
Lecture 14 Univariate Moment Theory

1 Definition

Let µ be a Boreal measure supported on the real line (−∞, +∞). Then it defines a
moment sequence (y0, y1, . . . , y2d) such that

yk =

∫
xkdµ(x), k = 0, 1, 2, . . .

Typically, we scale µ such that y0 = µ(R) = 1. A natural problem in moment theory
is that given (y0, y1, . . . , y2d) ∈ R2d+1, what conditions make y is a moment sequence of
some measure supported on (−∞, +∞)? Clearly, the necessary conditions are y0 = 1
and

Hd(y) =

∫
[x]d[x]Td dµ(x) =




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


 º 0.

Note every y satisfying Hd(y) º 0 has a measure. For example, consider a y such
that

H2(y) =




1 0 0
0 0 0
0 0 1


 .

This y does not represent a measure. Otherwise, we have
∫

x2dµ(x) = 0.

So supp(µ) ⊆ {0}. Then it implies

y4 =

∫
x4dµ(x) = 0,

which is a contradiction.
The columns and rows of Hd(y) are indexed by monomials X i(0 ≤ i ≤ d). If the

columns of Hd(y) satisfy the dependence relation like

α0h0 + α1h1 + · · ·+ αdhd = 0,

where hi denotes the column of Hd(y) indexed by X i, then we say columns of Hd(y)
satisfy the relation

p(X) = α0 + α1X + · · ·+ αdX
d = 0.

We say Hd(y) is recursively generated if for any polynomials p(X), q(X), deg(pq) ≤ d,
p(X) = 0 implies q(X) = 0.
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Theorem 1 (Curto and Fialkow). Suppose the moment sequence y ∈ R2d+1 is such
that y0 = 1, Hd(y) º 0. Then the following hold:

(i) If p(X) ∈ R[X]d−1 and the columns of Hd−1(y) satisfy p(X) = 0, then the columns
of Hd(y) also satisfy p(X) = 0;

(ii) Hd−1(y) is recursively generated, that is, if the columns of Hd−1(y) satisfy the
relation p(X) = 0 with deg(p) ≤ d − 1, then for any polynomial q(X) with
deg(pq) ≤ d− 1 the columns of Hd−1(y) also satisfy the relation pq(X) = 0.

Proof. (i) Suppose the columns of Hd−1(y) satisfy the relation

p(X) = α0 + α1X + α2X
2 + · · ·+ αd−1X

d−1 = 0.

This means that

α0yk + α1yk+1 + · · ·+ αd−1yk+d−1 = 0, k = 0, 1, . . . , d− 1.

Let p = (α0, α1, . . . , αd−1, 0) ∈ Rd+1, then the above implies

pT Hd(y)p = 0.

Since Hd(y) º 0, we must have Hd(y)p = 0, that is,

α0yd + α1yd+1 + · · ·+ αd−1y2d−1 = 0.

So the columns of Hd(y) satisfy the relation p(X) = 0.
(ii) Suppose the columns of Hd−1(y) satisfy the relation

p(X) = α0 + α1X + α2X
2 + · · ·+ αrX

r = 0, 1 ≤ r ≤ d− 1

Let p = (α0, α1, . . . , αr, 0, . . . , 0) ∈ Rd+1, then the above implies

pT Hd(y)p = 0.

Since Hd(y) º 0, we must have Hd(y)p = 0, that is, the columns of Hd(y) satisfy the
relation

p(X) = α0 + α1X + · · ·+ αrX
r = 0.

This implies (by row patterns)

α0yk + α1yk+1 + · · ·+ αryk+r = 0, k = 0, 1, . . . , d,

that is, the first d− 1 columns of Hd−1(y) satisfy the relation

X iP (X) = 0, ∀ i = 0, 1, . . . , d− 1− r.

So, for any q(X) ∈ R[X] with deg(pq) ≤ d− 1, we have

Hd−1(y)(pq) = 0.

By definition, Hd−1(y) is recursively generated.
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Theorem 2 (Curto and Fialkow). Suppose the moment sequence y ∈ R2d+1 is such
that y0 = 1, Hd(y) º 0 and Hd(y) is singular. Let

r := min{1 ≤ s ≤ d : Hs(y) is singular }.
Then the following are equivalent

• y has a representing measure;

• Hd(y) is recursively generated, that is, if the columns of Hd(y) satisfy the relation
p(X) = 0 with deg(p) ≤ d, then for any polynomial q(X) with deg(pq) ≤ d the
columns of Hd(y) also satisfy the relation pq(X) = 0;

• rank(Hd(y)) = r;

• y has an r-atomic representing measure µ, that is, the support supp(µ) is a finite
set of cardinality r;

Theorem 3 (Curto and Fialkow). If a sequence y = (y0, y1, . . . , y2d) ∈ R2d+1 satisfies
y0 = 1, Hd(y) º 0 and

rankHd−1(y) = rankHd(y),

then y is a moment sequence of some measure.

The above rank condition is called flat extension condition.
Outline of Proof: The last column of Hd(y) is a linear combination of its earlier
columns, say,

yd+i = αd−1yd+i−1 + · · ·+ α1yi+1 + α0yi, i = 0, 1, . . . , d.

Let ϕ(x) be the polynomial

ϕ(x) = xd − αd−1x
d−1 − · · · − α1x− α0.

Then ϕ(x) has d real distinct roots u1, . . . , ud, and supp(µ) = {u1, . . . , ud}.

Remark: (1) If Hd(y) Â 0, then y is also a moment sequence of some measure, because
it can be extended such that Hd+1(y) º 0 and the rank condition is satisfied. (2) If
we only have Hd(y) º 0, then y may not be a moment sequence of some measure. For
example, consider a y such that

H2(y) =




1 1 1
1 1 1
1 1 2


 .

This y does not represent a measure, it is not recursively generated. Its columns satisfy
1−X = 0 but not X −X2 = 0.
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2 Moments supported on a set

Let µ be a Boreal measure supported on a set K ⊂ R. Then it defines a moment
sequence y = (y0, y1, . . . , y2d, y2d+1) such that

yk =

∫

K

xkdµ(x), k = 0, 1, 2, . . . , 2d + 1.

Typically, we scale µ such that y0 = µ(K) = 1. We are interested in what conditions
make y represents a measure supported on K?

When K = [a, b], the necessary conditions are y0 = 1 and

Hd(y) =

∫

K

[x]d[x]Td dµ(x) =




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


 º 0,

L1(y) =

∫

K

(x−a)[x]d[x]Td dµ(x) =




y1 y2 · · · yd+1

y2 y3 · · · yd+2
...

...
. . .

...
yd+1 yd+2 · · · y2d+1


−a




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


 º 0,

L2(y) =

∫

K

(b−x)[x]d[x]Td dµ(x) = b




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


−




y1 y2 · · · yd+1

y2 y3 · · · yd+2
...

...
. . .

...
yd+1 yd+2 · · · y2d+1


 º 0.

When K = [a, +∞), the necessary conditions are y0 = 1, Hd(y) º 0 and L1(y) º 0.

Theorem 4. (i) y ∈ R2d+2 represents a measure supported on [a, b] if and only if

Hd(y) º 0, L1(y) º 0, L2(y) º 0.

(ii) y ∈ R2d+2 represents a measure supported on [a, +∞) if and only if

Hd(y) º 0, L1(y) º 0, (yd+1, . . . , y2d+1)
T ∈ RangeHd(y).

Proof. Refer to Curto and Fialkow, Recursiveness, positivity, and truncated moment
problems, Houston Journal of Mathematics, Vol. 17, No. 4, 1991.

4


