
Practice Midterm I of Math 170B

Instructor: Jiawang Nie

1. Find the convergence rate of the following functions as h → 0

lim
h→0

sin(h)− h · cos(h)
h

.

2. Let f(x) = x(x2−2). Apply Bisection’s method on the interval [−2, 3] to get a sequence {pn}
of approximate zeros.

(a) Compute p1, p2, p3, p4.

(b) What is the limn→∞ pn ?

3. Given x0 > 0, define a sequence {xn} as follows

xn =
1

2
xn−1 +

1

xn−1
, n = 1, 2, 3, . . .

Suppose {xn} converges. Find the limit and the order of convergence.

4. For the sequence {pn = 1
n}, use Aitken’s ∆2 method to construct a new sequence {qn} that

converges faster. Write down the explicit formula for qn. What is its convergence order?
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Solutions

1. Apply Taylor expansion
sin(h) = h− h3/6 + · · ·

cos(h) = 1− h2/1 + h4/24− · · ·

Plug them into the formula. We can get the convergence rate is h2/3, which is also O(h2).

2. We can compute that

p1 = 1/2, p2 = 7/4, p3 = 9/8, p4 = 23/16.

The limit of {pn} is
√
2.

3. The limit is
√
2. Using the iteration formula, one can check that

xn+1 −
√
2 =

(xn −
√
2)2

2xn
.

Therefore,
xn+1 −

√
2

(xn −
√
2)2

=
1

2
√
2
.

So the convergence order is 2.

4. The Aitken’s ∆2 method generates qn as

qn = pn − (pn+1 − pn)
2

pn+2 − 2pn+1 + pn
=

1

n
−

( 1
n+1 − 1

n)
2

1
n+2 − 2

n+1 + 1
n

.

One can verify that qn = 1
2(n+1) . The limit is zero. We can check that

qn+1

qn
→ 1.

So, the convergence order is 1.
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