Lecture 25 Binary Optimization and SDP

1 Binary Optimization
Let A be a symmetric matrix. The standard binary quadratic optimization is

max xlAx
2 _ 1 i _
st. z;=1,1=1,...,n.

Example 1. The maximum cut (MAXCUT) problem consists in finding a partition
of the nodes of a graph G = (V, E) into two disjoint sets V; and Vo (V1 NV, = (),
ViUV, =V), in such a way to maximize the number of edges that have one endpoint
in V7 and the other in V5. It has important practical applications, such as optimal
circuit layout. The decision version of this problem (does there exist a cut with value
greater than or equal to K?) is NP-complete.

We can easily rewrite the MAXCUT problem as a binary optimization problem. A
standard formulation (for the weighted problem) is the following:

max Yo oep Wij(Ti — ;)

st. ¥?=1,i=1,...,n.

Here w;; is the weight corresponding to the (4, j)-edge, and is zero if the nodes i and
j are not connected. The decision variable x; = 1 means x; € V;, and x; = —1 means
x; € Vé

2 SDP Relaxation

The binary quadratic optimization is equivalent to

max AeX

st. X;y=11=1,...,n,
X=XT>0
rank X = 1.

Removing the rank constraint in the above, we get an SDP

max AeX
(P) s.t. Xiizl,izl,...,n,
X=XT>0

The dual of the above is

. min 31 A
(D) : { s.t. A <diag(Ay, ..., A\n).

Theorem 2. Both (P) and (D) have a optimizer, and their optimal values are equall.



3 Performance of SDP relaxation

Let X be the optimal solution of SDP relaxation.
e Factorize X = VTV with V € R™". Here V = [vl o vn] and r = rank X.
o We have X;; = vTUj and X;; = 1. So v; are vectors in the unit sphere.

e Let £ be a random vector with uniform distribution on the unit sphere S*~!. For
every £ choose x = z(§) as follows

1 ifefE>0
zle) = {—1 it ol <0

So we have the expectation
E(x(6)T Ax(¢ ZAUE zi(&)x; () = ZAijE[sign(£Tvi)sz'gn(§ij)]
]
We can easily compute the value of this expectation. Consider the plane spanned by v;
and v;, and let 8;; be the angle between these two vectors. Then, it is easy to see that
the desired expectation is equal to the probability that both points are on the same

side of the hyperplane, mmus the probability that they are on different sides. These
probabilities are 1 — % and , respectively. So we have

E(x(6)TAx(§)) = Z Aj(1— % arccos(vi v;)) = % Z A;jarcsin(v] v;).

i i

Let vpq, be the optimal of the original binary quadratic optimization, and v, be
the optimal value of SDP relaxation.

Theorem 3. (i) If the BQP is from MAXCUT, then
Umazx S Vsdp S AUmag

where o = 1/0.878.
(i1) If A= 0 in BQP, then

7r
Umax S Vsdp S Evmam
Proof. (i) First, we have
2
E(x(6)TAx(¢)) = QZwU zi(&)x;(€))) = 2; Zwij arccos(X;;).
ij

Let o > 0 be the maximum constant such that

all—t) < 2 arccos(t), Vte[—-1,1].
7r



The maximum such « =~ 0.878... Then
2
E A =2- X)) >2 (1 — X
(z(£)" Az()) W%:w]arccos( i) > a%:wj( ;)
= Z’UJU<X” + ij — 2Xz> = QUsdp-
ij
In the above, we used every w;; > 0. Since every z(§) is feasible for BQP, we have
Vsdp Z Vbgp Z QUgqp-
(ii) From the lemma in the bottom, we have
arcsin(X) = X.

Here arcsin(X) is applied componentwisely. So

2 .
E(z(6)TAz(¢)) = - g A;jarcsin(X;;)
ij
2 2
> — E A X.. = = .
= I - ij<)ij ﬂ_vsdp

Here we used the fact that
Aearcsin(X) > Ae X, because A = 0.

Therefore, we proved that

Vsdp 2 Vbgp Z ;/Usdp-

Lemma 4. For any positive semidefinite X = 0 with —1 < X;; <1, it holds
arcsin(X) = X.
Here arcsin(X) is applied componentwisely.

Proof. Note that the coefficients of arcsin(z) are positive. So we get
o0
arcsin(X) — X = ZciXOk.
i=1

Note that if X, Y > 0, then their Hadamard product X oY > 0. This implies

arcsin(X) — X = 0.



