Lecture 21 Infeasibility of Polynomial System

1 Hilbert’s Nullstellensatz

Let fi(x),..., fm(z) € C[z]. When do we know the polynomial equations
fi(x) = falx) = - = fin(x) = 0

does NOT have a complex solution? A certificate for the emptyness is that there exist
polynomials ¢;(z), ..., gn(x) such that

() fi(x) + -+ g (7) frn(2) = 1.
Theorem 1 (Weak Nullstellensatz). Let fi(x),..., fm(z) € Clz]. They do NOT have

a common complex zero point if and only if there exist polynomials qi(x),. .., Gm(x)
such that

@ () fi(@) + -+ g(@) fm(2) = 1.
Example 2. The polynomial system
1+22=0, 14+22+2"=0
has no complex roots, because
2?1+ +1+22 +2* =1

Now suppose V(fi,..., fm) is nonempty. How do we know f(z) = 0 for all z €
V(fi, o fm)-

Theorem 3 (Strong Nullstellensatz). Let f(z), fi(z),..., fm(z) € Clz]. If f(x) van-
ishes on the variety V(f1,..., fm), then there exist a positive integer k > 0 and poly-

nomials q1(x), ..., qm(x) such that
f@) = aq(@) fi(@) + -+ gul@) fin(2).
Furthermore, if the ideal (f1, ..., fm) is radical, then we can choose k =1 in the above.
Proof. Consider the polynomial system in (z1,...,Z,,y)
1—yf(z) = fi(z) = = fm(z) = 0.

Then it has no complex solutions. By Weak Nullstellensatz, there exist p; and ¢ such
that

L=pifi+-+pufm+aq(l —yf)
Replace y be 1/f, we get

1 :pl(x71/f)f1 + e +pm(xv 1/f)fm
Now multiplying f™ for m big enough, we get

M=q@)fi+ -+ qu@) fm



2 Real Nullstellensatz
Let fi(z),..., fm(x) € R[z]. When do we know the polynomial equations
filz) = folz) =+ = fulz) =0

does NOT have a real solution? A certificate for the emptyness is that there exist
polynomials ¢;(z), ..., gm(x) and an SOS polynomial s(z) such that

s(@) + qu(@) fi(@) + -+ g () fn(2) = 1.

Theorem 4 (Real Nullstellensatz). Let fi(z),..., fm(z) € Rlz]. They do NOT have
a common real zero point if and only if there exist polynomials q;(x), ..., qn(z) and an
SOS polynomial s(x) such that

s(@) + qu(@) fi(@) + -+ gu(2) fn(2) = =1.

3 Positistellensatz

Let fi(z),..., fm(x),g1(x) ..., g (x), hi(x),..., he(x) € R[z]. When do we know the
set
S={zeR": fi(x)=0,gj(x) > 0,hi(z) #0, Vi, j k}

does NOT have a real solution?

Theorem 5. Let f;, g;, hi, be real polynomials in the above. Then the set S is empty if
and only if there exist real polynomials q;(x), sos polynomials o, and integers w; such
that and an SOS polynomial s(x) such that

m t
Y a@fi@)+ > ougi(@) - go(@)” + [ [ hnla)™ = 0.
i=1 ve{0,1}" k=1
Example 6. Consider the polynomial system
S={f=2—y*+3>0,g=y+2>+2=0}
is empty. There exist s3 and SOS s, s such that
s1+ sof +83-9=0.

Here s; are given as

1 3 1
S1 = §—|—2(y+§)2—|—6($— 6)2, So :2, s3 = —0.



