On the algebraic set of singular elements
in a complex ssimple Liealgebra

BERTRAM KOSTANT and NOLAN WALLACH

Abstract. Let G be a complex simple Lie group and fet= Lie G. Let S(g) be theG-module

of polynomial functions oy and let Singy be the closed algebraic cone of singular elements
ing. Let£L C S(g) be the (graded) ideal defining Sipgand let2r be the dimension of a
G-orbit of a regular element ig. Then£* = 0 for anyk < r. On the other hand, there
exists a remarkablé’-moduleM < L" which already defines Sing The main results of

this paper are a determination of the structurd/of

0. Introduction

0.1. Let G be a complex simple Lie group and kgt= Lie G. Let/ = rankg. Thenin
superscript centralizer notation one has diim> ¢ for anyz € g. Anelemente € g is called
regular (resp. singular) if digi* = ¢ (resp.> /). Let Regg be the set of all regular elements
in g and let Singy, its complement iry, be the set of all singular elements ¢y Then one
knows that Reg is a nonempty Zariski open subsetgénd hence Singis a closed proper
algebraic subset gf.

Let S(g) (resp. A g) bethe symmetric (resp. exterior) algebra ogeBoth algebras are
graded and aré&-modules by extension of the adjoint representation. A &e the natural
extension of the Killing form toS(g) and A g. The inner product it induces amandv in
eitherS(g) or A g is denoted by u,v). The use of5 permits an identification o (g) with
the algebra of polynomial functions gn Since Singy is clearly a cone the ideal;, of all
f € S(g) which vanish on Sing is graded. Let = dimg and letr = (n —¢)/2. One knows

thatn — ¢ is even so that € Z_.. Itiseasy to show that

£k =0, forallk < r. (0.1)
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The purpose of this paper is to define and study a rather remarkasldmodule

M C LT (0.2)

which in fact defines Sing. That is, ifx € g, then

x € Singg <— f(z)=0, VfeM (0.3)

0.2. Wewill now give a definition ofA/. The use of3 permits an identification of g with
the underlying space of the cochain complex defining the cohomologyTie coboundary
operator is denoted here bBy(ando in [Kz]) is a (super) derivation of degree 1 ofg so that

dx € N%gforanyz € g. SinceA®®Y is a commutative algebra there exists a homomorphism

v:S5(g) = A

where forz € g, y(z) = —dx. One readily has that

S¥(g) C Kerry, forallk > r. (0.4)

Let~, = v|S"(g) so that
718" (g) = AT, (0.5)

If x € g, one readily has
2" € Kery,, <= z € Singg. (0.6)

LetI" be the transpose of. so that one has@-map
A% — S™(g). (0.7)

By definition

M=ImT. (0.8)



0.3. Let.J = S(g)¢ so that (Chevalleyy is a polynomial ringC[ps, . . ., p¢] where the

invariantsp; can be chosen to be homogeneous. Infaetif j = 1, ..., ¢, are the exponents
of g we can take deg; = m; + 1. For any linearly independent,, . .., u, € g, let
P(ug, ..., up) = detd,, p; (0.9)

where, ifv € g, 9, is the operator of partial derivative lyin S(g). One has

D(u, ... ug) € ST(g) (0.10)

since, as one knows,"_, m; = r.
Let 35, be the permutation group dfl,...,2r} and letll, C X, be a subset (of
cardinality (2r — 1)(2r — 3) - - - 1) with the property thatgr = 1 for all v € II,. and such

that, as unordered,

{(v(1),v(2),...,(v(2r —1),v(2r)} |v e 11}

is the set of all partitions of1,...,2r} into a union ofr subsets each of which has two

elements. The following is one of our main theorems. Even more than explicitly determining

Y(uq,...,us) one has
Theorem 0.1. Let uq,...,u, be any/ linearly independent elements gpand let
wi,...,ws, be a basis of the3-orthogonal subspace to the span of the Then there

exists some fixed € C* such that, for allz € g,

Z ([woay, wu2)], ) - ([Wy2r—1); Wo2r)], ) = K P, ... ue)(T). (0.11)

vell,.
Moreovery(uq, ..., up) € M. Infact the left side of (0.11) is judi(w; A - - - A wa,) (). In
addition M is the span ofj(us, ..., us), over all {u, ..., us}, taken from thg’}) subsets of

¢-elements in any given basis@f

Wenow deal with th&7-module structure a¥/. For any subspaceof g, say of dimension

k,let[s] = CviA---Avp C AFgwhere they; are a basis of. Leth be a Cartan subalgebra of
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g and letA be the set of roots for the pdilj, g). Foranyy € Alete, € g be a corresponding
rootvector. LeA . C A beachoice of a set of positive roots andlee the Borel subalgebra
spanned by and alle, for o € A,. For any subsef C Aletas C g be the span of,

forp € @. Also let(®) =>4 ¢ so that

[ag] is anh-weight space for thg-weight (P). (0.12)

A subset® € A, will be said to be an ideal i, if ag IS an ideal ofb. In such a case,
if card® = k, then the spaiWg of G - [ag] is an irreducibleG-submodule of\¥g having[ag]
as highest weight space af@) as highest weight. Lef be the set of all ideal® in A of
cardinality?. Itisshown in [KW] that all ideals irb of dimensiory are abelian and hence are
of the formag for a unique® € Z. Specializingk in [K3] to ¢ one has that, by definition,
A, C Atgisthe span ofs] over all abelian subalgebras C g of dimensior?. Using results
in [K3] and that in [KW] above, one also has th&t is a multiplicity oneG-module with the

complete reduction

Ap = Poecz Vo (0.13)

so that there are exactly cafdrreducible components. In addition it has been shown in [K3]
that/ is the maximal eigenvalue of th& (normalized) Casimir operator, Cas,/ig and A4,

is the corresponding eigenspace. In the present papéi-thedule structure ob/ is given in
Theorem 0.2. AsG-modules one has an equivalence
M= A, (0.14)

so that M is a multiplicity one module witlcardZ irreducible components. Morever the
components can be parameterizedZbin such a way that the component corresponding to
® € 7 has highest weight®). InadditionCastakes the valué on each and every irreducible

component oft/.



1. Preliminaries

1.1. Let g be a complex semisimple Lie algebra anddébe a Lie group such that
g = LieG. Leth C gbe a Cartan subalgebragénd let/ be the rank of so that = dim¥.
Let A be the set of roots for the pdih, g) and letA, C A be a choice of a set of positive
roots. Letr = cardA , so that

n=»~0+2r (1.1)

where we letv = dimg. LetB be Killing form (x, y) ong. For notational economy we identify
g with its dualg* usingB. The bilinear form3 extends to an inner produ¢p, ¢), still denoted

by B, on the two graded algebras, the symmetric algef{@ of g and the exterior algebra
Ngofg. Ifx;,y; €9,i=1,...,k, j=1,...,m, thenthe product of; is orthogonal to the

product ofy; in both.S(g) andA g if k # m, whereas it = m,

(.'171 T, Yt yk:) = Z ('rlaya(l)) (Ikaya(k)) in S(g)

oEX
. (1.2)
(T A ATyt Ao Ayg) = Z $9(0) (@1, Yo(1)) ** (Ths Yo (k) N A g
oEX
HereX; is the permutation group ofl, ..., k} andsg abbreviates the signum character on

DI
The identification ofg with its dual has the effect of identifyin§(g) with the algebra
of polynomial functionsf(y) ong. Thusifz,y € g, thenz(y) = (z,y) and ifz; € g, 1 =

1,...,k, then

i=1 (1.3)
1

The identification ofy with its dual also has the effect of identifying the (supercommu-
tative) algebra\ g with the underlying space of the standard cochain complex defining the
cohomology ofg. Let d be the (super) derivation of degree 1/af, defined by putting

1 n
d= > e(wi)b(z:). (1.4)

=1
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Heree(u), for anyu € Ag, isleft exterior multiplication byu so thats(u) v = u A v for any
vEANg. Alsow;,i =1,...,n,isanybasisofgandz; € g, i =1,...,n, isthe B dual basis.
f(x), for z € g, isthe derivation ofA g, of degree 0, defined so th&{x)y = [z, y] for any
y € g. One readily notes that (1.4) is independent of the choice of the basiEhus ifz € g,

thendz € A2g is given by

dr = = sz A [z, x]. (1.5)

Any elementw € A%g defines an alternating bilinear form gn Its valuew(y, z) on

Y,z € g may be given in terms df by

w(y,z) = (w,y A 2). (1.6)

The rank ofw is necessarily even. In fact if rank = 2k, then there exisRk linearly

independent elements € g, : = 1,..., 2k, such that
w=v1 ANvy+ -+ V1N Vag. (17)

The radical ofw, denoted by Rad, is the space of alj) € g such thatv(y, z) = 0 for all
z € g. Foru € A g, let.(u) be the transpose ef ) with respecttd3 onAg. If u =y € g,
then one knows tha{y) is the (super) derivation of degree minus 1 defined so thatifg,

then.(y)z = (y, z). (See p. 8 in [Kz]). From (1.6) one has
Radw ={y € g | t(y)w = 0}. (1.8)

If 5 is any subspace @f, let s be the orthogonal subspace to From (1.7) one then has
that
{v;},i=1,...,2k, isabasisof Ragd'. (1.9)

If s C gisanysubspace, say ofdimensionlet[s] € A™ g be theC span of the decomposable
elementu; A - - - Au,, where{u;, i = 1,...,m} is a basis of. One notes that ix € A%g is
given asin (1.7), then

W=kl v A Avgy (1.10)
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so that

w! £0 < j <k andw® € [Radw™]. (1.11)

Let {w,;, j =1,...,n} be aB orthonormal basis of. Puty = w; A --- A w,, SO that

(Hop) =1 (1.12)

so thatu is unique up to sign and™g = Cu. Foranyv € Agletv* = (v)u. Werecall the

more or less well known.
Proposition 1.1. If s C g is any subspace aril# u € [s], then
0% u* € [s]. (1.13)

Moreover ifs, t € A g, one has

(s,8) = (s*,1%). (1.14)

Proof. Let{y;, i = 1,...,m} be a basis of chosen so that = y; A --- Ay, and let
{z;, 7 =1,...,n—m} be a basis 0§*+. Thenify}, k = 1,...,m, are chosen i such
that(y;,y;.) = dix, itisimmediate that thg, together with the;; form a basis ofy so that for

some)\ € C* one has
AN Ay AZL A A 2 = U (1.15)
But since interior product is the transpose of exterior product one has
u(q) u(p) = (p N ) (1.16)
for anyp, g € A%. Thus by (1.15) one has

wW=A2g A A Zpm,
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establishing (1.13). To prove (1.14) it suffices by linearity to assume thatsbatiu¢ are
decomposable of some degree Thus we can assume= y; A- - - Ay, andt = z; A=Az,

for y;, z; € g. But now, as one knows, and readily establishes,

e(y) u(z) + u(2)e(y) = (y, 2)ldg (1.17)

fory,z € g. Thus
(s",87) = (u(s)p, L(E) 1)

= (p,e(s)e(t)p)
But then using (1.17) and the fact thy ) = 0 for anyy € g, one has

(1.18)

[ay

(M? 5(8)L(t):u) = Z (_1)j(y77”w Zm*j)(p“v E(yl) T 5(ym71) L<Zm) e L(mej) e L(zl)/i)
§j=0
But then by induction and the expansion of the determinant defined by the last row one has
(:UJJ €<S)L(t):u) = det (yi7 Zj)(/l» ,u)

= (87t)

proving (1.14). QED

1.2. The algebra(g) is aG-module extending the adjoint representation..Let S(g)“
be the subalgebra gfinvariants. LetH C S(g) be the graded-submodule of harmonic

elements inS(g) (See§l.4 in [K2] for definitions). Then one knows
S(g)=J® H. (1.19)

See (1.4.3) in [K2].

Letr be as in (1.1). For the convenience of the reader we repeat a paragrdph of
[K4]. Let X4, 2 be the subgroup of alf € 3,, such thaitr permutes the set of unordered
pairs{(1,2),(3,4),...,(2r — 1,2r)}. Itisclear thatts, » has order!2". Now letIl, be a
cross-section of the set of left cosetof. » in Xo,.. Thus one has a disjoint

227“: U VEQTQ- (120)
vell,
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One notes that the cardinality bff. is (2 — 1)(2r — 3) - - - 1 (the index of3,, 2 in Xz,) and

the correspondence

vi— ((v(1),v(2), (¥ (3),v4)),...,(v(2r —1),v(2r)) (1.21)

sets up a bijection dfl,- with the set of all partitions of1, 2, .. ., 2r) into a union of subsets,
each of which has two elements. Furthermore, since the signum character restricied to

is nontrivial we may choosH,. so that

sg(v) =1

forall v € 1I,..
In [K4] we defined amap : A%"g — S(g); (Its significance will become apparent later).
Here, using Proposition 1.2 in [K4] we will give a simpler definition[ofBy Proposition 1.2

in [K4] one has

Proposition 1.2. There exists a map

I':A?"g — S"(g) (1.21a)
such that for anyw; € g, i = 1,...,2r, one has
C(wy A+ ANway) = Z [Wy (1), Wy(2)]  [Wy(2r—1), Wy (20 ]- (1.22)
vell,

As a polynomial function of degreeon g, one notes that
F(wl ARERA wQ?”)(x) = Z ([wu(l)va(Q)L x) e ([wV(QT—1)7wu(2T)]7 l') (123)
vell,.
This clear from (1.1.7) in [K4] and (1.3) here.
The algebra\g is a naturalz-module by extension of the adjoint representation. It is
clear thatl" is aG-map. LetM C S7(g) be the image of’. The following is proved as

Corollary 3.3 in [K4].



Theorem 1.3. One hasM C H" so thatM is a G-module of harmonic polynomials of

degreer ong.

Giving properties of\/ and determining its rather strikirgmodule structure is the main
goal of this paper.

For anyy € g one has the familiar supercommutation formulg)d + dc(y) = 0(y).
See e.g., (92) in [K5]. Now let,y € g. Sincedi(y)(x) = 0 one has(y)dz = [y, z]. Thus,

by (1.8), using superscript notation for centralizers one has
Raddz = g*. (1.24)
Clearly [z, g] is the B orthogonal subspace into g* so that
[z, 9] = (Raddx)™* (1.25)

foranyzx € g.
For anyx € g one knows ding” > /. Recall that an element € g is called regular if
dimg”® = /. The set Reg of regular elements is nonempty and Zariski open. Its complement,

Singg, isthe Zariski closed set of singular elements. One notes, by (1.11), that

Singg = {z € g| (dz)" = 0}. (1.26)

Now A®V¢Y is a commutative algebra and hence there exists a homomorphism
71 8(g) — A%y (1.27)
such that forr € g,
~v(x) = —dx.

Let ~,. be the restriction ofy to S™(g). The following result, established as Theorem 1.4 in

[K4], asserts thal is the transpose of,..
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Theorem 1.4. Lety,,...,y, € gand let¢ € A?"(g). Then

(Y1 -yr, D(Q)) = (=1)"(dyr A - - A dyr, ). (1.28)

Now one knows thab”(g) is (polarization) spanned by all powets for = € g. Using
(1.3), (1.26) and Theorem 1.4 we recover Proposition 3.2 in [K4]. The key point is\that

defines the variety Sing

Theorem 1.5. Letx € gand( € A*"g. Then

L(Q)(x) = ((dx)", ). (1.29)

In particular

f(x)=0,VfeM < z € Sing(g). (1.30)

If ais a Cartan subalgebra gf then one knows that N Singg is a union of the root

hyperplanes im. Hence as a corollary of Theorem 1.5 one has

Theorem 1.6. Leta be a Cartan subalgebra ¢f LetA (a) be a choice of positive roots

for the pair(a, g). Then for anyf € M one has

flaec [ & (1.31)

BeEAL (a)

Going to the opposite extreme we recall that a nilpotent elemintalled principal if it
is regular. Lete be a principal nilpotent element. Then by Corollary 5.6 in [K1] there exists
aunique nilpotent radicat of a Borel subalgebra such that n. Furthermorgy® N [n, n] is
alinear hyperplane ig® andg® N [n, n] = (Singg) N g¢ by Theorem 5.3 and Theorem 6.7 in

[K1]. Thus there exists a nonzero linear functiofan g¢ such that

Ker¢ = (Singg) N g°. (1.32)
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This establishes

Theorem 1.7. Lete € g be principal nilpotent. Lef € M. Then using the notation of
(1.32) one has
flg¢ € C¢". (1.33)

Since Singy is clearly a cone it follows that the idedlof f € S(g) which vanishes on
Singg is graded. One of course has thdt ¢ £". We now observe that is the minimal

value ofk such thatC* # 0
Proposition 1.8. Assume thath # f € £*. Thenk > r.

Proof. Sincef # 0 there clearly exists a Cartan subalgebdd g such thatf|a # 0. But
then using the notation of Theorem 1.6 it follows from the prime decompositio ttiatdes

flaforall g € Ay(a). Thusk > r. QED

2. Thestructure of M in termsof minorsand as a G-module

2.1. For anyz € g let 0, be the partial derivative of(g) defined byz. Let W (g) =
S(g) ® A g so thatlV(g) can be regarded as the supercommutative algebra of all differential
forms ong with polynomial coefficients. To avoid confusion with the already defidglet
dw be the operator of exterior differentiation d¥i(g). That is,dy is a derivation of degree

1 defined so that if z;, w; }, 4,5 = 1,...,n, are dualB bases ofj, then
dw (f ©@u) =) 0., f@c(w)u (2.1)

wheref € S(g) andu € A g. Of coursedyy isindependent of the choice of bases. In particular
dw f is a differential form of degree 1 gn

For anyz € g one has a homomorphism

W(g) — Ng, @ o) (2.2)
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defined so that ifr = f ® u, using the notation of (2.1), thep(x) = f(x)u. Next one notes
that theGG-module structures ofi(g) andA g define, by tensor product,@module structure
onW(g). Clearlydy is aG map. Ifa € G andy € W(g), the action ofa on ¢ will simply

be denoted by - . If = € g one readily has
a-(p(x) =a-pla-z). (2.3)

One knows (Chevalley) thatis a polynomial ringC|p1, . . ., p¢] where thep; are homo-
geneous polynomials. #; = degp;, for j = 1,...,¢, andm; = d; — 1, then them; are

exponents ofy so that
¢
Z m; = 1. (2.4)
j=1

Moreover we can choose thpe so thatd,p; € H for anyy € g (see Theorem 67 in [K5]). In
fact, if Hyq is the primary component df corresponding to the adjoint representation, then
the multiplicity of the adjoint representation iyqis equal to andr;, j =1, ..., ¢, is abasis

of Homg (g, Hag) Where
7j(y) = Oyp; (2.5)

for anyy € g. Again see Theorem 67 in [K5].
Remark 2.2. Using the notation of (2.1) note that
{wi, N ANwg, |1 <idp <+ <ip<n}
is a basis of\‘g. Furthermore
{zig N Nzj, |1 <41 < <je<n}
is the dual basis since clearly

n
(wil/\"'/\wu,Zjl/\"'/\ij):H(Sikjk. (26)
k=1
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In addition if thew; are aB-orthonormal basis aof, thenw; = z;, ¢ = 1,...,n, and hence

(2.6) implies tha{w;, A---Aw;, | 1 <iy <--- < iy < n}isalBorthonormal basis of‘g.
Now foranyy; € g, i =1,...,¢,lety(y1,...,ye) = detd,,p, so that

¢(917~'7y€) S Sr(Q) (27)

by (2.4). Butnowly, p; is aninvariant 1-formop. If z € g, thendwp;(z) € A'g. Explicitly,

using the notation in (2.1), one has
dwp;(« Z 9.,pj(w (2.8)

One notes thad,, p; is ann x ¢ matrix of polynomial functions. There a(@) ¢ x ¢ minors
for this matrix. The determinants of these minors all li&Sfi{g) and appear in the following

expansion.

Proposition 2.1. Let the notation be as in (2.1). Lete g. Then inA‘g one has

dw p1(z) A+ Ndw pe(z) = Z V(Ziyy ooy 2Ziy)(@)wig Ao Aw;,. (2.9)

1<iy <--<ig<n

Proof. This is just standard exterior algebra calculus using (2.8). QED

Theorem 2.2. Letv;, i = 1,...,n, be aB orthonormal basis off chosen and ordered
so thatv;, i = 1,..., 4, is abasis of). Then there exists a scalarc C* such that, for any
yeb,

dwpr(y) A Ndwpe(y) = ( [ e@)vi A A (2.10)
pEAL

Proof. If a € G,z € gandj =1, ..., 4, then sincely p; is G-invariant one has

a-dw pj(x) =dwpj(a-x). (2.11)
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But this implies that

dw pj(z) € centg” (2.12)

since if we choose € G” in (2.11) it follows from (2.11) thadly p;(x) commutes withy®.
Butx € g” so thatdy p;(z) € g”. This establishes (2.12).
Now by Theorem 9, p. 382 in [K2] one has thatif g, then

{dw p1(x),...,dw pe(x)} are linearly independent=- =z € Regg. (2.12a)

Thus the left side of (2.10) vanishes if and only/iE Singg N h. In particular, choosing the
z;in (2.9) sothaty; = z; forj =1,...,¢, one hag)(vy,...,ve)(y) = 0if y is singular by

the expansion (2.9). One the other hang, & h is regular then, by (2.12), one must have that
{dw p;(y), j =1,...,¢} is abasis ofy. (2.13)

Thus ify is regular, the left side of (2.10) equal®; A - - - A v, for somer € C*. Comparing
with the expansion (2.9) one must have= ¢ (vy, ..., v)(y). Buttheny(vy,...,v/)|his a
polynomial of of degree which vanishes o € b if and only if y € b is singular. Thus

Y(vy,...,v0)|h =k H ®

pEAL

for some nonzero constaat This proves (2.10). QED

2.2. Foranyrooty € Alete, € g be acorresponding root vector. We will make choices

so that
(ep,e_yp) = 1. (2.14)
For anyx € b, one then has
dx = Z o(x) e, Ae_y,. (2.15)
pEAL

See Proposition 37, p. 311 in [K5], noting (106), p. 302 and (142), p. 309 in [K5]. But then

recalling (1.27) one has

V(") = ri(=1)" H o(x) e, Ne_qg. (2.16)
peA
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But since(e, N ey, e, ANe_y,) = —1, by (2.14), for anypy € A one has that

(JI eone—o JI eone-y)= (-1 (2.17)
pEAL pEA Y
Butthenif{v; | i = 1,...,¢} is an orthonormal basis &f one has

(i A Ao A [ ephe—poiAconoen T epne—y)=(-1)"  (2.18)
pEAL pEAL

But then we may choose an ordering of thesuch that

p=1v A Avg A H ey, Ne_y (2.19)
pEAL
so that
(vp A Awg)* =1i" H ep Ne_p. (2.20)
peA

But then one has

Theorem 2.3 There exists, € C* such that for any: € g,

(—dx)"

rl (2.21)
X
= Ko 'YT<F)-

(dw p1(x) A= Adw pe(x))" = Ko

Proof. If y € hisregular, then (2.21), fay = x, follows from (2.16),(2.20) and Theorem

2.2. Thatis
(—dy)"
r (2.22)
= ko (L)
o

(dw pr(y) A=+ Ndw pe(y))™ = Ko

But now if x € g regular and semisimple there existc G and a regulay € h such that
a -y = x. But now since* and-~,. are clearlyG-maps one has (2.21) by applying the action of
a to both sides of (2.22). However the set of regular semisimple elemepts idense (this

nonempty set is Zariski open) one has (2.21) forwadl g by continuity. QED
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Returning to our modul@/ of harmonic polynomials og of degreer it is obvious, by
definition, thatM is spanned by alf € S™ of the form f = I'(w; A --- A wa,) Where the
w; € g are linearly independent. Explicitly(w; A - -+ A we,.) is given by (1.22). We now
show thatl'(w; A --- A wa,) Mmay also be given as the determinant of one offtlxe/ minors

in the expansion (2.9).

Theorem 2.4. Letw, € g, k = 1,...,2r, be linearly independent and let C g be
the span of thev,, and letu; € g,= 1, ..., ¢, be abasis ofs. Then there exists a constant

k1 € C* such that
C(wy A Away) = k1 (U, ..., up)
(2.23)
= K1 det@ui Dj-

FurthermoreM is the span of al¥ x ¢ determinant minors)(vy,...,v;) wherev; €

g,i=1,...,¢ arelinearly independent.

Proof. Clearly we may choose the two dual bases in (2.1) so that the giyeare the
first 2r-elements of thev basis and the; are the last elements of the basis. Thus there

existsky € C* such that
(ug A=+ Aug)™ = Kowy A -+ A\ way. (2.24)
Now letz € g. Then by the expansion (2.9) one has

(dw pr(x) A~ Ndw pe(x),ur A+ ANug) = P(uq, ..., up)(z). (2.25)

But then by (1.3), (1.14), (1.29) and (2.21) one has

Y(ur, ..., ue)(x) = ((dw pr(x) A Adw pe(x))*, (ug A+ Aug)™)

= Koko (Vr(— ), w1 A -+ A\ way) (2.26)

rl
= /11_1 T(wy A+ A way)(z)
where/-sl‘1 = Koko. Thelast statementinthe theoremisobvioussinceclearly=1,...,7¢,

is an aritrary set of-independent elements ¢ QED
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2.3. Let {z;,w,} be the arbitrary dual bases gfas in (1.4). Then, independent of the

choice of bases, the Casimir operator Cas\éns given by
Cas= > 60(z)0(w;).
=1

We recall special cases of some results in [K3]. et ¢ A g be the span im‘g of all [¢]
wherec € g is a commutative Lie subalgebra of dimensioisince the set of such subalgebras

includes, for example, Cartan subalgebras it is obviousAhat 0. In fact note that
0] C A (2.27)

for anyy € Regg since, as one knowsgy is abelian ify is regular. Clearly4, is aG
submodule ofA¢. On the other hand, let:, be the maximal value of Cas oxf and let)M,
be the corresponding Cas eigenspace. Again, clédylis aG-submodule of\‘g. From the
definition of M, it is obvious that Hora (M, A‘g/M,) = 0. SinceB| A* g is nonsingular it
follows that

B| M, is nonsingular (2.28)

and hencé/, is self-contragredient. Noting theg'2 in (2.1.7) of [K3] the following result is
aspecial case of Theorem (5), p. 156 in [K3].
Theorem 2.5. One has

Ay = M, (2.29)

and in addition

me = L. (2.30)

For any ordered subseb C A, ® = {¢1,..., ¢}, letes = ey, A--- Ae,, and put

(®) = >, ca ¢ SO that with respect tf,

es € AFg is a weight vector of weight®). (2.31)
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Letb C g be the Borel subalgebra gfspanned by and{e,}, for ¢ € Ay, and put
n = [b, b]. Anyideala of b wherea C nis necessarily spanned by root vectors. We will say

that®, asabove, is anideal ah , if ® ¢ A, andag = Y, Ce,,, is an ideal ib.

Remark 2.6. One notes that it is an ideal ofA, andVp C A g is theG-module
spanned byr - eg, thenVy is irreducible havings as highest weight vector arid) as highest
weight.

As already noted in [K3] (see bottom of p. 158) it is immediate thatig any abelian
ideal inb, thena C n so thata = ag for anideal® C A.. Much more subtly it has been
established in [KW] (see Lemma 12, p. 113 in [KW]) that any ideaf b having dimensiord
isinfactabelian. Lef be the (obviously finite) set of all idealsin A_; which have cardinality
0. If &1, 5 € 7 are distinct, theq®,) # (®5) by Theorem (7), p. 158 in [K3] so thafs,

are inequivalengg andG modules. Then Theorem (8), p. 159 in [K3] implies

Theorem 2.7. M, is a multiplicity oneG-module. In fact
My = Bpecr Vo (2.32)
so the number of irreducible componentslif is the cardinality off.

Remark 2.8. In the general case we do not have a formula for Zaatthough computing
this number in any given case does not seem to be too difficult. In the special case where
g = Lie Si(n,C) one easily has a bijective correspondencég afith the set of all Young

tableaux of sizex — 1 so that in this case
cardZ = p(n —1) (2.33)
wherep here is the classical partition function.

Let

7 ANg — A%Tg (2.34)
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be theG-ismorphism defined by putting(u) = «* recalling thatu* = v(u)u. Let My, =
T(Mg),

Theorem 2.9. 7 is a B-isomorphism so thaB| M, is nonsingular. Furthermoré is the
maximal eigenvalue @ason A%"g and M, is the corresponding eigenspace. &snodules
one has

My =2 Mo, (2.35)
so thatM,,. is a multiplicity 1 module where in fact
Ms, = Gocr Vo (2.36)
Werecall theVy is an irreducibleG-module with highest weighit). See (2.31).

Proof. The first statement follows from Proposition 1.1. The remaining statements are

immediate from Theorem 2.7 sinedas aG-isomorphism. QED

In light of equality M, = A, (see (2.9)) Ranee Brylinski in her thesis (see [RB]) proved
that M, is the span o€ - [h]. The thesis however has not been published. A stronger theorem

(motivated by her result) appears in [KW]. The following result is just Corollary 2, p. 105 in
[KW].

Theorem 2.10. M, is the span of7 - [g”] for anyx € Regg.
Now by (2.12) and (2.12a) one has
Cdwpi(x) A+ Ndw pe(z) = [g"] (2.37)

for anyx € Regg. Using Theorem 2.3 we can now transfer Theorem 2.10/tp where it

will have consequences for the structure of the space of funclibns H".

Theorem 2.11. M,,. is the span of5 - (%(%)) for anyx € Regg.
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Proof. This is immediate from Theorem 2.3, Theorem 2.10, (2.37) and the faat ihat

aG-isomorphism. QED.

Let Ny, be theB orthogonal subspace fds,. in A%"g. By the first statement in Theorem

2.9 one has & orthogonalG-module decomposition?"g,

/\2rg = Na, ® My, (238)
Remark 2.12. Note that by Theorem 2.9 any eigenvalue of Cad/# is less thar.

We return now to ouG-spacelM of homogeneous harmonic polynomialsgaf degree
r which define Sing. We recapitulate some of the properties bf = I'(A?"g) already
established in this paper. Let, € g, £k = 1,...,2r, belinearly independent and let <
g, ¢ = 1,...,¢, be linearly independent anfl orthogonal to thew,. Then for suitable
generatorg;, j =1,...,¢,0f J = S(g)“, we have
(1) T'(w; A --- Aws,) is explicitly given by (1.23)
(2) T(w; A --- A wa,) is given as (up to scalar multiplicatiodyt 0., p,;. See Theorem 2.4.

(3) If f € M, thenf]|a, wherea is any Cartan subalgebra or

a = g° for e principal nilpotent, is given in Theorems 1.6 and 1.7.
We now determine thé;-module structure ol
Theorem 2.13. N,,. = KerI" and
I: My — M (2.39)
is a G-isomorphism so that a§-modules
M = My, =2 M, = Ay (2.40)

where we recalld, c A’ g has been defined in [K3] as the span[ef over all abelian

subalgebras C g of dimensiorY.
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Furthermore we have definddas the set of all ideal® in A of cardinality ¢, param-
eterizing with the notationg, the set of all ideals: of b having dimensiod. See Remark
2.6.

Moreover M is a multiplicity oneGG-module withcardZ irreducible components. In
additionZ parameterizes these components in the sense that the component corresponding to
¢ € T is equivalent tdV, using the notation of Remark 2.6, and hence has highest weight

(®). Finally C'as takes the valué on each and every irreducible componeni\éf

Proof. By (1.27) and (1.29) one has

T

(PO @) = € () (2.41)

for anyz € g and any¢ € A?rg. Of courseyr(ﬁ—j) = 0 for anyx € Singg (see (2.12a) and
Theorem 2.3). Howevel/s,. is the span of7 - %(%) for anyz € Regg by Theorem 2.11.
Thus not only does (2.41) imply thaf,, C KerI' but Ny, = KerI" since if( € M, and

x € Regg there exists € G such that ify = a - x, thenI'({)(y) # 0 by Theorem 2.11 and

the nonsingularity of3|Ms,., as asserted in Theorem 2.9. SinEds a G-map one has the
isomorphism (2.39). The remaining statements follow from Theorem 2.5 and Theorem 2.9.
QED
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