Lecture 19 Groebner Basis

1 Monomial orderings

Definition 1. A monomial ordering on Clx] is a relation > on ZT, that satisfies:

1.
2.
3.

The relation > s a total ordering.
If o = and o € 77, then a4 = B+ 1.

The relation = is a well-ordering, that is, every nonempty subset of Z' has a
smallest element.

Typical monomial orderings are

Lexicographic. Here a ., [ if the leftmost nonzero entry of a — 3 is positive.
Notice that a particular order of the variables is assumed, and by changing this,
we obtain n! nonequivalent lexicographic orderings.

Example: on C[z,y], we have in lexicographical ordering
l<y<y?<-<x<ay<ay << <22y<s2yy?=<---
Graded lexicographic. Sort first by total degree, then lexicographic, i.e., & > gpjes

Bif |a| > | orif |a] = |5 and o >, B

Example: on C[z,y|, we have in graded lexicographical ordering
Il<y<zx<y’<ay<2? <y’ <oy’ <zly<2?<--

Graded reverse lexicographic. Here o > gepier 5 if || > |3, or if |a| = |5 and the
rightmost nonzero entry of a — 3 is negative. This ordering, although somewhat
nonintuitive, has some desirable computational properties.

General matrix orderings. Described by a weight matrix W € RFS*(k < n),
where a =y [ if (Wa) = (Wp). For W to correspond to a monomial ordering
as defined, the first nonzero entry on each column must be positive.

Example: For a = 233?28 and 3 = 2%¢y%2?, we have

O > lex /67 o >'grleﬂv ﬁu 84 "<g7"evlem ﬁ

2 Groebner bases

An ideal in CJz] is a monomial ideal if it is generated by monomials.

Fix a monomial ordering . For any polynomial, denote by in(f) its biggest mono-
mial (also called the leading term). Given an ideal I, its initial ideal in(I) is the the
monomial ideal generated by the leading terms of all the elements in I, i.e.,

in(l)=(in(f): fel).



16 7= (fi,..., ), then
(in(f1),...,in(fs)) Cin(1).

In general, the above two monomial ideals are different.
Example 2. Consider the ideal I = (23 — 1,2% + 1). Since
1 1

1= 5(96 —1)(z*—1) - §(x2 —z—1)(2* +1),
we know 1 € I and in(l) = I = C[z]. Note that 1 ¢ (z?, 2?).
Definition 3. Let I C Clz| be an ideal and fix a monomial ordering =. A finite set
{g1,---,9s} C I is a Groebner basis of I if the initial ideal I of I is generated by the
leading terms of g;, that 1s,

in(I) = (in(g), ..., in(gs))-
A monomial x* is called standard if it does NOT belong to the initial ideal in(I).

Theorem 4. Every ideal in Clz] has a Groebner basis G = {g1,...,9s}, and I =
<gla s 798)'
Even though the monomial ordering is fixed, Groebner bases as defined are not

unique (why?). This can be easily fixed, by refining to the so-called reduced Groebner
bases, which are uniquely defined.

Theorem 5 (Polynomial division). Let G be a Groebner basis of an ideal I C Clz].
Then for any p € Clz|, there exists a unique polynomial r(x) and q(x) such that

1. p(x) = q(x) + r(z) and q(x) € I.
2. Only standard monomials appear in r(x).

The polynomial r(z) is called the normal form of p.
Groebner basis has the following applications

e Ideal membership. As we have seen, given an ideal [ and a polynomial p, p
belongs to [ if and only if its normal form is zero.

e Consistency of polynomial equations. Consider a finite set of polynomial equa-
tions

) == fi(z) =0,
and let I = (fy,..., fs). By the Nullstellensatz, the given equations are infeasible
if and only if {1} is the reduced Groebner basis of I.

e Elimination. Let I be an ideal in C[z,y|. Suppose we want to compute the
intersection

INCly].

Geometrically, this elimination corresponds to (the Zariski closure of) the pro-
jection of the variety V(I) into y. This intersection (or projection) can be easily
obtained, by computing a Groebner basis G of I with respect to a lexicographic
(or elimination) ordering. The intersection is then generated by C' N Clz, y].



