
Practice Final of Math 170B

1. Apply Simpson’s 3
8 -rule to evaluate

∫ 3
0

1
1+x2dx.

2. Apply two-point Gaussian Quadrature formula to evaluate the integral
∫ 1
−1(x

3+x4)dx. What
is its error?

3. Determine the coefficients a, b, c such that for all quadratic polynomials f it holds that∫ 1

−1
f(x)dx = af(−1) + bf(0) + cf(1/2).

4. Derive a Gaussian type quadrature formula for evaluating the integral
∫ 2
0 f(x)dx, which is

accurate for all polynomials of degree 3.

5. Given x0 > 0, define a sequence {xn} as follows

xn =
1

2
xn−1 +

1

xn−1
, n = 1, 2, 3, . . .

Suppose {xn} converges. Find the limit and the order of convergence.

6. Let f(x) = exp(x). Find a polynomial P (x) such that

P (0) = f(0), P ′(0) = f ′(0), P (1) = f(1), P ′(1) = f ′(1).

Also find an error bound for this interplation.

7. Let f(x) ∈ Cn+1[0, 1]. Suppose that f [x0, . . . , xn] = 0 for all points x0 < x1 < · · · < xn.
Show that f(x) is a polynomial with degree less than n.
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Solutions

1. The Simpson’s 3
8 -rule is∫ b

a
f(x)dx =

3h

8
[f(x0) + 3f(x1) + 3f(x2) + f(x3)]

where h = (b − a)/3 and x0 = a, xi = x0 + ih. By this rule, the integral
∫ 3
0

1
1+x2dx can be

approximated by the formula as

3

8
[f(0) + 3f(1) + 3f(2) + f(3)] =

3

8
(1 +

3

2
+

3

5
+

1

10
) =

6

5
.

2. The two-point Gaussian Quadrature formula is∫ 1

−1
f(x)dx ≈ f(− 1√

3
) + f(

1√
3
).

So,
∫ 1
−1(x

3 + x4)dx can be approximated as

(− 1√
3
)3 + (− 1√

3
)4 + (

1√
3
)3 + (

1√
3
)4 =

2

9
.

The true value of the integral is ∫ 1

−1
(x3 + x4)dx = 2/5.

So, the error of the Gaussian Quadrature formula is

2/5− 2/9 = 8/45.

3. Just solve the equations

2 = a+ b+ c, 0 = −a+ c/2,
2

3
= a+ c/4.

So, we get

a =
4

9
, b =

6

9
, c =

8

9
.

4. This can be done by applying integral transformation∫ 2

0
f(x)dx =

∫ 1

−1
f(x+ 1)dx.

So, the Gaussian quadrature formula of degree 3 is∫ 2

0
f(x)dx ≈ f(1− 1√

3
) + f(1 +

1√
3
).
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5. The limit is
√
2. Using the iteration formula, one can check that

xn+1 −
√
2 =

(xn −
√
2)2

2xn
.

Therefore,
xn+1 −

√
2

(xn −
√
2)2

=
1

2
√
2
.

So the convergence order is 2.

6. Apply the Hermite Interpolation formula

P (x) = f(0)H1,0(x) + f(1)H1,1(x) + f ′(0)Ĥ1,0(x) + f ′(1)Ĥ1,1(x)

where
H1,0(x) = [1− 2(x− x0)L

′
1,0(x0)]L

2
n,0(x) = (1 + 2x)(1− x)2,

H1,1(x) = [1− 2(x− x1)L
′
1,1(x1)]L

2
n,1(x) = (3− 2x)x2,

Ĥ1,0(x) = (x− x0)L
2
1,0(x) = x(1− x)2,

Ĥ1,1(x) = (x− x1)L
2
1,1(x) = (x− 1)x2,

So, we get
P (x) = (1 + 3x)(1− x)2 + e(2− x)x2.

7. For x and ϵ > 0, let xi = x+ iϵ for i = 0, 1, . . . , n. Then there exists ξ ∈ (x, x+nϵ) such that

0 = f [x0, . . . , xn] =
f (n)(ξ)

n!
.

So, f (n)(ξ) = 0. Let ϵ → 0, then
f (n)(x) = 0.

The above is true for all x. So, the function f must be a polynomial function whose degree
< n.
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