
Lecture 20 Zero-dimensional ideals and Hilbert Function

1 Zero-dimensional ideals

Definition 1. An ideal I ⊂ C[x] is zero-dimensional if the associated variety V (I) is
a finite set.

The zero-dimensionality of I can be checked as follows.

Theorem 2. Let G be a Groebner basis of an ideal I. Then I is zero-dimensional if
and only if for each 1 ≤ i ≤ n there exists an element in G whose leading terms is a
pure power of xi.

Consequently, the ideal I is zero-dimensional if and only if the quotient ring C[x]/I
is a finite dimensional vector space, with its dimension being equal to the number of
standard monomials. In this case, define n linear maps

Mxi
: C[x]/I → C[x]/I, f 7→ x̂if.

In the above, ĝ denotes the normal form of g. For convenience, also let Mxi
be the

matrix of this map.
Fact: The matrix Mxi

commute with each other, i.e.,

Mxi
Mxj

= Mxj
Mxi

, ∀ 1 ≤ i, j ≤ n.

This is because, for any f ∈ C[x], we have the relation

Mxi
(Mxj

f) = x̂ixjf = Mxj
(Mxi

f).

So they can diagonalized simultaneously by a nonsingular matrix V .

Example 3. Consider the ideal I = 〈xy− z, yz−x, zx− y〉. Choose the lexicographic
monomial ordering x ≺ y ≺ z, we obtain a Groebner basis

G = {x3 − x, yx2 − y, y2 − x2, z − yx}.
So this ideal is zero-dimensional. A basis for the quotient space C[x]/I is

{1, x, x2, y, yx}.
By definition, the matrices Mx,My,Mz are given as

Mx =




0 0 0 0 0
1 0 1 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0




, My =




0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
1 0 1 0 0
0 1 0 0 0




, Mz =




0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 1 0 0 0
1 0 1 0 0




.
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These matrices commute and can be diagonalized simultaneously by

V =




1 0 0 0 0
1 1 1 1 1
1 1 1 −1 −1
1 −1 1 1 −1
1 −1 1 −1 1




.

The diagonalization is given as

V MxV
−1 = diag(0, 1, 1,−1,−1),

V MyV
−1 = diag(0, 1,−1, 1,−1),

V MzV
−1 = diag(0, 1,−1,−1, 1).

The five points of V (I) are given as

(0, 0, 0), (1, 1, 1, ), (1,−1,−1), (−1, 1,−1), (−1,−1, 1).

2 Hilbert Function

For every integer s ≥ 0, define

I≤s = I ∩ C[x1, . . . , xn]≤s.

Define function

H(s) = dimC[x1, . . . , xn]/I≤s = dimC[x1, . . . , xn]− dim I≤s.

The H(s) is called the Hilbert function of I.

Theorem 4. Let I ⊂ C[x1, . . . , xn] be an ideal.
(i) If s is sufficiently large, H(s) is given by a polynomial HP (s), which is called Hilbert
polynomial of I.
(ii) The initial ideal in(I) and I have the same Hilbert polynomial.

Definition 5. The dimension of an ideal I ⊂ C[x1, . . . , xn] is the degree of its Hilbert
polynomial HP (s).

Example 6. Consider ideal I =< x3y2 + 3x2y2 + y3 + 1 >. In grlex order, in(I) =<
x3y2 >. For s ≥ 5, we have

dim I≤5 = dim in(I)≤5 = 5(s− 1).

So the dimension of I is one.

Theorem 7. Let I be an ideal of C[x].

• V (I) is finite if and only if dimC[x]/I < ∞.

• When V (I) is finite, its cardinality counting multiplicity equals dimC[x]/I.
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