POLYNOMIAL DIFFERENTIAL OPERATORS ASSOCIATED
WITH HERMITIAN SYMMETRIC SPACES

Noraw R. WALLACH®

Introduction. In his paper [Sh], Shimura introduced a technique involving Laplace
transforms to analyse eertain important differential operators related to classical
hermitian symmetric spaces of tube type. His technique was used {and expanded
on) by several authors ([R-S],[F-K],[K-S]) to prove generalizations of these formu-
las. The latter papers either explicitly of implicitly use Gindikin's gamma function
formulas. In this paper is to show how one can derive their results using basically
algebraic methods from a commutation formula in [W]. We also show how our tech-
nique can be used to remove the condition of tube type and in addition extend the
class of differential operators to all of the basic ones.

The simplest examples of the formulas alluded to above is given as follows. Let
My m = My m(C) denote the space of all n x m matrices over C, with n = m.
We write X € M, m as X = [z] and take z;; as coordinates. We write 8;; for
the operator of partial differentiation in the ij coordinate. Let 1 = p = m. We

enumerate all p % p minors of an n x m matrix, X, as &, k=1,...,d. We set
Ly =Y Aulzij)Au(Di).
k

Let G = GL(n, C) x GL(m,C) act on M m by (u,v)X = uXv™". This induces
an action of G on P My m ), the polynomials on My m. As is well known this space
decomposes, as a representation of G, into irreducible subspaces each of multiplicity
1 and naturally parametrized by m-tuples of integers A = (A1,...,Am), A1 2 Ay =
oo = Am = 0. Let P[}] be the corresponding isotypic space for G. If f € P[A] then

Lpf = “p[ll +m=1,.., }'-m—'l = lr‘xm}f
#Reagarch partially supporied by an NSF grand.
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Here o; is the j—th elementary symmetric function and 7; is defined by the formal
identity

ﬁ Zy"]{?h g )
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i n = m = p then this is a substantial part of the classical Capelli identity. (This
has been pointed out in [K-5] and, in fact, using a result of [Ho] these authors show
how to derive the Capelli identity from this formula.) In the last section of this
paper we give the generalization of the above formula to every Hermitian symmetric
space. The above formula corresponds to the special case of Cartan domains of type
L. Related work in the general context of “pre-homogeneous™ spaces has been done
by Howe and Umeda. They derive direct generalizations of the Capelli identity.
A special case of their results gives expressions for the operators L, for n = m in
terms of determinants in polarization operators completely analogous to the original
Capelli identity.

We began our study of this cirele of ideas upon receiving the preprint of [K-5].
Since the formulas in that paper were quite similar to formulas that we observed
years ago for Shapovalov forms, we felt that there might be an interesting con-
nection.  This is basically the content of the second section of this article. Upon
finishing this work we received a reprint of [F-K|. This paper contains (in some
form) all of the results that we had derived for the various Hermitian forms that
play a role in this paper. Although, many of the results in [K-5] on the eigenvalues
of the differential operators are easy consequences of the results in [F-K], they do
not appear in that article. In addition, there is an earlier article [R-5] that also
derives related formulas in greater generality. In fact, the inner product formulas
for the standard Hermitian form in [F-K] (and in this article) can be derived from
the “b-polynomial” formulas in [R-5].

The new results in this paper are in sections 3 and 4. The last section was
inspived by a question of Kostant. The answer to this question is the content of

Theorem 4.6.

1. The Shapovalov form. Before we begin our analysis of the Shapavolov form

we must recall some notation. Let g be a simple Lie algebra over R and let g = ¢@p
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be a Cartan decomposition. We assume that (g, &) is of hermitian type. That is,
there exists H € 3(fc) such that adH), . has eigenvalues 1 and -1 (note that il € t).
Let p* be the +1 eigenspace for adH),.. Let t be a maximal abelian subalgebra
of B and set h = tc. Then b is a Cartan subalgebra of go we choose a system of
positive roots, @, for the root system, = ®(ge, ) of go with respect to f such
that if o € ® and a(H) > 0 then € &+, Set
&% = {a € Bla(H) =1} = {a € #l(ac)a C p*)
and
3} = {a € ¥t|a(H) =0} = 2* N ¥(kc, ).

Let 71, ..., 71 be the standard strongly orthogonal roots (as constructed by Harish-
Chandra). These roots are found as follows: 7 is the unique simple root of &%
eontained in ‘f':t, let

M ={a €@} - {n}atn ¢ 2}
If 2, = @ then ! = 1 otherwise let vz be the smallest element in {1;. Set
Y ={a€M—{nlatr ¢}

If 23 = 0 then ! = 2, ete,

Then | is the rank of g over R. Let B denote the Killing form of g normalized
so that if (...,...} is the dual form to By, then (y1,71) = 2. Then (as is well known)
(vi,7i) = 2 for all i. Let Ho, €  be defined by B(h,H.;) = vi(h), for h € b. Set
h~ =%, CH.,. Then (cf. [Hel])ifa e &} then ay- has one of the following forms

0 (1.1)

1 o
s —tnhlsé<y <l (1.2)
_%Tﬁl E i -t [ {1-3}

If « € B} and a # +; for any i then ajy- is of one of the following forms
1 9oy
E{":r.'+’r’j}.1£t{j£.i (1.4)

1
FWlgist (1.5)

If roots of the form (1.3) (hence (1.5)) do not occur then g is said to be of
“tube type”. Let g be the sum of h and the root spaces corresponding to o
for @ = 4 or ta for apy- of the form (1.1),(1.2),{1.4). Set g* = gNgg. Then
(cf. [W]) g° is a reductive subalgebra of g. Furthermore, ([g°,0°],[0% "] NE) is a
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hermitian symmetric pair of tube type. Let (g} )c be the sum of ) and the root
spaces corresponding to roots of the form +7v;, 1 < < p and Fa for a)- of the
form (1.1), (1.2), (1.4) with 1 <4 < 7 < p. Set g5 = (g} Jo Ng. Then ([e5. gp), (g7
28] ME) is a hermitian symmetric pair of tube type and 71, ...,7, give a canonical
system of strongly orthogonal roots for this pair.

One knows that

(1) If1 <¢ < j <! then the number of @ € &7 such that jg- = %[: - ;) is
equal to ¢ = ey independent of 1, 5.

We now consider the symmetric algebra, S{p~), of p~ as & module for £ under the
extension of adX ;- , X € & Schmid has shown (as has Kostant) that as a B-module,
S(p~) is multiplicity free and the highest weights are of the form —nyy — ... —
with n; 2 ng = ... 2 m 2 0, n; € Z, and each occuring. Let nf be the sum
of the positive :mfuprwm for tc. The above result easily implies that S(p~ ]"k is
a polynomial algebra in generators wy, .., up with u; of weight —y; — ... — 7. Set
Pr =p~ Nigrlc. A critical observation (cf. [W]) is

(2) u; e S(py )-

We choose for « € &, E, € (gc)s such that B(E, E_.) =1, Set

97 = Baeat (...} 0C)=a-

In [W] it was shown that the u; can be chosen such that

(BNu;=E_, - By + vy with vy € S(p~)q™.

With this choice of u; the key result in [W] is

Lemma 1.1. Ifi > j then [Ey,u;] = 0. There exist for each o € @:’, Wy €
S{pr_,) sueh that

[Bay ] = wp_y (Ho, + Z w, E
agdt

On S(p~) we now define two types of sesquilinear forms. Let X denote the
eomplex conjugate of X € po with respect to g, To define the first type we observe
that the form (X, ¥} = B(X,Y) is positive definite on p~. On the space of elements
homogeneous of degree j, 57(p~) we put the inner product that is j! times the j-th
symmetric power of ... ,...). We denote this inner product on S(p~) by {...,...}.
It is invariant under the above action of £ It also has the following interpretation.
Using, B, we can identify p~ with (p*)*. So S(p~) is then identified with the
holomorphic polynomials on p* and 5(p*) is identified with the algebra of constant
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coefficient differential operators on p*. We extend complex conjugation on p~ to a
complex anti-linear isomorphism of S(p~) onto S(p*). Then

(f.9) =Tf(0) (1.6)

under all of these identifications.
We now define the other type of form (we will look at a more general variant of
it in later sections). The Poincaré-Birkhoff-Witt theorem implies that

Ulge) = Wee) @ (p™UWac) + Uac)p™).

Let p denote the projection of U(ge) onto U(Ee) with respect to this direct sum
decomposition. If : € C then we define a one dimensional representation, 7,, of ¢
on C by 7.(aH + X) = az for a € C and X € [E,8]. We observe that since p* is
commutative U(p%) = S(p%). If X € ge then we write X* = ~X. We extend this
to an conjugate linear anti-automorphism of U(pe). Set

{(f,9): = 7:(p(s”f)) (1.7)
for f,9 € 5(p~). We note that these sesquiliear forms are also E-invariant. We

will also need to use the form

(,v): = r:(ply*z)) for z,y € U(ge).

We note that
(z,yw): = (v 2, w)., z,y,w € Ulge), (1.8)
{zu,u): = (2, ¥)s7:(u), 2,y € Ulge),u € U(te) (1.9)
and
(zZ,4): = 0,2,y € U(ge), Z € p*. (1.10)

Let S(p~)[ny,...,m] be the E-isotypic component with highest weight
MM =Rzt — .=, 2N 2. 2m20neZ.

The main result of this section (of. [F-K]) is

Proposition 1.2. If f,g € S(p~™ )r1, ... ,ny] then
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I mi—1

(fa)e=DE%TT II (4

=1 3=l

C—J'HLE}-

Proof. As observed in [W] the most direct relationship between the two forms
is that if f,g € §/(p~) then

lim z77(f,g): = (=1¥(f.9).

Set I ni=1
CENLL | z}"‘l__[l__[{z ':_J}{-f'rg}

The above limit formula implies that it is enough to show that there exists a

constant ag, .. g, such that

{fdﬂz = an.,...,m"In,,...m;':z}{f-rg:l'
for all f,g € S(p~)[n1,...,,] and z € C. Write

ky=ny—fgn ki =n —np ki =ne
The decomposition of S(p~) combined with Schur's lemma imply that it is
enought to show that there is a constant by, .., such that

l:u]kl = u]l'-liu]h “’fl}z — bm,...,n.i‘n.,...,nrfﬂ- {’}

We carry this out by first calculating

ky k k Ej— 1tk -k
w{z) = (uy' o yugt o FTHED ),

Since, E _,, = —ak., for some a € C, the expression that we are calculating is

k kr, k k ky h- +k
a rl[Ej-:ull' “[‘|u1 1- r:l=

by (1.8). Now we apply Lemma 1.1 and (1.10) to find that if k; > 0 then

k ke—1, ky k E k Er_14k
w(z) = a™(Eg ™ uy" - ooy (B ] 0y ool )

Now Lemma 1.1 implies that

=1
[E1‘,u?‘] = kl“!—lur‘_liﬂm + c—k+1)
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maodulo Ul[gc}n:_'. If we apply (1.9) we therefore see that

-1

@(z) = a"ky(z + e—ki+ 1{ESufr ... Pt g B -ufi‘]’-"k'}x,

We can thus apply the same arpument repeatedly and deduce that
ky=1

-1 i o —1tk
@(z) = a*tiy! H (z+ o FHUDE N sl gty
=0

Henee, if P is the B-invariant projection from S(p~) onto S(p~)ny,...,n] then
ke ky i i
P(uy* -+ “l—]1+ Ef‘n ) i BT Y
with ¢n,, n, # 0. The desired formula (+) above now follows from the obvious

induction using observation (2} above.

2. Results of Kostant-Sahi (Shimura,Rubentahler-Schiffman,Faraut-
Koranyi). In this section we will show how Proposition 1.2 can be used to derive
some beautiful formulas of the above mentioned authors. We retain the notation
of the previous section. We extend 7. to a representation of U(kc @ p*) by setting
m:(pt) = 0. Let C, denote the corresponding 1-dimensional & @ p*—module. We

set

N(z) = Ulgc) @uirc op+) Ca-

Then {...,...}: is the sesquilinear version of the Shapovalov form for the gener-
alized Verma module N(z). We assume in this section that g = p°. Then as a
Er—module, Cug is C_y. Proposition 1.2 implies that the maximal proper submaod-
ule of N{—'%’c] is just I'(p~)w @ 1. This implies that the t—=module homomor-
phism, T, of N{z — 2) into N(z) given by z @ 1 — zu; ® 1 is a g—module home-
morphism for z = —!52¢c and T(N(—'FLe — 2)) is the maximal proper submodule
of N{—'%]c]. We therefore see that if =,y € U(p~) then

() @yl = 0

Here we observe that the rational function on the right hand side of the above
equation is defined at the point z = —!Zte. (1) combined with Proposition 1.2 now
easily implies the following result.

Proposition 2.1. Let z,y € S(p~)[n1,...,ni] then
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I I1-i
(wez, gy}  [limi(Fre+n;+1)
(e, ) HFJ(' Le 4 1)
Prool. Proposition 1.2 implies that the left hand side of (1) is

(z,u).

P on;—1

o= 15

Jy=1 1=l

It also implies that (after the obvious division is done) the right hand side of (1) is

c—E—_f:}{I1r}.

oy {up: gy
=) E,I_I '[“r,m}

The result now follows from the obvious division.

Lemma 2.2, {u;,u,) = ni.=l [‘_;-f.._-_-+ 1).

Proof. Set ¢; = []; E_,;. Then w; = e; + v with v € §(p~) and (v, ;) = 0. Set
w= et —v/{r,v}. Then {u;,w) = 0. We note that S(p~)[1,...,1] = Cuy. Thus since

w4+ (vyvhw = (14 (v, v})er = {un ur)er,

we see that if P is the orthogonal projection of S(p~) onto S(p~)[1,...,1] then
Ple)) = uyf{uy, u;}.

Let Z(1) be the maximal proper g-submodule of N(1). Let L(1) = N(1)/Z(1)
Then the lowest weight space of L{1) is

Cu®1+ 2(1) =Ce; @1+ Z(1).
This implies that
er @1+ Z(1) = {uy, u;}u! @14 Z(1).
Hence
{er e}y = {mpyur) ~er, uh.
Now (eq,e) 1 = 1 and the caleulation in the previous section easily implies that
{ep,uh = l_.[;'=1 (5Le+1).

The result now follows.

We now combine Proposition 2.1 and Lemma 2.2,

Theorem 2.3. Let z,y € S(p~ )[ny,...,ny]. Then

{wyz, upy) H'[

1=1

c+n._1+1}

We now apply this theorem to derive the above mentioned results. We set 2, =
T'uf" as a differential operator on the polynomials on p*. We also set D, = uf®
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u" also as a differential operator. Then £, and I}, commute with the action of £.
So Schur’s Lemma implies that

Z ) S(p=Y[n1 ] = Pmln1y ey )

and
Doisip- im0 = Pmlnn, - m)l.

We note that if =,y € S(p~)[n1,...,ni] then

(ZmE y) = Uz, uly) = (Zyul 'z, ul "y =
pilny +m =1, +m =1l ur

since
upS(p~ Mny, oom] = Sp7 ) ma + 1y ey 7).
We therefore see that
(2) wm(nayeoni) = [Tieg @1(n1 + §yeame + ).
Also Theorem 2.3 implies that
(3) wa(ny, sma) = [Tjoy (e +mj+1).
Thus (2) and (3) give a complete caleulation of @,
We to caleulate 1y, we use the observation
(4) ZnZm =T Dyul®.
Thus if f € S(p~)[ny,...,n;] then
ZmZmf = thm(n 1 + my,mp + m bom(ng, o ng)f.
Thus we see that
(5) Wm(mg + m,my +m) = @ming, .. m)

Since it is a simple matter to see that frg(nq,...,my) =0forny Zne =2 ... 2y 210
with n; < m. We have also computed 4 ,,. This gives a new proof of the main result
in [K-5].

We now show how one can use these results to deduce one of the main results
on [R-5],[F-K]. We drop the assumption that g = g°. Set (z,n) = H':l (z+7) As
usual, an empt.}r product is 1.

(6) {u -, up* - ") = [Ty B TIiZ] Tommi (G0 bm—ir + oe - Komy Fmapa).

To prove this we note that (2) in section (1) implies that if &) = 0 then we can
compute the desired expression in gf_,. If [ = 1 then the result is clear. Assume
for 1 — 1. Then the left hand side of (6) 15 (n; = ki + -+ + k)
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i (= By gy = R Ol izt ul gl

Now apply (2),(3) and the inductive hypothesis,

3. The general case. In this section we show how many of the results of the
previous section extend to the general case. We therefore drop the assumption that
(g, %) is of tube type. Set
A} = {a € ¥} |ay- = $v; for some j}.
Put
0" = B,epr(0c)-a

Then p~ = p; @v~. Furthermore we have

(1) B(X,Y)=0for X €p;, Y €0,

We also record the following simple consequence of {1).

Lemma 3.1. {f € S(p7)|{f, S(pi")} = 0} = S(p™)o~

The following lemma is eritical to our generalization of the results of the previous
section.

Lemma 3.2, Ietl <j<landletny 2ny = ... 2 n; 2 0. Then

S(p™ )1y s 2550y, 0] 0 S(BT ) = (87 Yt oy

In particular, S(p~)[m,...,m] N S(p; ) = Cuf™.

Proof. Set ¢; = tNg}. Then S(p~)m ,,..,ﬂ;]ﬂ.ﬁ'(pi—} is Bj-invariant. Since S{p;’)
decomposes under £ into irreducible pieces with multiplicity 1, this intersection is
thus a direct sum of spaces of the form S(p} )[m,...,m;]. But if S{p; )[m1,...,m;]
occurs in the intersection then

e u;-"_*']“_m"u;"’ € S(p7)n1y .- mj,0,..., 0]
This is only possible if m; = n; for all i
Let vy, ..., tg(m) be a basis of S(p~)[m,...,m] such that

mf]’

fwivi) = iz H l-_[

p=1lr=1

r.:+p (3.1)

We set

- E il (3.2)
i
Then Dy, is a t-invariant differential operator on S(p~). Our main result of this

sectlon is
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Theorem 3.3. Letny = ng = ... = m 2 0. Then Dy, acts on S(p~)[n1, ..., 7]
by "Ql!:’rn{ﬂ'h ---,H-l':l'-li- with

J'm—ii

P, ey HH{TC‘FTH_J]

=1 j=0
Proof. We may assume that v; is u® (see (2),(3) in section 2). Since D, is
t-invariant, Schur’s Lemma implies that Dy, acts on S(p~)[m, vy tf] by a scalar
multiple of the identity which we denote by tim(ni,...,m). Let
by =n; —ngy ki =y —mp k=g,
as usual. Then u® --- uf' € S(p7)[n1y -] N1 S(p; ) (see (2) in section 1). Thus

(Dt - uft ubt o uf) = Pon(n, g ma)uf o ugt - ),

Now, Lemma 3.2 says that
S(p~)[m,....,m] N S(p; ) = Cu™.
Thus if j > 1, {v;, S(p; )} = 0. Let X; be a basis of 0™ then Lemma 3.1 implies
that ¥; = 37, Li; X; with L;; a differential operator on S(p~). (1) above implies

X oouf =0.

Thus

{Dmul u:“,ui : ’}—({u! 71 uI . u‘ ,u:' u:“}.

We note that all terms in the right hand side of this formula are in S(p; ). Thus
i is given by the formula in section 2. The result now follows from (2),(3) and
(5) in section 2.

There are also generalizations of the operators Z,, of section 2. The simple trick
that was used to relate the Dy, and the Z,, in the tube type case won't work with
out modification. However, let us give a method for analyzing these operators for

=1, = 2. Thus &; = Eliljﬁt.rt Let Xi,..., X, be a basis of p~ such that
{X.,X ) = &;. Set E =3 X;X; (the usual Euler operator). Then it is easy to see
that

Z[‘H“ ] = al + bE.

Thus Z; = af + bE + Dy. Clearly Z;1 = a. Now
{Z11,1) = T, {vi,w:) = d(1) (1 + 3¢)-
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This computes a. If X € p~ then
41X =aX +bEX = (a+ B)X.
Henee

nla+b) = z{zlj{h X;) = E{uk}fj-,wxj} =

] Ik

Yo (X, Xjo) = 3 (XX ve, va) = nd(1)(1 + %c} + 3 (Bve,ua) =
1.k k

(n -+ 2)d(1)(1 + %c).

Henee b= %ﬂ (14 F¢). This implies
Lemma 3.3. Assume that | = 2. Then Z; acts on S(p~)[ny,ng] by
c 2d(1
a1 +5)+ 22004 Sy, 4 mg) + (s, ma).
Here d(1) = dimS(p~)[1, ..., 1].

Notes. 1. If d(1) = 1 (i.e. the tube type case) then the above formula is one
for w1(ny,ny) (see (3) in section 2). 2. The two cases of interest for this result
are the Hermitian symmetric real form of E; and SU(p,2). In these cases we have
respectively d(1) = 10, p(p—1)/2, c = 8,2 and n = 16, p(p— 1)/2. This implies that
the formulas for the “2's” are not especially nice in the general case.

4. The operators corresponding to the basic representations. If v, it
is an orthogonal basis of S(p~)[ny, ..., n(] such that (see (6) section 2)

g - e LRt ] f=1=8_mn mi=ngz 1= ®y_n;
(o, i) = (" ™™ w1 T g 0 B i B

D, = Z uiT;.

]

then we set

Clearly, D commutes with the action of tc on S(p~).

Lemma 4.1. (Compare [K-S]) Fixn; > ny > ... > n; = 0. Then there ez-
ists a polynomial on C', A,, of degree ny + ... + n; such that AnlZay ey Tal) =
Aa(z1, ..., 31) for all s € Si(the symmetric group on l-letters) such that D, acts on
S(p=rmyy e my] by

An(my + JI_Tlf.:,ﬂ'.l’.tg T I—;Ec, ey )L

Proof. We set ky = my —my, ... ks = my_y — my, by = my. Let

Ups = uf‘u,h e -uf‘.
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Schur’s Lemma implies that Dn acts on S(p~)[mi,....,my] by a scalar multiple,
jtn(m), of the identity. So in in particular,

Dot = ftn(m)um

But (2) in section 1 implies that uy, € S(p; )| my,...,m;]. Lemma 3.2 (applied
to the case j = I) implies that if we take v;,...,v; to be an orthonormal basis of
S(p; )mi,...,my) then Tjum = 0 for j > ¢. This implies that we may (and do)
assume that g = g".

Let E = E, +...+E,,. Let K¢ be the subgroup of Aut(gc) generated by the gads
X € be. Then K¢ - E is open in p*. We identify 5(p~) with, P(p*), the polynomials
on pt (as usual). It now is standard (cf. [S]) that H = {k € K¢|kX = r} is the
set of fixed points for an involutive automorphism of K¢, #,. Schmid's argument in
his proof of the decomposition of P(p*) into isotypic components proves also that
the restriction of P (p*) to K¢ - E is the direct sum of all holomorphic spherical
representations of the pair (Kg,#8,) and the pull-back of Dy, corresponds to a Keo-
invariant differential operator on K /H whose order is the same as that of D,.
We note that = = {h € h|é:h = —h} and that the action of the restricted Weyl
group of the pair on h~ corresponds to the permutations of 71,..., 7. There exists
a constant ¢, such that

pr(Hy) = Sle+c,.

The result now follows from the Harish-Chandra isemorphism theorem (cf.
[He2]).

We will now concentrate on the operators of Dy for ny = 1,..,n; = 1 and

= 0 for i > j. We will denote these these operators by L;, § = 1,...,I. Then
the operator denoted by I} in the previous sections is L;. we denote by yu; the
symmetric polynomial A, associated with L; in Lemma 4.1. The next result gives
a formula for pj, j = 1,...,I. In order to state it we will need some notation. Recall
that the basic symmetric functions in | variables are defined by

H £+ ;) Etr J'af_,lf:rl, s T
j=1 j=0
We also define symmetric functions 7;,4, homogeneous of degree j in g variables by

T = L riten o)

J=0
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Theorem 4.2. yy=op. If1 <j <! then

i
c .
pi = Z{'E}PTJ’*‘—J‘{I'E""‘I —1mi—p.

p=0

The proof will take some preparation. We first observe

Lemma 4.3. Fiz y € C. If f is a polynomial of degree at most j, with 0 <7 <1,
such that f(z,,..,2a) = f(z1,.0, %) for all 5 € 51 and if

flz 1z + ¥y ) =0

for (z1,...,x;) in @ Zariski-dense subset of C’ then f = 0.

Proof. If we replace f by g with g(zy,...,z) = flz1 + ¥, 2y + ¥) we may
assume that y = 0. Now, the first fundamental theorem of invariant theory for 5
implies that there exists a polynomial ¢ on C! such that if u(zy,...,51) = @(x;
,23 ,...,z}) then degu = degf and f(z) = @(1(z), ..., o1(x)) for all z € C'. Degree
considerations imply that ¢ cannot depend on the last | — j variables. Set Fiz) =
(e1(z), ..., aj(z)). Then F(C') = {F(z,0)|z € C’}. Thus if ¢(e1(z,0),...,0;(z,0))
= 0 for all z € C7 then o = 0. Thus if ¢(zy(z,0),...,5(z,0)) = 0 for all x in a
Zariski-dense subset of C’ then = 0. The result now follows.

Lemma 4.4. Let 1 < j < I. Then the restriction of L;j to S(p~)[m 1,...,m;,0,
0] is given by H{_] (m; + iz;*.c“_lf.

Proof. (2) in secction 1 implies that if m; > my = ... 2 m; = 0 then uy, € S(p;
Y[m1y .oy mj). Let Ay be the eigenvalue of L; on S(p~)[mi,...,m;,0,..,0]. Then
Lty = Amttm. If we apply Lemma 3.2 and the argument in the proof of Theorem
3.3 we see that Ljum = (4% um. The result now follows from Theorem 3.3.

We now begin the proof of Theorem 4.2. We observe that of p < ¢ then

Fi(Z1y000 Tpy 0,00y 0) = o5(214 000n Tp)

where the ; on the left hand side is the elementary symmetric function in q vari-
ables. Also, if p < g then

TiqlZ15 1009 Zpy 0y 00y 0) = T 0( 215 000s Tp )

We will thus drop the second subseript in 7 and just indicate the pertinant variables.
We observe that

'} i I
[T+ =) =]t +=) [] tt+=0

i=1 i=1 i=j+1
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This implies that

(1) og(®1y 0 2) = Lo el Zit1; -1 20)Tg—p(Z1, -, F5)-
We also observe that

1 7
[T +ta:) =) tPap(a1, .., 2)-
=1 p=0
Since A
I ;'[1+fr*] %
HI_]{]' +itl i
we have

(2) Ep-ul: 1P 1y g)omp(zy, 2y ) = o for0<m < g.
If we combine (2) with (1) we have

() '?_:'{311 ---,Ej} - E::u {_UPTP{IJ+1H--1 Ig]ﬂj—p{iﬁ pren m!}'

In light of (3}, Lemmas 4.1,4.3 and 4.4 imply that

3Ty, ey ) = ;=D{—1]PTP(—§,.—C,-"1 —‘—;'T-c]l-:rj_P{ml - %lc, ey B — ‘—;-T-c:l

Indeed, we apply (3) to (m; + J';—lc,...,m_,-,—g ,...,—-I-%J-c}. We simplify this
formula using the homogeneity of 7.

(4) pj(x1y.en @) = E;=u(§}FrP{l,2+...I — foj—p(z1 — l—?—c, g & — I—;J'-r:]

Since [Ti., (t+ s+ i) = Xy 1977 0 (21 + 8,..., 74 + 8), we have

=~ fg—u+
oalzy + 8,0 2g +8) = z (q ks P) gty p(Ti, .. Fg )

p=0

We apply this to (4) and have (after a few manipulations of indices)

(5) 5 = Thao (Thco Tamulls 2l =905 = D°(5) ()40
We now show how (5) implies the assertion of Theorem 4.2, Observe that

ﬁ = St Gen,

p=0

If we replace # with § + s in this expression, apply the binomial theorem and
equate coefficients of ¢ then we have

a1 — &,y By — 8) = E ( gt )r,,_,.{.zh...,:rg}.

f0<=r<=pthem
r r
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We use the above two formulas with s = [—j, g =1—j+1,mi =4, i =1,.., 1],
Ty_je1 = 0 to find that

i
c .
= E{—EJPTP{I,E,...,I—}]{r_,-..,,.

p=0

The proof of Theorem 4.2 is now complete,

We now give a solution to a problem posed by Kostant. We first note a combinatorial
lemma.

Lemma 4.5.

i

E{—I}prl::rh ..,,:Gr-,:lcl’j...,,l[th “'\If—p—l} — Jﬂ.j-
p=i

Proof. By induction on I. If [ = 0 then it is clear. Assume for [ — 1. We now

prove the result for ! by induction on j. If j = 0 then the result is clear. If j =1

then it just says that a1(zy,...,z1-1) = 71(21,...,T1-1). We assume the result for

j — 1 and consider j > 1. A simple manipulation of generating functions implies
(1) TplEryees Tg) = FaTp2(T1, 0 Tg) + TalZzy o Bg).

Consider

i
Z{—l}”r_,[z;, ry Elmp )0 G —p(T1 g vony Tlmp=1) =
p=1

j=1
=5 Z(—ljpfﬂl{ﬁs Bt T (2 Bl ) =
p=0
-1
=T E{_”PTP'[I’I:' ooy Elmp=1 )Tmp=1(T1; ooy Thmp-2)—
p=0
-1
E{—l:lp?‘ﬁ+||::lfz, ...,:I!;_P_|:|{Ij_p._]l[$:| ¥ "“.vIl—P—E}'
p=0

The first term in the last expression is ) by the inductive hypothesis, To analyze
the second term we observe that

Fp(Z1y ey Tg) = Op(F2,.0ns Bg) + L105-1(T2, .., Ty)-
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This implies that the expression that we are computing is

=1

- Z{—ll"fﬁi{m,--q Tlmp=1 )T jmpm1(E2y eoey Tr—p2)—
p=0

i-1

e Z{—l}"ﬁﬂ (23 10y Tlmpm1 W jmp—2(T2y ey El—p—3z) =
p=0

=0j(22,..1T1=1) = £10j-1(F2, ..., Ty—y)

by the assumption for { — 1. The result now follows,
We define a new set of operators

§
Cj = Z{E]HUH[L Er-'wf _j -1+ H}L-i_.'

=0
Theorem 4.6. C; acts on S(p~)[ny, ..., 0] by the scalar
ai(ng + I-T]C,ﬂz - %c, veny T )
Proof. If yy, ...,y are indeterminates then we form the matrix

1 0 0 0
=71y e H1-1) 1 0 0

T = | m2lvsm-z)  —miln,-nvi-z) 1 1 g
—7a(v1y - ti-3)  Talva, - ti-a) =715 ti-3) 1

Theorem 4.2 implies that if we set
Ta

T
o3

and
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then T}S = M if i; = I;—ic. We assert that the inverse to T} is given by

1 0 0 0
1Yy 1) 1 0 0
a1, ti—1) 1y, t—z) 1 0

Fa{yy e Wi-1) O2(yny o W-2) F1(y, e ti-z) 1

This will imply the lemma, We prove the assertion by induction on [ If [ = 1 the

result is clear. Assume for { — 1. Then the inverse of T} is of the form

1 ] 0 0
41 1 U [.]
£z a:{yh--qyr-z] 1 0

1

23 T2lViy e ti-z)  F1(¥1 o r-s)

Lemma 4.5 implies that z; = oi{y1,...,1-1). This completes the proof.
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