
Math 271C Homework Assignment # 3

Instructor: Jiawang Nie

Assigned Date: May 14, 2010 Due Date: May 26, 2010

1. Let P be the following convex cone

P =
{

(f0, f1, f2, f3, f4) : f0 + f1x + f2x
2 + f3x

3 + f4x
4 ≥ 0 ∀x ∈ [−1, 1]

}
.

Find an SDP description for the dual cone P ∗.

2. Let M(x, y, z) be the Motzkin polynomial

M(x, y, z) = x4y2 + x2y4 + z6 − 3x2y2z2.

Show that (x2 + y2 + z2)M(x, y, z) is an SOS polynomial. (Hint: use SOSTOOLS).

3. Let f(x) be the following bivariate polynomial

f(x) = x4
1 + x2

1 + x6
2 − 3x2

1x
2
2.

What is the global minimum fmin of this f(x)? What is the lower bound fsos returned by
the standard SOS relaxation? Does fsos = fmin? (Hint: use Gloptipoly or SOSTOOLS).

4. Let f(x) be a polynomial of degree 4 in x ∈ R3 bounded from below, with infinimum fmin.
Let f∗ be the optimal value of the following SOS program

(P ) :
{

max γ
s.t. (1 + xT x) · (f(x)− γ) ∈ Σ3,6

Show that f∗ ≤ fmin. Formulate the dual problem (D). Does the strong duality hold between
(P) and (D)? Justify your answer.

5. Consider the dynamic system described as
{

ẋ1 = −x1 − 2x2
2,

ẋ2 = −x2 − x1x2 − 2x3
2.

In the above, x = x(t) is the sate function. A quadratic form V (x) = xT Ax with A Â 0 is a
Lyapunov function if

d

dt
V (x(t)) ≤ 0

for all states x = x(t) satisfying the above dynamic system. Formulate an SDP for how to
find a Lyapunov function. Find an explicit Lyapunov function for this system.
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