Lecture 14 Univariate Moment Theory

1 Definition

Let p be a Boreal measure supported on the real line (—oo, +00). Then it defines a
moment sequence (Yo, Y1, - - ., Yaq) Such that

ykZ/xkdu(x), k=0,1,2,...

Typically, we scale u such that yo = u(R) = 1. A natural problem in moment theory
is that given (o, y1,. .., y2q) € R?*¢T! what conditions make y is a moment sequence of
some measure supported on (—oo,400)? Clearly, the necessary conditions are yo = 1
and
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Note every y satisfying Hy(y) > 0 has a measure. For example, consider a y such
that
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This y does not represent a measure. Otherwise, we have

/ 22du(z) = 0.

So supp(p) € {0}. Then it implies

Ys = /$4dﬂ(f) =0,

which is a contradiction.
The columns and rows of Hy(y) are indexed by monomials X*(0 < i < d). If the
columns of Hy(y) satisfy the dependence relation like

Ofoho—i-Oélhl +---+adhd = 0,

where h; denotes the column of Hy(y) indexed by X* then we say columns of Hy(y)
satisfy the relation
p(X) = g+ X 4+ X = 0.

We say Hy(y) is recursively generated if for any polynomials p(X), ¢(X), deg(pq) < d,
p(X) = 0 implies ¢(X) = 0.



Theorem 1 (Curto and Fialkow). Suppose the moment sequence y € R*FL js such
that yo = 1, Hy(y) = 0. Then the following hold:

(i) If p(X) € R[X]4—1 and the columns of Hq—1(y) satisfy p(X) = 0, then the columns
of Hq(y) also satisfy p(X) = 0;

(11) Hg 1(y) is recursively generated, that is, if the columns of Hy 1(y) satisfy the
relation p(X) = 0 with deg(p) < d — 1, then for any polynomial q(X) with
deg(pq) < d —1 the columns of Hq_1(y) also satisfy the relation pg(X) = 0.

Proof. (i) Suppose the columns of H,_1(y) satisfy the relation
p(X)=ap+ a1 X + X+ -+ ag 1 X4 =0.
This means that
oYk + 1Yps1 + - Fag 1 Ykra1 =0, k=0,1,....,d—1.
Let p = (ag, a1, ..., aq_1,0) € R¥! then the above implies
p" Ha(y)p = 0.
Since Hy(y) = 0, we must have Hy(y)p = 0, that is,
QoYd + O1Ydt1 + -+ Qg—1Y2a—1 = 0.

So the columns of H,(y) satisfy the relation p(X) = 0.
(i) Suppose the columns of H,1(y) satisfy the relation

p(X):Oéo+Oé1X+042X2+"'+OérXr:Oa I1<r<d-1
Let p = (oo, 1, ..., 0,,0,...,0) € R¥L then the above implies
p" Ha(y)p = 0.

Since Hy(y) = 0, we must have Hy(y)p = 0, that is, the columns of Hy(y) satisfy the
relation
pX)=ar+a X+ +aX =0.

This implies (by row patterns)
QoYr + 1Ykt + o+ kg, =0, E=0,1,...,4d,
that is, the first d — 1 columns of H,_;(y) satisfy the relation
X'P(X)=0, Vi=0,1,...,d—1—r.
So, for any ¢(X) € R[X] with deg(pg) < d — 1, we have
Ha1(y)(pq) = 0.

By definition, H; 1(y) is recursively generated. O



Theorem 2 (Curto and Fialkow). Suppose the moment sequence y € R*T1 js such
that yo = 1, Hy(y) = 0 and Hy(y) is singular. Let

r:=min{l < s <d: Hy(y) is singular }.
Then the following are equivalent
e y has a representing measure;

e H,(y) is recursively generated, that is, if the columns of Hy(y) satisfy the relation
p(X) = 0 with deg(p) < d, then for any polynomial q(X) with deg(pq) < d the
columns of Hy(y) also satisfy the relation pg(X) = 0;

o rank(H,(y)) =r;

e y has an r-atomic representing measure i, that is, the support supp(p) is a finite
set of cardinality r;

Theorem 3 (Curto and Fialkow). If a sequence y = (Yo, Y1, .., y2q) € R2F satisfies
yo=1,Hy(y) = 0 and
rank Hy_1(y) = rank Hy(y),

then y is a moment sequence of some measure.

The above rank condition is called flat extension condition.
Outline of Proof: ~ The last column of Hy(y) is a linear combination of its earlier
columns, say,

Yd+i = Qd—1Ydpi-1 + -+ i1 +aoys, 1=0,1,...,d.
Let ¢(z) be the polynomial
o(r) = 2% — g1z — - — gz — ay.
Then o(z) has d real distinct roots uy, ..., ug, and supp(p) = {us, ..., uq}.

Remark: (1) If Hy(y) > 0, then y is also a moment sequence of some measure, because
it can be extended such that Hyyq(y) > 0 and the rank condition is satisfied. (2) If
we only have Hy(y) = 0, then y may not be a moment sequence of some measure. For
example, consider a y such that

Hy(y) =
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This y does not represent a measure, it is not recursively generated. Its columns satisfy
1—X =0 but not X — X?=0.



2 Moments supported on a set

Let © be a Boreal measure supported on a set K C R. Then it defines a moment
sequence y = (Yo, Y1, - - - » Yod; Y24+1) such that

Yk —/ e du(z), k=0,1,2,...,2d + 1.
K
Typically, we scale u such that yy = u(K) = 1. We are interested in what conditions

make y represents a measure supported on K7
When K = [a, b], the necessary conditions are yo = 1 and
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When K = [a, +00), the necessary conditions are yo = 1, Hy(y) = 0 and L;(y) > 0.
Theorem 4. (i) y € R**2 represents a measure supported on [a,b] if and only if
Ha(y) = 0, Li(y) = 0, La(y) = 0.
(ii) y € R?¥*2 represents a measure supported on |a, +00) if and only if
Ha(y) =0, Li(y) =0, (Yas1,-- - Yeas1)’ € Range Ha(y).

Proof. Refer to Curto and Fialkow, Recursiveness, positivity, and truncated moment
problems, Houston Journal of Mathematics, Vol. 17, No. 4, 1991. Il



