] ]
a<pf
We therefore see that

(@) If § € C, then

S zup[Bo [Bp B )]+ 3 zasl Bo [Ew Boy]] = —us
B> d>a
BEC aEC,

If B € C then B + v, & A and B — 2y, & A. Thus we see (cf. Wallach [9,
Lemma 3.5.12)).

(ll) [Ey,’ [Ep7 E—y,]] = - %<Yr> Yr>Eﬁ
We now compute [E, , w,].

= 3 z{[E, [EsE_,]][Ew E_,)

a< B
a,BEC,

+[Ep E_, ][ E,, [Ew B, ] ]}

;B Zu,B{EB[Ea’ E—v,] + [EB’ E—V,]EZ}
a,f e

N | —

1

- 5 <Yr’ Yr> 2 zzx,ﬁ[EB’ [Etx’ E—'y,]] + 2 UGES
a< fB seA}
a,fEC,

withos € U(p7).

If o, B E€C, then a + B & A. Hence if a,8 € C, [Eg [Ep E_ NI =
[E, [Ep, E_, ]I. Hence (i) says

(lll) 2a< B.a,BEC, za,B[EB’ [Ea’ E—y,]] = - % U
This combined with the above computation says

. 1
(IV) [Ey,’ wr] = Z <Yr’ Yr>crur—l + 2 DGES’
SeAr
¢, the order of C,.
Since [E,,u,_, E__]1=u

Y Yr—1 -y, r

_1H, the result now follows. Q.E.D.
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We can now prove our main result. We return to the original assumptions
on g (that is we do not necessarily assume that A® = A).

THEOREM 5.10. Let for 1 < j < r, ¢; be the order of C; = {a € Ag|aly-
=%(yj v), i < j} Then V’A‘ is mftmteszmally unitary lf and only if z <
—36 0rz=—1%¢ for some 1< j<r. (Notec, =0and V°is the trivial

representation.)

Proor. We must find the set of all z so that P,
ki,...,k. >0, k, € Z. We first note that if t =3 zk then Pk ’’’’’ K (2) =
G, ..., k,Z + lower order terms and (— 1) C, = x > 0. This 1mp11es that if
r, =min{z|P,  ,(z) =0} thenifz <z k> Pr, ... k(2) >0.
,,,,, k,(z) we may assume A = A°. For the remainder of
the proof we do this. P, , (z) = 0if and only if ubro - uyk. £ =0

.....

(DIfP,  ,(2)=0,k >0andz< —3c then P, (@)
0.
Indeed, P, (z) = Oif and only if uf' - - - urk, ., = 0. Now
E'Ylulkl o« e e urk, A, = ulkl « e , |E urk A,
(by Lemma 5.6)

kr
= 2 ulkn . ”rkff[Ey,, ur]uri—lgh

i=1

2 u c urkl_ll urk’_i(ur—lHy, + -41__Cr<‘Yr’ Yr>ur—l)uri_lgz|
i=1
k (k
= ( - A5 <‘Yr’ Yr> + ZAI(H )k + 4 <Yr’ ‘Yr>k)
-ulkl e urkLill+lurk’_l . ngA
Now
1 1
AI(HYr) = AI(H'YI) = 5 <Yl’ Yl> = E <Yr’ Yr>
Hence if P, x(2) = 0, k, > 0, then
Yo Yr
k, < 3 ) {—(k, -DH+z+ %c,}ul’" ceufetlybtlE ) =
Ifz < —3cthenufr - uby*lub~1¢g, = 0as asserted.

Arguing by induction we therefore see

QIf P, 4(2)=0andz< —jc thenP,  , ., o(2)=0

Now Lemmas 2.4 and 2.5 imply that P, .o ... o2) for j <r are
computable in g;. It is easily proved that 0 = ¢, < ¢, < - -+ <, Thus we
find by induction
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PP, 1 (2#0ifz < —Jc andk, EZ, k; > 0.

(3) combined with the observations at the beginning of the proof implies

@Ifz< —jcthenP,  ,(2)>0forallk, €Zk > 0.

We next observe

(5) Let ¢ = Ps | 5,» the wusual Kronecker delta. Then
9(2) = alli_\(z + 5 c).

Indeed, g,(z) = 0 if and only if u, - £, A, = 0. Lemma 5.9 then says ¢,(z) = 0
if and only if (z + ; ¢)u,_ &, = 0. That is if and only if (z + 1 ¢)q,_,(2)
= 0. The result follows by an induction on r.

Clearly (—1Ya; > 0. This says that if — ¢, <z < — 1 ¢,_, then g,(2) <
0. Similarly if —3 ¢ <z < —3 ¢_, then g(z) <0. Also if z >0 then
q,(z) < 0. Hence the only z > — 3¢, for which V*A can possibly be
unitarizable are z = — ; ¢ for some 1 < j <r.

Butif z = —1 ¢ then P, ,(2)=0if k; > 0and i > j. One proves as
above that if k; = 0,i > jand if z < — ;¢ then P, ,(2) >0. QED.

COROLLARY 5.11. A necessary and sufficient condition that P,
Jorallk, ...,k >0,k €Z,is that z < —% c,.

.....

.....

.....

6. The general case. In this section we consider more general A € h*. If V2
is infinitesimally unitary it is easily checked (cf. Harish-Chandra [1]) that

(D) 2¢A, ay/{a,a) = n, € Z,n, > Ofora € Af,

(2 <A, a) <O fora €AS.
If A € h* satisfies (1) then A = Ay + zA, with {A,, H, > =0and (A, a) =
(A, a)fora € Af.

To study this case we give a different realization of V2. We note that

U= U(t,) ® (p U+ Up*).

Let Q: U— U(f,) be the corresponding projection. If X € f,, u € U, then
XQ ) = Q(Xu); Q(uX) = Q(u)X. (Indeed, u = Q(u) + Zw + wZ,, Z, €
P, Z,€EDT, Xu=XQu) + XZw+ XwZ,. XZw=[X,ZJw+ Z,Xw €
bU)

Let W, be the irreducible representation of f, with highest weight A. We
note dim W, < oo if and only if A satisfies (1) above. If f: U — W is linear
define (g - f)(x) = f(xg), for x,g € U.

Ifwe Wlet e(w)(g) = Q(8) - w. e(w): U— W,. e(w)(p~U) =0, pre(w)
=0.Let Z» = U- ¢(W,). We note that as a g. module Z* is equivalent with
VA, This is an easy consequence of Theorem 3.1 in Wallach [10].

Suppose now { , > is a Hermitian form on Z* such that (X -ov, w) =
— v, Xw) for X € g. Then {xe(w), ye(v)) = (n(y)xe(w), e(v)). Now n(p*)
= b7, n(p7) = p*. Hence we see {n(y)xe(w), e(v)) = {Q(n(y)x)e(w), &(v)).
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Now if u € U(£,) then ue(w) = e(uw) (indeed, (u-e(w))(g) = e(w)(gu) =
Q(gu)w = Q(g)uw = e(uw)(g)). Hence

(3) (xe(w), ye(v)) = <e((Q ((¥)x)w), &(v)). _
Now in particular {(Xe(w), e(v)) = —{e(w), Xe(v)). Hence (w, v) =
{e(w), e(v)) defines a f-invariant Hermitian form on W,. Thus A = zA, +
Ay, z € R. Since for z € R there is a unique (up to scalar multiple) invariant
Hermitian form on W, we see that if we fix a positive definite Hermitian
form on W,, (,) then up to scalar multiple {, ) is given by

(4) {xe(v), ye(w)) = (2 (n(¥)x)v, W).
Let 7,(u)v = Q(u)v for u € U, v € W,. Then we see

LEMMA 6.1. A necessary and sufficient condition for V2 (= Z*) to be

g-infinitesimally unitary is that 7,(n(y)y) be a positive semidefinite operator for
y e U.

We now note that if z € U(£,) then
TA(1(¥2)y2) = 1A ((2)n(¥)rz) = TA(M(2))7a(M(¥) )74 (2).

But (1,(n(2))v, w) = ((2)v, w) = (v, zw) for v, w € W,, z € U({,). Hence
if z € U(X,) then 7,(n(2)) = 7,(z)* (Hermitian adjoint). Hence

(5) TA((y2)y2) = TA(2)*1A\(N(¥)Y)77(2), for z € U(E,),» € U.

Now ZA = U@®p )UE,) € (W, = U(p™) € (W,). Hence we see

LemMa 6.2. If A =zA, + A, z ER. Then a necessary and sufficient
condition that V* be g-infinitesimally unitary is that 7,(n(u)u) be positive
semidefinite for u € U(p~).

LeEMMA 6.3. Fix A, satisfying

(1) 2¢Ay, @) /{a, a) is a nonnegative integer for a € Ag.

@ <A v =0.
IfBi, ..., B,y ..., 0 €EAF then

f(z) = TzA|+A0(Eﬁ,' c Eﬁ, E_, - E—oy)

is a polynomial map of degree j of C into End(W,) (W) =W, as a
representation of (£, ¥,]). Furthermore f is of degree j if and only if there is a
permutation of 1,...,j, 8, so that Bs; = a; for i=1,...,j. Under this
condition f(z) = 2/A; + 2y, ; z'A; with A; positive definite.

Proor. By induction on j. If j =1 then 7, ,,(Es E_,) =
Ton+a(Epy E—o)- I By # o then [Ez, E_,] € [£., £.]. But then
Toa+a(Epp E_o) = Ta(Ep, E_, ]) which is independent of z. If B, = a;.
Then 7,5 a(Ep, E_o) = Top,4a(Hp) Now Hp = cH + Hp  with
B(Hg, H) = 0. Thus

_ B (H) _ 1
““BMH,H) BHH)
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Now 7,5 44, = T:a, ® Ta, Hence

(TzA.+Ao)(Hﬁ1 ) = TZAI“‘AO( B(Hl, H) H+ ﬁﬁ' )

- mml(ﬂ) @I+1® ( E(HITH_) o (H) + 7o (Hp, )).

Now A,(H) > 0. (Indeed H, = B(H, H)"'H + H, A(H,) = {v;, v,)/2.
Thus A (H) = {v,, v,)/2B(H, H) > 0.) Hence

Toa+n,(Ep, E_p,) = E(Hz,—H) I+ C, Cindependent of z.

Suppose that the lemma has been proved for 1 < j < k — 1. Suppose
Jj = k. Then

TA(E.BI e Eﬁk E_al o E_ak)

[[Es E-u) E-o] - E-a)

k
+ 2 TA(EB| T Eﬁk—lE—al T
i=1

E_af—lE—df e E—%)TA([EB/( E—ai])'
All the terms in the first part of the summation are of degree k — 1 by the
inductive hypothesis. Only the terms with 8, = «; in the second term can be
of degree k. The case j = 1 and the inductive hypothesis complete the proof
of the lemma. (The details go the same way as the proof of Lemma 5.4.)

LEMMA 64. Ifu € U/(p7), v € U*(p™) and j + k then 7,(n(v)u) = 0.

PrROOF. Let H be asin §2. Thenad H-v = — kv,and ad H-u = — ju.
TA(n([H, v])u) = 15(n(Ho)u) — 75 (n(vH)u)

Ta(n(v) Hu) — 7, (Hn(v)u)

Ta(n(u)Hu) = 75 (H )75 (n(0)u)

Ta(n(v)Hu) — 75(n(v)u)r(H)

TA(T’(O)[E’ u])

The lemma now follows.
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We note that Lemmas 6.3 and 6.4 imply (cf. the proof of Lemma 5.5) that
if u € U(p), u+ 0 then 7,, ,, (n(u)u) is positive definite if z is sufficiently
negative. Thus 7, , » (n(#)u) is positive definite at least until the first zero of
its determinant. This observation combined with Theorem 5 and Lemma 2.1
of Harish-Chandra [1] implies

THEOREM 6.5 (HARISH-CHANDRA [1]). If A satisfies (1) above and (A +
p, B> < 0 for B € A} then V2 is g-infinitesimally unitary.

This result was originally proved by Harish-Chandra by showing that if
(A +p, B> <0 for B €A} then V2 is the representation of g, on the
K-finite vectors of a holomorphic discrete series representation.

We will return to the general question of when V2 is g-infinitesimally
unitary in a later paper in this series.

7. Relations with the Weil representation. Let G be the metaplectic group
Mp(n, R). That is, G is a double covering of Sp(n, R) (Sp(2n, R) to some).
Recall that Sp(n, R) is the group of all 2n X 2n real matrices satisfying

gllg=J

_| 0 I
J [ 1! ]

Let g be the Lie algebra of Mp(n, R) (or SP(n, R)). Then as is well known
g is simple and satisfies the hypotheses of §2 (cf. Helgason [3]).

We fix the Cartan involution on g, § (X) = —‘X. Then f is isomorphic with
the Lie algebra of the unitary group. In this case / = r = n. Furthermore the
roots (in the notation of §2) are given as follows:

MAF =G+l <i<j<ny

@8z ={z(n - <j<i<n)

v, is the unique simple root in A7 and 7y, is the largest root of A. If ¢; is as

in Theorem 5.10 then ¢=j—-Lj=1...,nIn this case Theorem 5.10
becomes

with

THEOREM 7.1. VM1 s infinitesimally unitary if and only if z < —(n — 1)/2
orz=—j/2,j=12,...,n—2.

The representations V**, z = — j/2, j=1,2,..., have an interesting
interpretation in terms of the Weil representation.

We first recall the definition of the Weil representation. Let (,) be the
standard inner product on R”. Let R be looked upon as column vectors

[;], x,y €ER"
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Define B([j‘,], [;,]) = (x,»") — (», x). Let H, be the Lie group R*" X R

with multiplication

G2 ()= (5353 3o(25)

The “standard representation” of H, is given on L*([R") as follows:

(T(({ Y } t))f)(z) = exp(i(1 + (x, 2 = §)))f(z — »).

It is easy to check that (7, L2(R")) defines an irreducible unitary repre-
sentation of H,.

Let 3C, = T(H,) c U(L*R")) (the unitary operators on L*[R")). Give I(,
the subspace topology. One notes that T: H,/(0, Z) — (, is a homeomor-
phism of topological groups.

Let G, be the set of all g € U(L¥R")) satisfying

(5} =[]

forall[J] € R*, t € R. If we set for g € Gy, ¥( L] = [;f]. Then giving G, the
subspace topology in U(L*(R")) we see that

(@) »(g) € Sp(n, R),

(b) v: Gy — Sp(n, R) is surjective and defines a continuous homomorphism,

() Kerv = (A1 A| = 1}.

Let G, be the commutator subgroup of G, Then »: G, — Sp(n,R) is a
double covering. This gives a realization of Mp(n, R). The Weil repre-
sentation is given by taking an isomorphism W of Mp(n, R) with G,.

(W, L*(R™)) then defines a representation of Mp(n, R).

We note that the space of C* vectors of the representation (7, LR")) is
S (R") the Schwartz space of R”. By definition of G, W(g): S(R") » S(R")
for g € Mp(n, R). It is easily checked that & (R”) is (at least) contained in the
space of C* vectors for (W, L*R")).

Thus W induces a representation of Mp(n, R) on S (R"). We normalize the
homomorphism of Mp(n, R) into G, as follows: let n be the subalgebra of g
consisting of matrices of the form

Z(X)=[O X x=x, x, nxn,
0 0
and n the subalgebra consisting of matrices of the form

Z—(X)=[;)( g], X=X, X, nXn.
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Define for X a real n X n symmetric matrix (p(X)f)(z) =
exp(i(Xz, 2)/2)f(2). If f € S(R"), define

(F/)(2) = @m) "2 [ 7 f(x) dx.
R
Then
() p(X)T(z, Hp(X) ™" = T(exp(Z(X))z,0),
2 FT(z, )G ' = T(—Jz, 1)
From (1), (2) we find

B3) Fu(XNF'T(z, NFu(X)~'F ' = T(exp(Z(— X))z, 1).

It is not hard to check that G, is the closure in G, of the subgroup
generated by the p(X) and Fu(X)F ', X running through the n X n
symmetric matrices.

We normalize W by

(4) W(exp(Z (X)) = p(X),

(5) W (exp(Z (X)) = Fu(—X)F "

(W, LXR")) (also denoted (W,, LAR™))) is called the Weil representation
of Mp(n, R).

Let for k €Z, k > 1, M, ,(R) be the space of all n X k matrices. As a

vector space M, ,(R) is just R™*. Let M, (R) X M,,(R) be the space of
columns

[’){] X,Y € M, (R).
Define

X X’ _ t n _ t ’
B([ Y], [ ‘ ]) = t(XY") — tr('YX").
Let ¢, : Sp(n, R) - Sp(nk, R) be defined by

X|_ | X
wo[¥] = 5]
Then 1, has a lift, §,: Mp(n, R) - Mp(nk, R). Let W,, be the Weil represen-

tation of Mp(nk, R). Let W¥(g) = W, (4,(g)) for g € Mp(n, R). Then (W,;
L*(M, ,(R))) is a unitary representation of Mp(n, R).

THEOREM 7.2. Let LY(M, ,(R)) = {f € LA(M, ,(R))| f(Xg) = f(X) for g €
0 (k)} (O (k) is the orthogonal group of R¥). Let T}(g) = Wy(&)| am, w0y’
Then with an appropriate choice of ¥ and A*, (T¥, LYM,,(R)) gives a
realization of V~&/DM k = 1,2, . ... (The choices will be clear in the course
of the proof.)

ProOF. We will also use the notation W, for the differential of W, on
S (R"). Then
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M) W (Z(X)f(2) = i(Xz,2)f(z)/2 for f € S(R") and X = X, X and
n X n matrix.

Q) (WA(Z(X))f) = (i/DZ x;8%/ 2,8z for f € SR™), X = X.

We take for f), C f the subalgebra of matrices

0 D
h(D) _[ o0 ]

D = diag(A, ..., A), A, €R (diag(A,, . .., A,) is the diagonal matrix with
diagonal entries A, ..., A,). Let h; = ih(diag(d,, . .., ), ji=1...,n
Then W,(h) =5(0@%/39x? = x?),j=1,...,n. h, ..., h, span by = ih,.

We take the lexicographic order on A, the roots of g, relative to § (the
complexification of },), corresponding to the ordered basis h,, h,_,, . . . , h,.

Let M, ,(R) have coordinates Xy,j=1,...,n1=1,...,k Then it is
easily seen that

(3) Wi (h) = $35_,(0%/0X} — X3).

Set

i d - i d
A = 5(3—/\;1*“/‘31), 4 =§(ﬁ _le)

on & (M, (R)). Then

@ 4, 4,1 = 8,8,I.

(5) Wr(h) = =%, AFA; + (k/2)L.

©) 4, 41 = (47, 471 = 0.

Let ¢o(X) = exp(— 1 tr("XX)) and set Y = ||ol| ‘¢ (|| - . . || will always
denote L* norm). If J = (ji,) is an n X k matrix with j, > 0,,, € Z, define

(D ¥y = AL,G)) ™24 Y - .

Then the theory of Hermite functions implies that the y;, form an orthonor-
mal basis of LZ(M,,,k(R)) (cf. Wiener [12]).

It is easily checked from

(8) A9 =0
and (4), (6) that

O) A Ay = Gy + Dy
Hence

(10) Wnk(hi)‘l/J =(-k/2 - 21;=1ji1)‘[’1-

This implies that W is b-finite and the weights of W* are bounded above
relative to A*. Since W, is unitary this implies that (WY, L*(M, ,(R)) splits
into a countable direct sum of irreducible unitary representations with highest
weights. Using (10) and the fact that relative to the above order of A",
Y:(h)) = 28;. To prove the theorem it is enough to show

(1D If f € 3, Cy; (algebraic sum) satisfies
() f(Xg) = f(X) for g € O(k),
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(i) Wy(n*)f =0,
then f = ¢y, ¢ € C.
Using (1), (2) it is easy to find W (n™).

n k k
ij=1 I=1 I1<s<r<n I=1

Let € = 3 Cy, (algebraic sum). If f € I, then ¢4 f is a polynomial
function on M, , (R). Let ¥ (M, , (R)) be the space of all polynomial functions
on M, (R) then clearly IC = P(M,,(R))¢, Using this observation (11)
reduces to

(13)If f € 9 (M, ,(R)) and

() k., 0%/0X,0X, = 0,i, I =1,...,n,

(i) k., X,;9f/0X,; =0,1<i<r<n,

(iii) f(Xg) = f(X) for g € O(k).
Then f is constant.

But after successive polarizations (Weyl [13, p. 5]), f becomes a trace free
tensor invariant for O (k). Now Theorems 5, 7E, F, G and H of Weyl [13, pp.
157, 158] imply that f must be constant. Q.E.D.
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