
Practice Midterm II of Math 170B

1. Let f(x) = exp(x). Find a polynomial P (x) such that

P (0) = f(0), P ′(0) = f ′(0), P (1) = f(1), P ′(1) = f ′(1).

Also find an error bound for this interplation.

2. Suppose xj = j for j = 0, 1, 2, 3 and it is known that

P0,1(x) = x+ 1, P1,2(x) = 3x− 1, P1,2,3(1.5) = 3.

Compute P0,1,2,3(1.5).

3. Find constants c0, c1, c2 such that f ′(1) = c0f(0)+ c1f(1)+ c2f(2) is correct for all quadratic
polynomials f(x).

4. Use forward difference formula and Richardson’s Extrapolation technique to derive a formula
N3(h) such that f ′(x0) = N3(h) +O(h3).
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Solutions

1. Apply the Hermite Interpolation formula

P (x) = f(0)H1,0(x) + f(1)H1,1(x) + f ′(0)Ĥ1,0(x) + f ′(1)Ĥ1,1(x)

where
H1,0(x) = [1− 2(x− x0)L

′
1,0(x0)]L

2
n,0(x) = (1 + 2x)(1− x)2,

H1,1(x) = [1− 2(x− x1)L
′
1,1(x1)]L

2
n,1(x) = (3− 2x)x2,

Ĥ1,0(x) = (x− x0)L
2
1,0(x) = x(1− x)2,

Ĥ1,1(x) = (x− x1)L
2
1,1(x) = (x− 1)x2,

So, we get
P (x) = (1 + 3x)(1− x)2 + e(2− x)x2.

2. By Neville’s formula, we get

P0,1,2(x) =
(x− x0)P1,2(x)− (x− x2)P0,1(x)

x2 − x0
,

P0,1,2,3(x) =
(x− x0)P1,2,3(x)− (x− x3)P0,1,2(x)

x3 − x0
.

Note that
P0,1(1.5) = 2.5, P1,2(1.5) = 3.5, P1,2,3(1.5) = 3,

so we compute that
P0,1,2(1.5) = 3.25,

P0,1,2,3(1.5) = 3.125.

3. We need to compute c0, c1, c2 such that the formula is true for f = 1, x, x2, so

c0 + c1 + c2 = 0,

c1 + 2c2 = 1,

c1 + 4c2 = 2.

Solving the linear equations, we get

c0 = −1/2, c1 = 0, c2 = 1/2.

4. By Richardson’s extrapolation, we compute that

N1(h) =
f(x0 + h)− f(x0)

h
,

N2(h) = 2N1(h/2)−N1(h) =
−f(x0 + h) + 4f(x0 + h/2)− 3f(x0)

h
,

N3(h) =
4N2(h/2)−N2(h)

3
=

f(x0 + h)− 12f(x0 + h/2) + 32f(x0 + h/4)− 21f(x0)

3h
.
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