Lecture 23 Lasserre’s Relaxation

1 Positive Polynomials

Let K ={z € R": g1(z) > 0,...,gm(x) > 0} be defined by polynomials g;(x), ..., gm(x).
The preordering and quadratic module generated by g;1(z), ..., gnm(z) are the sets

P(K) = Z o, (z)g1(x)"t - g ()™ 0, is SOS

M(K) = {Z oi(z)gi(x):  o; 18 SOS }

1=0

Define truncated prepordering and quadratic module as

PM(K) = Z o9t - gem s o, is SOS and deg(o,g7* - gim) < 2N

ve{0,1}m

1=0

MWN(K) = {zm: oi(x)gi(x) :  o; is SOS and deg(o;g;) < QN} .

If feP™N(g,...,gm) or MM (g1, ..., gn), then f(x) is nonnegative on K.
If g is a polynomial such that

g@ vzl = > AMa®, k= [deg(g)/2]

aeN™:|a|<2N

define the localizing matriz of g as

N N
LY@ = Y, Ay

aeN":|a|<2N
Theorem 1. The dual cone of M) (K) is

{y: LiV(y) =0, LNy =0, ..., LM(y) =0}

g1 gm

2 General Polynomial Optimization

Let f(x),g1(x),..., gm(z) be polynomials in z € R"™. Consider problem

min f(x
(POP): oy g1(<:c)>zo,...,gm(x>20-
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Let d; = [deg(g;)/2] and d = max; d;. Clearly, for any N > d, (POP) is equivalent to

max 7y
s.t. f(x) —~ is nonnegative on K

Using Putinar’s Positivstellensatz, we can get a lower bound for (POP) by using Sum
of Squares (SOS) approach. The Lasserre’s relaxation is the SOS program

(SOS)y - fﬁé? ‘= max
N st. f(z)—ve MM(K)
Its dual is the SDP

([ foon = min Y, fata
s.t. L(gi)V)(y) =0

(MOM)y : Ly (y = 0

. Yo=1

Note that L{™ (y) is the standard moment matrix My (y).
The above dual can be interpreted as follows. The original (POP) is the same as

min f(x)
st go(z)|z]n[z]% = 0,
q

(
(POP)y : () (2] n—a, [}y 4, = 0

g (@) [2]N-a, [2]}y_q,, = 0.
For each k£ = 0,1,...,m, defined symmetric matrices AN as

91(@) [N g, [T _q, = Z 2@ AN,

la|<2N

If we replace every monomial z® by a single parameter y,, then (POP)y is relaxed to

([ flom = min 3", fala
st. Yo, yaAgN’O) =0

(MOM)y - > 9aAS 2 0

Za yaA‘(XN’m) i 0
L yo =1

They are precisely the localizing matrices of polynomials g;(z).

Theorem 2. Let (MOM)y, (POP)x be as above. Then we have
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e The optimal values fs((];\é), fﬁ\% are always lower bounds for the global minimum

e The problems (MOM )y and (SOS)n are dual to each other.

o When the feasible set has nonempty interior, we have fs(ﬁ) = ,(711\072,1

o If a minimizer y* of (MOM)y has rank one, then a global minimizer x* of (POP)
can be obtained by setting

T =Y, Xy =Y.
It is feasible for (POP).
Example 3. Consider the quadratic optimization

min x1%9
st. 1—a3—a3>0.

The first Lasserre’s relaxation is

min -y
st. 1 —1y20 —yo2 =0,
I yio Yo
Yo Y20 Y11| = 0.
Yo1 Y11 Yoz

The optimal value of the above SDP is —1/2, which is equal to the minimum of the
QP.



