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V. THE WEYL ALGEBRA

F. Ehlers
§ 1 BERNSTEIN'S INEQUALITY AND SOME CONSEQUENCES

Let K be some fixed field of characteristic zero (usually it will
be € or R). The Weyl algebra An(K) = An is the algebra of differential

operators I x“as with polynomial coefficients acting on

u,BaaB

K[xl""’xn] by formal differentiation. (x = ;Xl""’xn);

a 1, nB_, L ,n
ceetX =3, eee i

3 = (al,...,an); 3, = a/axj; X =% n

]
aOLB € K; a8 # 0 for at most finitely many a«,8.) One can define
An(K) as the K algebra generated by xl,...,xn,al,...,an subject to
the relations [xi,xk] = [ai,ak] = 0, [ai,xk] = Gik' where [ , 1]

denotes the commutator and Gi the Kronecker symbol. There is an auto-

k
morphism F : An -+ An defined by xiv+ Bi ’ ai H——xi playing the role

of a formal Fourier transformation.

1.1 PROPOSITION. An(K) is a simple algebra, i.e. any two sided
ideal in A_ is {0} or A_ .
n n

B

Proof. Let I C An be a two sided ideal and 0 # P = Zau x“a € I.

B
If xj occurs in P with the highest order m > 0 , then 0 # laj,P] €I

and xj occurs 1in [aj,P] with the highest order m ~ 1. (Use
[Bj,xgl = kxg-l.) By applying-[aj, } m times to P one obtains a
nonzero element in I without the variable xj . Using all the [aj, 1.,

[xj, ] gives 1 € I . Thus I = An .
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[ 1.2 PROPOSITION. ILet A be a simple ring of infinite length as a
1
i left A-module. Then every left A-module of finjite length is cyclic

i i.e. it can be generated by one element.

(Proof. [Bj], pPp. 30,31.)

1.3 COROLLARY. 2 Ieft A (K)-module of finite length is cyclic.

1.4 Filtration of An(K). A filtration of an algebra R is an

increasing sequence of linear subspaces

{0} = s_l < so < S1 C352 ; ees TR with

for all i,j .

i Us. =R and 5 .5, <s, ..
5 3 175 i+j

.

So is a subalgebra of R . we shall use two filtrations of An

"

1) s, =T,
3 j

A

{Za x™®) Ja| + (8] < 53 | Ivle = v, +oe Y

2) s. =1,
J 3

]

{Eaasxaael [8] <3} .

The first filtration is called the Bernstein filtration. Its advantage

is that the Tj are finite dimensional. The second filtration can be

generalized to algebras of differential operators on varieties; the

] Zj are finite K[x]-modules. (K[x] = ZO -) Observe that si-sj =8

T iy
for i,j 2 0 in both cases.

Let F. be one of these filtrations.
algebra defined by

There is an associated graded

o

gr A = e F, /F, « [al*[b] = [ab] for homogeneous [al, [b]
n =0 37 3-1

.

r
1.5 ProPOSITION. 9t A is canonically isomorphic to the poly-

: nomial algebra x[il,...,ﬁn,§l,...,§n] in 2n variables, §j,§j € Fl/FO

’.!"‘M '
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The proof uses deg[xj,aj] < deg xj + deg 3j for T, and .
From now on, all modules without explicit declaration as right

modules are left modules.

1.6 Filtrations of An—modules. Let M be an An—module. A

filtration of M is an increasing sequence of K-subspaces

{o}=rT

e &
_lc roc l"lC . M , such that

1y UYr.o=mnm,
.
J
2) Fi- Tj lan ri+j for all i,3 ,

3) the Fo—modules I‘j (by 2) are finite.

There is an associated graded module

r 0
rM= @ T,/T,
9 ___J/J

over ngAn
j=0

-1
with the module structure defined by [a]+[u] = [au] for homogeneous

[a]l € ngAn , [u] € grrM .

1.7 DEFINITIONS . 1) T is called a good filtration of M if
gr I‘M is finitely generated over gr An .
2) Let v € T. - T, . Then o(v) = [v] € T,/T, is called the symbol
3 -1 (v) = [v] ]/ -1 Y

of v .

r

T
1.8 PROPOSITION. 1) If gr M is finitely generated over gr A
then M is finitely generated over An .
2) T is good, if and only if there exists some j0 such that
Fi-l"j = ri+j for all i > 0, j 2 34 -
3) If T and ) are filtrations of M and T is good, then there exists

a jl , such that I‘j < Qj +5 for all j . If T and Q are both good, then
there exists a j, , sucblthat Q. . < lL.cQ. . for all j .
2 3=, j 3+3,
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F o:= o F./F.

Proof. Pat T, : = @ T /T. ,
k j-1 k Sk j

J<k 3-1

2) "= .o being good means that grrh is generated by Fj for some
0

jO - Looking at homogeneous components one sees that ?i'}i = }i+j
for i >0, 3> Jy - Thus F IS + I;+J 1= ri+j for these i,j . Now

use induction on i :

Fior' Ty = Tiyjor = Fiory = Foory + Mpjo1 = Tieg -

' <= ' : Obviously the condition implies that grrh is generated by
Yy

1) Follows from 2 .

r . . .
3) If vl,...,vr generate M , then I5 : = Zl=l Fjvl defines a filtration

of M with the pProperty of 2 .,

4) Let Jg be such that F.-IS = ri+j for i >0, j 2 Jo . Since Fjo
if finite over the (commutatlve) noetherian ring FO and Q is a

filtration of M r T. ©Q. for some j. . Then
o I 1

LLer o =F I, cF.0 cag. i for j > 0 .
R I S A P B 343

1.9 PROPOSITION « If M is finitely generated over An , then M

is noetherian.

Proof. Let NC M be an An—submodule and T. a good filtration of M .
(use 1.8.3) Let I'! = 1« N N be the induced filtration of N . Then
gr r N is a gr a —submodule of the finitely generated module grrh .
Since gr A is Hoetherian as a polynomial ring, grr N is finitely
generated, therefore N is finitely generated over A by 1.8.1 .

For the remainder of 1. , F. is the Bernstein flltration T. .

1.10 pimensions and multiplicities . Let M be a finitely generated
An(K)-module and T a good filtration of M . There is a polynomial in
t:



m d

xm,ht)—d

m,d €N ,m>p9 ’
such that

dim T, =
3 177

I o R

i=0

This is the Hilbert polynomial for grlh

177

I‘./I‘._l = XM, T,3) for j>>o0.

ring of 2n variables, 4 < 2n,

If T,2 are good filtrations of M

X(MIQIj_jz) < XM, T,3) s X(MIQIj+j2) .

d=dM), m = m(M) depend on M only.

and the multiplicity of M, r

Examples, 1) M = An s dim T, =

J

n
2) M= K[xl,...,xn] = An/)'.‘j

dim Fj = [n:]} rd=n,npms=

n
j=1 Anxj 17

this is the formal Fourier t

3) M = An/E = K[3

1.11 propOsITION . Let 0

V,1.11

t  + monomials in t of smaller degree .

- Since gr An is a polynomial

+ then by 1.8.4

not affected by a shift of J , the numbers

esp.

2n+j
[ gnj} ¢+ d=2n,

They are called the dimension

1 Anaj ¢ T. = filtration by degrees:

..,Bn] td=n,nmn-=

ransform of K[x] .

1 as in 2. 1n fact

TM MM 5 0 pe an exact sequence

of An—modules. Let M be finitely generated and T a good fiitration or

M. LetT! : =7, M and T%

= Im I'. be the induced filtrations on

¥ and M", respectively. Then

L] "
0 ->grrM' -»grrM—>grr'M" >0

is an exact sequence of'grAn

and we have

-modules., T' and I

are good filtrations,
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(1) X(errt) = X(M.'F'lt) + X(M"IT“lt) H
(2) aM) = max(aM')y, dM")) ;
(3) If AM") = da(M"), then m(M) = m(M') + m(M") .

T . .
The proof follows from the fact, that gr M is Noetherian, and there-~

fore I'" and I are good filtrations.

1.12 THEOREM (Bernstein). If M # {0} is a finitely generated
An(K)—module, then & (M) >n .,

Proof (A. Joseph ).Let I. be a filtration of M with FO # {0}
LEMMA. The K-linear map

Ti > Homk(li’léi) ¢, ak (up a-u)
is injective .

Proof of the lemma. We proceed by induction on i . The case i = 0 is
just the assumption on I' . Let 0 #ac¢€ T . We have to show that
a-F # {0} .

Assume, on the contrary, a'IE = {0} , and that the lemma is proved
for i~1 . Then a cannot just be constant, so there is some xJ or 9.
occuring in the expression for a - In the first case, 0 # [a, 8 ] ET -1
and [a, 3 ] F = {0} , contradicting the i-1 case. In the second

case, use xj instead of Bj . This proves the lemma.

Now let T be a good filtration of M and x be the corresponding Hilbert

polynomial. From the lemma we obtain the estimate

.2n
i + terms of lower order

n

dim Ti (2n) T
= X({i)*x(2i) = dim Hom (F F2 ) for i >> 0 .,

Thus, deg(y) >n .
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1.13 DEFINITION, A finitely generated An(K)-module M is holonomic

ifM# 0 and G(M) = n or if M = (0).

1.14 COROLLARY. Submodules and quotients of holonomic modules

are holonomic.

1.15 PROPOSITION. Let M be an A_-module and T. a filtration of M
with dimKIi ;:ﬁ%jn + cl(j+1)n_l. Then M is holoncmic and m(M) < ¢ .
In particular, M is finitely generated.

Proof. Let N C M be any finitely generated submodule and Q. a good

filtration of N . By 1.8.4 there is a j1 such that

Q. T, . NNCT . . From this and Bernstein's theorem we get
] 3+3, I+,

a(N) = n and then m(N)}) < c . If Nl (@ N2 M, N1 # N2 , are both
finitely generated, then m(Nz) - m(Nl) = m(NZ/Nl) by 1.11 and 1.12
again. The length of any strictly increasing chain of finitely gene-
rated submodules is therefore bounded by ¢ , so M itself is finitely

generated,

1.16 Applications.

1.16.1 If M is holonomic, then its length is bounded by m(M) .
(Thus, holonomic modules are cyclic (1.2))

Proof: 1,11 , 1.12 .

1.16.2 THEOREM. Let p € KIX) /..., x ] and let M = K[x,p(x)_l]

have the An—structure defined by formal differentiation of rational

functions. Then M is holonomic.

Proof. Put m = deg p and Fj = {q(x)p(x)—Jldeg q < (m+l)j} < M.T. is a
2 (4
filtration of M . (Proof oflJFj =M : g'p J - q-pl-p (3+1) € rj+1 <=>

deg g + ml < (m+l) (j+1) <=> deg g < j+1+mj , so q-p-] € rj+l for

1l =deg q .) Now use 1.15 .
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1.16.3 THEOREM., (Generalization of 1.16.2), rLet p € K[xl,...,xn]

and M be a holonomic An-module. Then M[p_l] = K[x,p—l] [+ K[x]M is

holonomic. (The An—strucfure is defined by the product rule.)
Proof. 1,16.3 is proved as 1.16.2 .

1.16.4 Existence of Bernstein's polynomial. Let p € K[xl,...,xn] ’
deg p = m, and let A be transcendental over K[xl,...,xn] . Consider
the Weyl algebra An(K(A)) over the function field K(A) and the An(K(A))—
module N = K(A)[xl,...,xn,p(x)_l]-pA .Here px can thought of as a
formal symbol, the An—action on N is defined by ijA = Ap-l-px and
the product rule (and formal differentiation of rational functions).
Let M = An(K (A))-pxl be the submodule of N generated by pA . &s in
l.16.2, Tj : = {q-p_J-pA[deg 4 % (m+1)j} is a filtration of N with a
holonomic estimate (1.15). Therefore, N and M are holonomic. Since M
has a finite length, the descending sequence

J oA ,
> D e DM, = *p”e : = .
Mo M M An(K(l)) P"*pP , terminates Mk Mk+l for some k

1 b
This means pk-pA = Dl(A)-pk+l-pA , Dl(A) € A (K(X)). Since ) is trans-
cendental, we can replace X by A-k and get p° = Dl()\—k)-p)‘+l . Let

B(X) a common multiple of the denominators of the coefficients of
Dl(k—k) and put D()\) = B(A)Dl(l—k). Then

pM-p™t = Boyepr Dy € A (KA, B(A) € K[A] .

B(X) and D(A) are not uniquely defined by this functional equation,
The B(X) form an ideal whose generator b(\) with leading coefficient
1 is called the Bernstein polynomial of p(x) .
Remark. The functional equation implies N = M ,
1.16.5 THEOREM. Let p € K[xl,...,xn] .Then
A A
M= A (KA /A (K) [A]epep

is a holonomic An(K)-module. The miltiplication with A has a minimal
'

polynomial: b(x) .

.

Proof. The first statement follows from the second one and that is just
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a reformulation of the results of 1.16.4 . ?
!

1.16.6 Let

n ©
SR) ={fec CRn'a:),paB(f) < ® for all a,8}

_ 2
Bag = (1+[x[H% 2%, aen, g enn

’

~

—= “=e space of tempered functions with its topology defined by the

semin i no

5 orms p(xB . The topological dual space S'@®") is the space of

tempered distributions with its weak topology. Let p(x) € RiX;peenex ]
n

have nonnegative values on R" and let A € € , Re A > 0 . Define

T, () = S ptx s0ax , ¢ € S®Y .
R

Then T, € S' and A » T, is holomorphic on {x € ¢|re A > 0} . From

D(k)-pgt+l = b(x)-px we obtain by partial integration

T, 0) = bW -p" ) gax

= b\ e e b (A) *4dx

= b(A)_lb(A+1)-lpr+2'D(X+l)*-D(X)*¢dx

This shows that A v TA has a meromorphic extension to all of € with

poles in {A|b(A+j) = 0 for some j € N} .

1.16.7 Distributional inversion of polynomials. In 1.16.6, T,

has a Laurent expansion at A = -1 :

T, = I s. (1) , 5. €8 .
32N ]

is reqgular at A = 0 and T, = 1 : fpx¢dx +> fodx for A € R>0 .

Now T o

A
A > 0 . Therefore

S —— e ——
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= I peS. (A1)

= poT
A1 7 oew

is regular at A = -1 , thus p-S. =0 for j < 0 and p-So =1

If p(x) € C[x reeeX 1 is arbltrary, then by defining S0 with
]p(x)l instead of p(x) we get 1 = Ip' . 0 = p-(E-SO) . So
S = p-SO € 8' satisfies

p*sS =1, s eS8,

1.16.8 Fundamental solutions of PDEs with constant coefficients.
Write a d1fferent1a1 operator D with constant coefficients in the
form D = p(—é) y Ply) € ¢[yl,...,y 1 , and let § be the Dirac dis-
tribution, §(¢) = $(0) . We can use the S € S'GR ) » P*S =1, from
1.16.7 to construct a fundamental solution for Dy = f ,.i.e. an
E € S'"®") with DE = § :

Define the Fourier transformations on 8 and S' by
—-i< >
o(x) = fe 504y, 6 €8S ,
T($) = T(3) TES,

and let E=§ , Using p-S = 1 we obtain

(p(%a)é)(¢) §(p(ia)¢) = S(p(id)9) = S(p(y)9)

Jdy = 6(0) = 8(¢) .




183 v,2.2

§ 2 SOME HOMOLOGICAL ALGEBRA

2.1 Let M be a finitely generated (left) An-module and . a i
good filtration of M with respect to the Bernstein filtration T. of
A_ ., The dimension d(M) of 1.10 can be defined in a more geometric

way: If I C grAn is the annihilator ideal of grr M and J(M) = VI, then

d(M) = Krulldim gr An/I = Krdim gr An/J(M) .

This definition can also be used in the case of the usual filtration
z

I. of A . If 1'<gr A is the annihilator ideal of grr M, T. being

some I-good filtration of M , then J'(M) = /T (and J(M)) depends

only on M (and the choice of the An—filtration). (See 2.2 below.)

2.1.1 DEFINITION. 1) The characteristic variety ch(M) of M is the
variety defined by J'(M).
2) The (Z-) dimension of M is defined by

§(M) = ¥rdim grZ An/J'(M)
(If K is algebraically closed, S(M)iis the dimension of ch(M) .)

One of the aims of this paragraph is to prove the equality
§(M) = d(M) . Then Bernstein's theorem 1.12 says dim ch(M) > n in the
case of K = K . This is also an immediate consequence of the much more
difficult theorem of the involutivity of ch(M) with respect to some
natural symplectic structure on Spec grZ An' The method of proving the
equality consists in giving a homological definition for both d(M)

and §(M) which makes no use of any filtrations on An .

2.2, For the remainder of this paragraph we shall work with a

general unitary ring R instead of An equipped with a filtration

(o} =z ,cr cr ..., LiJz:i =R, zl-zj c zi+j for i,j 2 0 ;

ZO is a subring of R.) We assume for the associated ring S = grz R the

- following properties:

|
e mem— W
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(i) S is commutative and noetherian.
(ii) S is regular of pure dimension n . (I.e the global homological

dimension gl hd(Sm) =n for all localisation Sm at maximal

ideals m € S.)
Because of (i), this is equivalent to

dims/ (m/mz) = n = Krdim Sm for all m .
m

This includes the case of An , with gl hd(gr An) = 2n of course,
but also algebras of differential operators on affine varieties. (See
the subsequent chapters.) Another case is the ring of differential
operators with germs of holomorphic functions as coefficients.

For left or right R-modules, the notions of filtrations and good
filtrations are defined as in 1.6 and 1.7 . The propositions 1.8 and
1.9 carry over to this more general situation.

Let M be a finitely generated (left) R-module and T. a good f£il-
tration of M . Let I = Anns grlh S and J(M) = /1.

LEMMA. J(M) does not depend on the choice of T .

Proof. 1 is obviously homogeneous and so is J(M). Given a homogeneous
element o(a) € S , o(a) being the symbol of some a € R , o(a) € J(M)
means akI5 c rj—l for some k and all j . Since th:n apkrj<: Fj—p

for all p , o(a) € J(M) is equivalent to Vr3ik : a I& c rj—t . Because
of the compatibility of good filtrations (1.8.4) this is independent

of T .

2.2.1 DEFINITION. 1) 4(M) : = Krdim (S/J(M)) ,

2) 3 : = min{j|Extd o,R) # 0} .

2.2.2 THEOREM. d(M) + j(M)'=n .

The equality d(M) = 8(M) in 2.1 is an immediate consequence of this

theorem, which is proved in the next section.

i

L]

=
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2.2.3 PROPOSITION. Let N be a finitely generated S-module. Let
d(N) : = Krdim (S/AnnN) and j(N) : = min{j |Ext](N,5) # 0} . Then

1) Ext (N,8) =0 for j <n-aw , h
2) d(Extd (N,5)) < n - § for a1l § ,

i
3) aexed ™ v,sy) <0 g . |

Proof. 1) and 2) are proposition 5.23, ch.2, in {Bj]l .3) is a conse-
quence of 1) and 2) : Assume '<' in 3) . LetE=@8 g_oExtJ(N,S). The
assumption, 1) and 2) imply d(E) < d(N), so there exists an

a € J(E) - J(N) . Since N is finitely generated and s noetherian,
Exté(N,-) commutes with localisations. Therefore Na # 0 and

Exté (Na,sa) = 0 . Now let K be any finitely generated Sa—module.
a

From the short exact sequence 0 > L > S: + k > 0 and its Exté (Na,-)—
. a

t]+1
S

a a

(Na,K) =0 for j > n . By recursion on j we get

cohomology sequence we see Extg (Na,K) = Ex (Na,L). The assumptions

on S imply Ext]

S
. a
Extg (Na,K) = 0 for all j and all finitely generated K. (Observe, that
a
L is finitely generated.) A special case of this is HomS (Na,Na) =0,

a
thus Na = 0 . This proves 3),

This proposition gives d(N) + j(N) = n for N a finitely generated
S-module., If M is a finitely generated R-module equipped with some
good filtration, then d(M) = d{gr M) just by definitions. So theorem
2.2.2 reduces to (M) = j(gr M) .

2.3. The spectral sequence of a good filtration.

2.3.1. Let M be a finitely generated left R-module. Given any good

filtration TI'. of M , there exists ul,...,ur € M , such that

T. = ¢, u, + ...+ Z, u for all j ;
3] J-m_. "1 Jj-m_
1 r
m = deg o(uk). (Namely, choose homogeneous generators Ve of gr M and

u such that vk = c(uk). Then '>' is obvious and the surjectivity of

ey
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I u, + ... + I, u_ - I./T.
- - -1
b m1 1 J mr r 3773
for all j and 1 is proved by induction on 1 as in the proof of 1.8.2.) .
Now let el,...,er be formal generators of degrees m, for the free
R-module FO =0 i_lREk . There is a good filtration of FO :

F.(F)) = L. R N -
joo ]—ml 1 3j mr r

Let KO be the kernel of the canonical projection FO > M, € b Uy .
Since gr R is noetherian, the induced filtration T. (K) = K n E(F ) is
good. (gr Ko = ker (gr Fo > gr M) is finitely generated.) Applylng

this procedure to KO instead of M , and so on, one obtains a filtered

free resolution of M :

-> K
...—*F2+Fl->F0'>M 0 i

with the properties
1) gr Fj is free over S of the same rank as Fj ,
2) s PG F > ogr Fy > 9r M+ 0 is exact .

The dual module NV = Hom (N,R) and, more generally, all the ExtJ(N R} !
are right R-modules via the right R-module structure of R. If N has
the good filtration TI.(N), then F (NV) :={¢p €N |¢(Fk(N)) C:Ek+j
for all k} is a good filtration of nv. (Proof: Let jo be such that

Zleo(N) = I50+k(N) for all 1 > 0 . Then

L) = {4 € N"]¢>(rjom)) c zj0+j} . Therefore kilrj (NY) = NY, because

F. (N) is finite over I
Jo 0

the injectivity of the canonical gr R-homomorphism

, and ZO is noetherian because gr R is. From

gr Nv~+Homgr R(gr N,gr R} and the fact that gr R is noetherian we sece
that gr NV is finitely generated. )

We are now going to study the spectral sequence E of the filtered
complex FY , the cohomology of which is Ext (M,R). Slnce the F;

free and finitely generated, the natural maps

b v -
E. = (FY — Hom r F.,9r R
gr J) gr r'9 509 )




is
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1)
£
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are isomorphisms. So we get

It

] 3
hl Extgr R(gr M,gr R) ,

s
(]

2 gr Ext;(M,R) .

For j < j(gr M) we have, by definition of jtgr M), E? = 0, and so
EJ = 0, because EJ is a subquotient of Ei . Thus we get jM) >

and one half of the wanted equality is proved,

In order to prove the other inequality we have to show that
EJ(gr M) # 0.

., ; io_ 3 .
LEMMA, Et 1s convergent, i.e, Er(j) Ew for some r(j) .

Proof. a) (a general convergence criterion:) Let dJ : FY > pv be

. . = j+l
the differentials and let ZJ = ker dj, Bl = Im dJ .« Then
B) = gl if
r ©
Jpv v o o 4] v v
d (Fj) n Iij+l d (Ik+r-le) n Iij+l

and the analogous equality for j-1 instead of j hold.

b) The good filtrations on the F; induce two good filtrations on the
BJ : The first one () comes from the inclusion BJ c FY and the second
one (I') from the pProjection d:I -1 : F;'l > BJ . From tge compatibility
of good filtrations (l 8.4) we get an r with F (Bj+l) [am F'

j+1
K+ r- l(B )
and I‘(BJ) [ I;+ l(B ) for all k . This is just the condition in a).

Now we use the regularity of s = 9r R and proposition 2.2.3, It
says:

) Bl =0 for 5 < jgr m,

(1) A(E]) 2m - 3

4

(iii) d(EJ(gr M)) =n - j{gr M). Call j(gr M) = j0 . Since

J -1 3 jb Jo
El = 0, E2 is a submodule of El » and since d(E =
3*l 3 .
= 5 =n - J -
= n - Jg > d(El ) we get d(E2 ) n 30 . We also have E2 0 for

j < j0 and d(Eg) £n -~ 3j for all j , because Eg is a subquotient of

Ei « So the properties (i), (ii), (iii) hold for E2 and in the same

2 jlgr M),
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‘ way for all Ez . Since E; converges we have proved the following .2
theorem.
2.3.2 THEOREM. Let M be a finitely generated left R-module. Then
Prosit. -
1) Extg(M,R) =0 for j < j{gr M) , equaiiz
state—s:
2) d(Extg(M,R)) <n- j for all j ,
3) a(ext) 9 M a,r)) =0 - Ger . 2.5,
holorz= -
An immediate consequence of this is j(M) = j(gr M). Of course, the Beppmdon " -
results of 2.3 hold for right R-modules as well.
4 Proof. -
modules
2.3.3. THEOREM. If M is holonomic, then M** = M,
| Proof. From 2.4.3 and the fact that R is noetherian we get a resolution
is the :
i 0~ Pn > ol Po +M->0 sequenc:
by finitely generated projective R-modules. Then 2.4.1 yields an exact
sequence 2.2
v v generzzz
‘ 0 - PO > oee. > Pn - M* > 0 .
Proof.
2.3.4. Remark. From 2.3.3. and Bourbaki Algdbre 10, §8, No3, Cor. IF % :s
of Prop. 4, it follows that the homological dimension of An is at most
n . From the next theorem, for example, it follows that it is exactly
n.
with ? =
2.4. Duality for holonomic modules. Let gr R = S have gl hd(S) = 2n Exté(x,-

i instead of n and assume that Bernstein inequality d(M) > n for all

finitely generated R-modules M ¥ 0 . The finitely generated (left or

right) R-modules of dimension n are called holonomic.
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2.4.1 THEOREM - DEFINITION. 4 finitely generated left (right)
R- module M # 0 is holonomic if and only if the right (left) R-
modules Exti(M,R) =0 for j #n , In this case, M* = Ext;(M,R)

is called the dual of M . It is holonomic.

Proof. The first statement follows from 2.3.2 (ii), Bernstein's in-
equality, and 2.2.2 . (Remember that n was replaced by 2n.) The second
statement follows from 2.3.2 .

2.4.2 THEOREM. M b M* is an exact functor from the category of
holonomic left (right) R-modules to the category of right (left)

R-modules.

Proof. If 0 - Ml > M2 > M3 > 0 is an exact sequence of holonomic

modules then

n n n
0 > Ext_ (M ,R) > Ext (M,,R) > Extp (M, ,R) + 0

is the only nontrivial part of the long exact Exté(-,R)—cohomology

sequence.

2.4.3 THEOREM, If M,N are left (right) R-modules and M is finitely
gmaaw,m@Enymm=oﬂxj>n.

Proof. This is true for N = R by 2.3.2 (ii) and Bernstein's inequality.

If N is finitely generated, there is an exact sequence
0>K>F+N>0Q

with F free of finite rank and K finitely generated. From the

Exté(M,~)—cohomology sequence we get isomorphisms

. .
Extg(M,N) z Extg Yo, 0)  for i>n.

-
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As in Fhe first part of 2.?.1 , 9r Extg(M,L) (=E2) is a subquotient
of Ext;r R(gr M,gr L) (=Ei) for any finitely generated R-module L
and suitable good filtrations of M and L . The latter Ext-groups are
all trivial for j > 2n by the assumptions on R. By recursion on j

we get the wanted result for a finitely generated N . For the general

result one uses that direct limits commute with Ext in the second

argument.

If P is a finite projective left (right) module then PV = HomR(P,R)
is a finite projective right (left) module. Repeating the first step
with M* instead of M leads to

O*va—> ..."PVV*M**"O .
n 0
Projective modules are reflexive, thus
0+>P > .., > P > M+ o Q
n 0
is exact. This sequence of the Pj is the same as the first one.

2.4.4. Remark. From the theorem above it follows, that M & M*

is an equivalence of categories for holonomic modules.
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§ 3 INVERSE AND DIRECT IMAGES OF An-MODULES UNDER POLYNOMIAL MAPPINGS.

3.1 Preservation theorems. As in the preceding sections modules
are usually left modules.
Let M be a holonomic An(K)—module and H the hyperplane

{x € ' [x = 0} . Let A be the subalgebra of A generated by x. , }
n n n 3 ‘

-1

Bj s, J <n.

3.1.1 DEFINITION. M = {u € M|xgu = 0 for some j} 1is the

Tt
An—submodule of M of elements supported by H . (By 1.14 it is also

holonomic.)

3.1.2 THEOREM. Let M, be the A__ -submodule Ker x = {u € M|x u=0},
0 n-1 M'n n

Then 1 & uwr u defines an isomorphism

An/Anxn ] An_lMo — I'[H](M) .

(An/Anxn is considered as a left An—module and right An— -module.)

1

Proof. Surjectivity: We show {u € M]x:u =0} < A M, by induction on k .

K 0
1f xnu = 0 , then

0 =3 (xku) = xk-l(ku + x 3 _u).
n'"n n n n

From the induction hypotheses we have X u € AnM and ku + annu € AnM

] o’

therefore

(k=1)u = ku + x 9 u -3 x u € A M .
n n n'n n 0

The case k = 1 is trivial .

Injectivity: The right An- -module An has the following direct sum

1
decomposition

A =AX @& A ® 3 A ® 3 A & ... ,
n n'n n

-1 n n-1 n n-1
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‘ so we have

2
A/Ax, =A ,®03a o 3B 1@ ... .

Thus the assertion means that the following sum of A -modules is a

1 k K+l -1
i direct one and 3+ : 2 oMy > 3, M, is injective.
it
|
i _ 2
3.1.3 F[H](M) =M o anMO ® anMo 8 ... .
; k . . .
h . cee 3 = . .
y Proof Let u0 + anul + + 5 Uy 0 ,u] € M0 Multiplication with
i X gives
k-1
uy + ZBnu2 + ...+ kan u = o .

n
all u, =0 .,
)

(Use xnag = Bjxn - jai_l .) Successive multiplication by xn shows that

3.1.4 Remarks. 1) This proof shows xn°T[H](M) M) .

Ttn

1 2) If M' is any finitely generated An_l—module, then

M" =A /A x @ M!
n’ “n"n
n-1

I is a finitely generated An—module with d(M") = d(M') + 1 and
m(M") = m(M') . (In order to see this, write M" in the form

! M" = Al/Alxn 1] M' . Here Al is the subalgebra of A generated by X

§ an y and the A —actlon on the right hand side is given by the Al-actlon
5 on the first and the A l—actlon on the second factor, only. If T! is
any good filtration of M' and A /A X, = K[Sn] is filtered or graded

by degrees, then gr M" = K[Bn] ® gr M' .)

This last remark also proves
3.1.5 THEOREM. Rer,x is holonomic.

3.1.6 THEOREM. The map M'» A /Anxn 2 M' defines an equivalence

‘ of the category of holonomic A l-modules andlthe category of
!
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An—modules supported by H . (I.e. M" = T[H](M") 2)

3.1.7 THEOREM. The An_l—module M/ng is holonomic.

Proof. 1) Let M = M/F[H](M) . The canonical A l—morphism
M/ng - ﬁ/xnﬁ is an isomorphism : [u] » 0 means u € x M + I}H](M)
by 3.1.4.1 u € ng follows .

2) We show that ﬁ/x M is holonomic. Since the multiplication by X, is
injective on M , the canonlcal map M - M[x ] is an injective A -
morphism. Let N = m[x ]/M .Then u » xnlu deflnes an A l—lsomorphism
M/ng > KetNx . Now the assertion follows from part 1 , 1.14 and
3.1.5 .

3.1.8 THEOREM. KerMan and M/BnM are holonomic.

Proof. This follows from 3.1.5 and 3.1.7 by Fourier-transformation:
For any A -module N define F(N) to be the A ‘module which is identical
to N as a K-vector space but with a dlfferent A n-Structure. Namely,

’

let P : A hd A be the automorphlsm defined by xJ'+ 9. , BJO+ -xJ

—and deflne D+u : = F (D) uN . The index of u 1nd1cates an element

F(N)
of which module u is considered as. The Fourier-transformation leaves

Bernstein's filtration invariant, therefore it preserves holonomicity

of An—modules.

3.2 Inverse images. Let P = (pl,...,pn) : KN > K" be a polynomial
mapping. Then K[xl,...,xm] is a K[yl,...yn]—module via P . Let M be

an Aﬁ-module.
3.2.1 DEFINITION. The inverse image of M under P is the Am—module
P*M = K[x] @ M

Kly}

with the Structure defined by
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xj°(q(x) @ u) = qu(x) ®u

X

n
3x s (g(x) @ u) = e Qu+ ZgqT—®3 u.
3 j i=

3.2.2 PROPOSITION. If Q : K* » K® is a second polynomial mapping,

then (P+Q)*M = Q*P*M .

Proof. This is just a combination of the corresponding statement for
i modules over polynomial rings and the chain rule.
‘ In order to study P* , we write P as a composition of an embedding

and a projection :

f P = 7woi
. + .
i KMk, i) = (x,P(x)
+
7 KOsk, ney) =y

T* @ w*M = K[x,y] @ = Kix] @ KM . On the right hand side xj , 0

M
Kly] xj
act on K[x] only and yj . By act on M only. If M is finitely generated
with the good filtration T. Jand A. is the filtration of K[x] by degrees,

- . . . *
then Ql Ej+k=l(Ajgrk) is a good filtration of w*M . From

grQ T*M = grA K[x] & Kgrr M one deduces d{n*M) = m + d(M) . (Compare

3.1.4.2 for m = 1 .) This shows that m*M is holonomic if M is.

i* : Let N be an A -module. Then
—_ m+n

i * = E - evw -
i*N = K[x] @ K[x'y)N KIx,y1/(¥1=Pyre-r¥ "P,) @ K[x’y]N,
where the Am—structure on the right hand side is given by

xj-(q(X.y) R u) = x;d 2u,

3 n Bpl
3 e(gix,y) @u) =L-gu+qed u+ IF=d u
X, 09X, X. L .9X. Y

J J 3 i=1""3 *1
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The automorphism of Am+n T
?p, H
=%, , ¥ =y, ~p;{x), (3 )" =23 + I3—9 ¢ (3 ) =23 j
3 j 1 1 1 xj fj 13xj ¥y Yy ¥y

transforms this to N/ElyiN with the Am—structure given just by left

multiplication. This is holonomic, by (repeated application of) 3.1.7 .
It remains to be shown that the automorphism does not affect the
holonomicity. This follows from theorem 2.2.2 which gives a filtration
free criterion of holonomicity.

Using 3.2.2 we proved

3.2.3 THEOREM. If M is holonomic then P*M is holonomic.

Remark. In general P*M might be not even finitely generated if M is .

(E.g. : M=A, , P:K=>K, P(x) = x° )

3.2.4 Define D o on- P*An . It carries the left Am—structure
K +K |
defined above. There is also a right An-structure arising from ‘

the right An—module An . With this (Am,An)—bimodule the inverse image

P*M can be written in a different way :

P*M = K[x] @ M 2 (Kix] &

Klyl ) @ M=D 2 M.

K(ylAn A m__n A

We obtain the following formulas.

m
D 2 A / LA 3 ’
+ + .
Km+n ul <" m+n j=1 m+n xJ
n
D . 2a /L (y,~p,{x))A .
Km i Km+n m+n i=1 1%l m+n
m n
D = /LA 3 + I (y,-p,(X))A '
il P &P m+n je1 m+n xj i=1 171 m+n

with the bimodule structure as above.
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8.3 Direct images. Again et P : K® > k" pe a polynomial
mapping, and M a right Am—module. There is a natural definition of a
direct image PM , this is going to be a right An-module, such that

for every left An—module N there is a canonical isomorphism

PM@ N3 A '
n m

Al
=
B
o}

*
=z

namely PM =M@ D . In order to obtain a definition for
A" m n
m K -+ K

direct images of left An—modules we notice that the transposition

at _ ]a] a
(Zaaa(x)a ) = Ea(—l) 3 aa(x) ’ au(x) € K[x] ,

defines an involutive anti-isomorphism of Am .{I.e, (D1D2)t = D;D; <)

The application of the transposition to Am turns a right (left)
Am-module into a left (right) Am—module.

Remark. This definition of "turning left to right and vice versa" does
not directly carry over to the more general case of D-modules on
affine varieties. Then the "transposed" modules will in general also
be different as modules (over the Structure sheaf).

The transpositions of both the,Ah— and the An—structures of

D o n yields the (An,Am)— bimodule D n n with An acting on the
K - K K « K

left and Am on the right side.

Denote the transposition of a module M by Mt. If M is now a left
Am—module then its direct image under P is defined by

3.3.1 DEFINITION. P,M = p @ M= (puht (> M" was de-
K"« g™ Ay

fined above ,)

3.3.2 PROPOSITION. If Q : Kz + K" is another polynomial mapping,

then there is a canonical isomorphism of bimodules.

D = p m®, 0
K" < K K"« K m K" « K

1
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Proof. This follows from the isomorphism

D =p 2 D )
Kok kg Pag"o k"

which is just proposition 3.2.2 together with 3.2.4 . !

3.3.3 PROPOSITION. If P : K* - K is a polynomial isomorphism, then

there are canonical isomorphisms of bimodules

()
©
w]
n
>
~

D

e
>

n maAD n n
K" « K m K > K
i.e. P* and P, are inverse to each other. (m = n of course, but

different letters are used in order to avoid confusion. )

1l
1]

Proof. 1Identify D n = 1 e An and D

o n with An by
K -+ K K <« K

l.a D> Dand 1 2 D > Dt , resp. The induced bimodule structures on
A_are
n
A XA XA =A A XA XA A
m n n n n n m n
and
(Dl’D'DZ) hd (P*Dl)DD2 (Dl'D'DZ) (24 DlD(P*DZ) .

Here P, : A - A is the isomorphism defined by

ap.
-1 i -1
Kixl > £ foP y ij H-Zj(axj oP )Byi .

With this identifications the isomorphisms are

-1
Dl 4] D2 B P, (D1D2) and Dl <] D2 54 D1D2 .

Let P : K" > k" be a general polynomial mapping. We want to prove

that P, preserves the holonomicity of left Am-modules. As in 3.2 we
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split P into an inclusion and a pProjection : P = moj » and study two

cases seperately (3.3.2).

i, : The inclusion is the composition

*

j + +
Ko K k™ 0y () o (X,y+P(x)) .
As Q is an isomorphism, 3.3.3 implies Q, = (Q-l)* + SO by 3.3.2 and
3.2.3 we only have to study the inclusion J : x+m (x,0). From the

discussion of i* ye see that

D =A  /

m+n i m m+n Am+n(y1-p1(x)) '

fos
H~Ms
—

I

[y i]

D . A /LA . vy .
Km+n ] Km m+n i=1 mént 1

If M is a holonomic left Am—module, then

IM = Am+n/ZlAm+nyl 8 AmM
is a holonomic Am+n—module by repeated application of 3.1.4,2 (use

3.3.2).

m+, :
Te ¢ T 2 K n, Kn e (X,y) P Y . First compute D« H
D o n s Am+n/EiAm+n3x. implies
K < K i
m
D = A /L3 A .
Kn - Km+n m+n i=1 xl m+n

If M is a holonomic left Am+n—module, then we get




B
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3.3.4 THEOREM. If M is a holonomic Am—module then P M is a holo-

nomic An-module.

3.3.5 Remark.

D = A / 3 +
+n’ .
Kn - P Km n+n i=1 x1 m+n

[
>
I3

P 1P 0D

Here Y, o BY operate on the left by multiplication with themselves;

1
on the right X, operates by multiplication with X, Bx by multi-
3p i |
plication with 3 + I ——la . |
X, laxi yl

3.4 Derived inverse images. Denote by u(An) the category of left 1
An—modules and by D_(u(An)) and Db(u(An)) the corresponding derived
categories of bounded above and bounded complexes, resp.

Let P : K" > K" be a polynomial mapping. As the functor
P* u(An) hd u(Am) is given by the tensor product with the (Am,An)—

module D o , there exists a left derived functor
LP* : D (u(An)) + D (u(Am)) . One way to construct LP* is to look for

a resolution D" by bimodules which are projective (or flat or
K" =+ K
free) as right An—modules. A standard free resolution is given by the

Koszul complex:

‘ : = K’ .
D m n r(Am+n/zlAm+n8x.
K" > K i

P Yy~ PyX) ey - p (X)) .
Comments. 1) 1f M is a right R-module, R some (unitary) ring, and
ayreseqa are commuting endomorphisms of M, then the right Koszul

complex K;(M;al,...,an) is defined by

k-n _ k n
Kr (M,al,...,an) : =M8 zA Z)Ydue (v'A...Av )

1 k

k+l,.n
M@ zA (Z) ) Zaj(u) 4] (ejAle...Avk).

|
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Here ej is the j-th unit vector.

2) In the case at hand the ¥y - pl(x) operate by multiplication from j .
the left,

p . P
Since [Bx + Zl g;la ,yj - pj(x)] = 0, left multiplication with
i i
yj - pj(x) commutes with the left Am—action. Therefore, the differen-

tials are (Am,An)—linear. It is clear, that the module

m

Am+n/zi=lAm+naxi is rlght-An—free. The yj b pj(x) are a regqular

sequence for the left K{x,yl-module Am+n/ZiAm+n3xi . 50 the Koszul

complex gives a resolution of

D n . Am+n/ziAm+naxi + Ej(yj—pj(x))Am+n .

If M° is an object of D—(u(An)) then LP*(M") is given by

LP*(M°) = p° e M
"> k" B,

(On the right hand side one has to take the single complex of a double
complex. )

Since 5-m n is bounded, this tensor product also defines a
K" »> K

functor Db(u(An)) > Db(u(Am)) which is also denoted by Lp* w2

We shall prove two properties of left derived images: First, .-
LP* depends functorially on P, and secondly, LP* preserves the holo- =-F
nomicity of the cohomology of objects of D~ (u(A )). =

Let P : K > K be as above and Q K -> Kp a second polynomial
mapping.

3.4.1 PROPOSITION. On D~ and Db, (LP*}) o (LQ*) = L(P*oQ*) (2L (Qop) *) .

Proof. We have to show that the complexes of (Am,Ap)—modules

ﬁ'm and B.m n ] A 5'n
K" » gP K"+ K n K® » KP

are homology isomorphic. Writing QoP as the composition

3
bi
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+n+ .

of the map K" - gD given by x = (x,P(X),(QoP) (x)) and of the pro-~
. . +n+ .

jection (x,y,z) » z of K ATR onto Kp, we obtain a new representation

and resolution of D n :
K" > kP

D’ : =K' (A /A 3_ +za 3 i¥s = P {X) ...
K" > kP r min+p im+n+p X, 5 m+n+p yj 1 1

---Izl - ql(P(X)):---)

LEMMA. The map

a 8 39, .a B
[f(X.y)ay] ] [g(y,Z)azl w [f(x,y)(3y+ ayaz) (g(y.Z)az)]-

defines an isomorphism of (Am,Ap)-modules

(A /A I ) e (A /IA 3. ) > na /(LA 9. +IA 3 )
+n’ T m+ . +p’ . . . !
m+n i m+n x1 An n+p 5 n+p yJ m+n+p i m+n+p x1 3 min+p yj

(Be aware of the structures of these three modules depending on P and
Q as explained in 3.2 and 3.3.5 for the D_-case. On the right hand
side, the right Ap—structure is just given by multiplication, as is

the left action by X The 3x operate by multiplication with
: i

Ip.. 3(Qop) !
x; + I 5—19 + I ——3;——53 ) |
3% Yy g 2

The proof of this lemma is similar to that of 3.2.2 s it is essentially

the chain rule for QoP.

This lemma yields an isomorphism of(Am,Ap)—complexes

b m n @ A 6 n m
K" > K n kK" - kP K™ kP

proving the proposition. |
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3.4.2 THEOREM, [et p be as above and M" an object of D_(u(An))
or Db(u(An)) with holonomic cohomology, i.e. all the Hk(M') are holo-

nomic. Then LP*(M') is also (cohomologicallg) holonomic.

The proof of thig theorem is similar to the analogous proof (of 3.5.2

below) for direct images in the next section, where a proof is given,

3.5 Derived direct images. Let P ; K™ - K" be a polynomial mapping.
Then Py tu(Aa ) -+ u(a ) is given by the tensor product with D

m n Kn(_ Km

SO there is a left derived functor Lp, : D_(u(Am)) > D—(u(An)) . A

’

resolution 5'n m>P, m ©E D n m (@ formula of this is in
K <« K K <« K K <« K
3.3.5) by (An,Am)—modules which are free ag Am-modules is

D : =K' (A . /Ip (yo~po(x)):d_ ,...,5 3 .
Kn - Km r m+n j m+n 73 5 xi xn

This gives

LP, (M) = D" €@ M for M'D (u(a)) .
*
Kn - Km Am m
Since D° is bounded, we also have a deriveqd functor

K" « g™

Le, : 0% ) D)) .

Remark. 1In subsequent Chapters we shall see that in the case of a
morphism P : X » y between non affine varieties there is g direct
image functor between the corresponding categories of D-modules. That
functor is the composition of first a left derived functor as here
and a right derived functor. It will be denoted there RP+ or P+

Let 0 : k" » KP be a second polynomial mapping.

8-5.1 PROPOSITION. (LQ,) o (LPy) = L(Q,0P,) (2L(QoP),)

The proposition can be obtained from 3.4.1 by transpositions.
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3.5.2 THEOREM. Let M® be an object of D—(H(Am)) or Db(u(Am)) with

holonomic cohomology. Then LP, (M") has holonomic cohomology.

Proof. We write p . K" s K" as the composition

- i o g X"
X b (x,0) (X, y) —s y

(x,y) F——sr (x,y+P (x))

In view of 3.5.1 we €an prove the theorem by pProving it for i, a, =

Separately.

i : DKm+" 2 o = Am+n/§Am+nyj is free as a right Am-module, so i
is exact. Since i, commutes with the cohomology functor, the result
follows from 3.3.4 or 3.1.4.2 .

& ¢ Since o is g isomorphism, @, is exact. Then use 3.3.4 , for
example,
T i One can split g into a sequence of projections with one-dimensional

fibres, By 3.5.1 is therefore enough to consider the case m = } . But

first, let n be general, Let N° be an object of D-(u(A +n)) . Then

of the double complex:

P
Kr(Am+n

1l
{5
o
~
L2
(o]
=
e
Q
¥
tz
el
-~
fle]
+
el

;ax.,...,ax )e , w9
1 n m+n

Then EP’9 2 P ¢ HUN') . Now let m=1
1 r A
m+n
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E;l'q £ Ker 5, E(Z)'q = Hq(N')/axHq(N°)
BN
E5'¥ =0 for p # -1,0 , E,=E, .
! . -~ 0
Let us assume the Hq(N') to be holonomic. Then Ezl’q and E2'q are

A -holonomic by 3.1.5 and 3.1.7. E_, being holonomic means, there is
n
a filtration of the Hk(Ln*(N')) with holonomic quotients. But then
| 1.11.1 implies that Hk(Ln*(N')) are holonomic themselves. This proves

the theorem.

3.5.3 Remark. The complex

A

DR*(N';3  ,...,d ) = DR'(N') = (K" @ N){-m] = N" @_A°'g"
X, X r /4
. ) 1 m m+n

I with differential

a: D olar% o+ P i, AFg™)

i ptg=k pra=k+1
| m
| d(uav) = (—l)pdu & v+ I ax u @ Zi Av

18 i=1 7i
r (w e nd, v e 2Bg™

‘ is called the de Rham complex of N° relative to m or with respect to
| § the ax - The last step on the proof of the preceding theorem shows

‘ .
! ; that the relative de Rham complex of an Am+n—complex with holonomic

‘ cohomology has An—holonomic cohomology groups.

Remark. 1t has been shown by J. T. Stafford [st] that simple mbdules
| over An are not in general holonomic and do not share some of the
|

a finiteness properties proved here for holonomic ones.
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BIBLIOGRAPHICAL NOTE

Most of the material of this chapter is contained in the two papers

[B1]) BERNSTEIN, I.N., Modules over the rings of differential
operators, a study of the fundamental solutions of equations
with constant coefficients, Funct. anal. and Appl. 5,2
(1971), 1-1s.

[B2] BERNSTEIN, I.N., The analytic continuation of generalized
functions with respect to a parameter, Funct. Anal. and
Appl. 6,4 (1972), 26-40.

The notions of §1 are all found in [Bl}, whereas the central result
of §1, Bernstein's inequality, is proved in [B2]. The notions of

inverse and direct images under polynomial mappings and the holono-
micity theorems of §3 are also part of [B2]. The presentation of the

homological algebra results of §2 follows:

[Bj] BJaRK, J.E., Rings of differential operators, North-
Holland Publishing Company, Amsterdam, 1979.

The main results about homological dimension are due to J.-E. Roos:

ROOS, J.E., Détermination de la dimension homologique
globale des algébres de Weyl, C.R. Acad. Sci. Paris
274 (1972), 23-26 .

For examples and properties of simple non-holonomic modules over An,

see

[st] Stafford, J.T., Non-holonomic modules over Weyl algebras
and enveloping algebras, Inv. Math. 79(1985), 619-638.




