
Math 171A Homework Assignment #1

Due Date: 11pm, Sunday, January 21, 2024

Cautions: i) Show all major computational steps and proofs in your submitted solutions. ii) Any solutions
obtained from software or electronic device will not receive any credits. iii) Only first 5 questions are required
to be submitted for grading. The remaining questions are optional (not submitted for grading), but they
are encouraged to be done for the purpose of maximizing your learning of optimization.

1. (10 points) Find the minimizer for the following LP: min 4x1 − 7x2

s.t . 3x1 + 4x2 ≤ 5,−5x1 + 3x2 ≤ 4,
4x1 − 5x2 ≤ 3,−4x1 − 3x2 ≤ 5.

2. (10 points) Find a minimizer for the following LP:
min 2x1 + 3x2 + 4x3,
s.t . 3x1 − 4x2 − 5x3 ≥ 6,

3x1 + 2x2 + x3 = 12,
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

3. (10 points) Find the maximizer of the following LP:
max 3x1 + 5x2 + 7x3

s.t . 2 ≤ x1 + x2 ≤ 3,
x1 + x2 − x3 = 1,
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

4. (10 points) Find a minimizer for {
min |x|+ |y|
s.t . 5x+ 7y ≤ −10.

5. (10 points) Find a maximizer for: {
max |x|+ |y|
s.t . 3|x| ≤ 2y + 2, y ≤ 3.

The following questions are optional, not required for grading.
Please do NOT submit them in Gradescope.

6. For a parameter a, consider the following LP: min ax+ y
s.t . x+ 2y ≤ 4,−y + 2x ≤ 4,

x ≥ 0, y ≥ 0.

Find the range of values for a such that the minimizer of this LP is ( 125 , 4
5 ).

7. Suppose a1, a2, a3 are linearly independent vectors. Determine all possible values of β1, β2 such that
the vectors a1 + a2, a2 + a3, β1a3 + β2a1 are linearly dependent.
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8. Consider the linear system Ax = b where

A =


3 3 4
2 −3 5
1 6 0
2 0 1
6 3 0

 , b =


0

−4
3
1
7

 .

Determine if the linear system Ax = b is compatible or not. If yes, express all solutions in the parametric
form; if not, explain why.

9. Assume vectors u1, . . . , ur ∈ Rn are such that

uT
i uj =

{
0 if i ̸= j

i · j if i = j.

Show that u1, . . . , ur are linearly independent.

10. Consider the matrix A and vector b given as

A =

[
2 2 −4
1 1 −2

]
, b =

 1
−1
2

 .

(a) Find orthonormal bases for Null(A) and Range(AT ) respectively.

(b) Find vectors bR ∈ Range(AT ) and bN ∈ Null(A) such that b = bR + bN . Verify that bR ⊥ bN .

11. Let A ∈ Rm×n. Show that

dim Null(A) + dim Range(AT ) = n, dim Null(AT ) + dim Range(A) = m.

12. Let A ∈ Rm×n, B ∈ Rn×l. Show that:

(a) If ABx = b is compatible for all b ∈ Rm, then rank(A) = m.

(b) If ABx = 0 has only trivial solution, then Bx = 0 has only trivial solution.

13. Let A ∈ Rm×n.

(a) Show that Range(ATA) = Range(AT ) and Null(ATA) = Null(A).

(b) Show that the linear system ATAx = AT b is compatible for all b ∈ Rm.

14. Let A ∈ Rm×n and B ∈ Rp×q be two matrices. Show that

rank

[
A 0
0 B

]
= rankA+ rankB.

15. Let A ∈ Rn×n. Show that there exists a positive integer k ≤ n such that

Range(Ak) = Range(Ak+1).
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