Lecture 17 Sparse Polynomial Optimization

1 Newton Polytope
Let p(z) € R[z] be a polynomial, and write it as
p(x) = par®.
Its Newton Polytope is defined as
New(p) = conv{a :p, # 0}.
Let f(z),g(x) be two polynomials, then comparing coefficients gives the identity

New(f-g) = New(f)+ New(g).
Theorem 1 (Reznick). If p(z) = >, ¢:i(z)?, then
New(q;) C %New(p).
Example 2. Consider the polynomial
ple,y) =1+ +ay+y'

Its Newton polytope is the triangle in R? with vertices (0,0), (2,0), (0,4). Thus

%New(p) = conv{(0,0), (1,0), (0,2)}.

So, if p =", ¢?, then
New(%’) - {<07 0)7 (17 0)7 (07 2)}

Example 3. Consider the polynomial
p(z) = (z* + D) (y* + D"+ D) (w* +1) + 32 + 4y + 52 + 2w.
It has degree 16 and 4 variables. Its Newton Polytope is
New(p) = 4[0,1]*.
If p(x) = >, ¢i(x)? is SOS, then

New(g;) C 2[0,1]*%



2 Sparse SOS decomposition

Let p(z) € Rlz], and write conv(3New(p)) as
com)(%New(p)) ={aW,. .. BN
Let v(z) be the monomial vector
) = [ e ]
Then p(z) is SOS if and only if

p(x) = v(z) Qu(z), Q=0.

Now suppose f(x) € R[z]sq is sparse. Want to solve

min  f(x)

reR”™

Let conv(3New(f)) be as
P={aW .. o}

The SOS relaxation of the above is

max v

st. flz)—vy=v(2)TQu(x)

Its dual optimization is

min z:aeNéw(ﬂ faya
st. Mp(y) =0, yo=1.

Here M (y) is defined in the way that

MP(y): Z BaYa,

acEP+P

v(z)v(z)! = Z B,z®.

aEP+P



