Practice Final of Math 170B

. Apply Simpson’s 3-rule to evaluate f03 oz da.

. Apply two-point Gaussian Quadrature formula to evaluate the integral f_ll (23 +2%)dz. What
is its error?

. Determine the coefficients a, b, ¢ such that for all quadratic polynomials f it holds that
1
[t = af (=1 +b50) + 1 (1/2).

. Derive a Gaussian type quadrature formula for evaluating the integral f02 f(x)dz, which is
accurate for all polynomials of degree 3.

. Given zp > 0, define a sequence {z,} as follows

1
Tp = =Tp—1 + , n=1273, ...
2 Tn—1

Suppose {z,,} converges. Find the limit and the order of convergence.
. Let f(z) = exp(z). Find a polynomial P(x) such that

P(0) = f(0), P'(0) = f/(0), P(1) = f(1), P'(1) = f'(1).
Also find an error bound for this interplation.

. Let f(z) € C™"*1[0,1]. Suppose that f[zo,...,z,] = 0 for all points zg < 1 < -+ < Tp.
Show that f(z) is a polynomial with degree less than n.



Solutions

. The Simpson’s %—rule is

b 3h
[ s = S (7mn) + 3£ (0) + 3f(w2) + faa)

where h = (b —a)/3 and z¢g = a,x; = x¢ + th. By this rule, the integral f03 H%dm can be
approximated by the formula as

g[f(O) +3f(1) +3f(2) + f(3)] = %ﬂ n g n g n %) _ g

. The two-point Gaussian Quadrature formula is

[ e s+ s,
1 V3 V3
So, f_ll(x3 + 2%)dx can be approximated as
NN SR SR Y SO S B

The true value of the integral is

/1 (23 + xh)dz = 2/5.

1

So, the error of the Gaussian Quadrature formula is
2/5 —2/9 = 8/45.
. Just solve the equations
2
2=a+b+c, 0=-a+c/2, 3 =a+ c/4.

So, we get

a=—-, b=-— c:§.
9

. This can be done by applying integral transformation

/02 F(a)de = /_11 F@+1)da.

So, the Gaussian quadrature formula of degree 3 is

2 1 1
/0 flayde & f(1= )+ F0+ o).



5. The limit is v/2. Using the iteration formula, one can check that

xnﬂ_\@zw.

2x,

Therefore,

LTn+1 — \/§ 1

(xn - \/5)2 B 2\/5

So the convergence order is 2.

6. Apply the Hermite Interpolation formula

P(z) = f(0)Hio(z) + f()Hi1(z) + f/(0)Hio(z) + f/(1)Hi ()

e Hio(x) = [1 = 2( — z0) L o(x0)] L7 o (x) = (1 + 22)(1 — z)?,
Hy(z) = [1 = 2(z — 21) L (01)] L3 (2) = (3 - 22)a%,
Pfl,o(m) = (z — xO)LiO(x) =z(1-2)%
Hyi(z) = (z — 1) L3 1 () = (z — D)a?,
So, we get

P(z) = (14 3z)(1 — 2)* + (2 — z)2°.

7. For z and € > 0, let ©; = x +ie for i = 0,1,...,n. Then there exists £ € (x,z + ne) such that

0= flxog,...,xn) =

So, f(M (&) = 0. Let € — 0, then
f™(z) = 0.

The above is true for all x. So, the function f must be a polynomial function whose degree
<n.



