Practice Midterm II of Math 170B

. Let f(x) = exp(z). Find a polynomial P(x) such that
P(0) = £(0), P'(0) = £(0), P(1) = f(1), P'(1) = f'(1).
Also find an error bound for this interplation.
. Suppose x; = j for j =0,1,2,3 and it is known that
Poi(x) =x+1,Pi2(z) =3z —1,P123(1.5) =3.
Compute Pp123(1.5).

. Find constants cg, c1, ¢ such that f/(1) = ¢ f(0) +c1f(1) + c2f(2) is correct for all quadratic
polynomials f(x).

. Use forward difference formula and Richardson’s Extrapolation technique to derive a formula
Ns(h) such that f'(zo) = N3(h) + O(h?).



Solutions

1. Apply the Hermite Interpolation formula

P(z) = f(0)Hio(z) + fF()Hi1(z) + f/(0)Hip(z) + f/(1)Hi ()

e Hig(z) = [1 —2(z — z0) L} o(20)] L2 () = (1 +22)(1 — 2)?,
Hy(z) = [1 = 2(z — 21) L, (01)] L3, (2) = (3 — 22)a?,
Hyo(z) = (z — 20) L7 o(x) = x(1 — 2)?,
Hyi(z) = (2 — 1) L7 1 (2) = (z — 1)a?,
So, we get

P(z) = (14 3z)(1 —2)% + e(2 — z)2°.
2. By Neville’s formula, we get

(.1‘ — ZCO)PLQ(LU) — (:E — xQ)P(),l (m)

P =
0,1,2(2) pra— )
Potos(x) = (z —z0)Pras(2) — (x — 23)Roa2(2)
3 — 2o

Note that
Py1(1.5) =2.5,P12(1.5) = 3.5, P1 23(1.5) = 3,

so we compute that
Py12(1.5) = 3.25,

Po123(1.5) = 3.125.
3. We need to compute ¢, ¢1, c2 such that the formula is true for f =1, z, 22, so
co+c1+co=0,

1+ 2c =1,
c1 +4co = 2.

Solving the linear equations, we get

60:—1/2, 61:0, 02:1/2.

4. By Richardson’s extrapolation, we compute that

f(zo+h) — f(zo)

Ni(h) =

h 9
Ny(h) = 2N1(h/2) — Ni(h) = —flzo+h) + 4f(:Zo +h/2) — 3f($0)7
_ 4ANa(h/2) = No(h) _ f(wo +h) = 12f (w0 + h/2) +32f (v + h/4) = 21f (xo)
e 3 - 3h :



