Lecture 24 Multivariate Moment Problem

1 Stopping criteria for Lasserre’s relaxation

Let K C R" be a basic closed semialgebraic set of the form
K={zeR": ¢4(x) >0,...,9m(z) >0}

defined by polynomials g;(z), ..., gm(x). If we want to minimize f(z) over K, the N-th
standard Lasserre’s relaxation is

f]t/ = min Za JaYa
st. L{(y)=0,i=0,1,...,m
Yo = L.

Here go(x) = 1, and Lgﬁv) (y) is the N-th localizing moment matrix of g;. Note that

Léﬁv)(y) is the standard moment matrix My (y).
A natural question is when does f equal the global minimum f,;,?

Theorem 1 (Curto and Fialkow). Suppose y is a moment vector feasible for the N-th
Lasserre’s relaxation, and d > 1. If the flat extension condition holds, that is,

r = mnkLéﬁv)(y) = mnkLéﬁV_l)(y)a

then y has a r-atomic representing measure supported on K, that is, there exists vectors
u®, . u € K such that

Y = /\1[u(1)]21v 4t /\T[u(r)]m‘
Here every \; > 0 and Ay + - - -+ \, = 1. Furthermore, every u® is a global minimizer

of f(z) on K.

2 Extracting global minimizers

As we can see, if y has a r-atomic measure, then
My(y) =VV?!
where V' is a matrix such that
V= [\/)\_1[U(1)]N \/)\_r[u(r)]N] )

Such a V' can be obtained by applying Cholesky factorization. Reduce V' to column
echelon form by applying Gaussian Elimination with column pivoting. So there exists
permutation matrix P and a lower triangular matrix L such that

vP=U-L".



The matrix U is in column echelon form like
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Pivot elements in U (the first nonzero entries in each column) correspond to monomials
2% (j =1,...,r) of the basis generating the r solutions. In other words, if

w = [I‘ﬁl x/ﬁ2 e xﬁv]
denotes this generating basis, then it holds
[z]y = Uw

for all solutions z € {u™®, ... uM}.
For each z;,7 = 1,...,n, extract from U the r x r matrix /N; such that

Nw=xw, i=1,...,n.

This means that z; is an eigenvalue of N;. Actually, for each j = 1,...,7, u'% is a
vector of common eigenvalues of Ny,..., N,.
To find all ©¥) simultaneously, we build a random combination of N; as

N= > ANi, A4+l =1X1>0.
=1

Compute Schur’s decomposition of N as

N =QTQ"
where () = [ql qa - qr] is an orthogonal matrix. Then for each j = 1,...,r, the
solution ul) is given as
() T

u =q; Nigz, t=1,...,n.
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The generating basis is
T
w = [1 T LUQ} .

Each row of U is indexed by a monomial. The dependence relation is

= —2+43m
1Ty = —4 + 21’1 + 21’2 .
3 = —6+ 51y
So we get
0 1 0 0 01
Ni=1|-2 3 0], No=|—4 2 2
-4 2 2 -6 0 5

Choose a random combination of Ny, Ny as
N = 0.6909N7 + 0.3091 N5
Compute Schur decomposition of N as N = QT QT where Q is

0.4082  0.1826 —0.8944
Q=] 0.4082 —-0.9129 —0.0000
0.8165  0.3651  0.4472

Finally, we get solutions
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uD = [Q1TN1(]1] _ {1} o ou® = [QQTquﬂ _ {2} = [qulq;))
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