
Lecture 13 Minimizing Univariate Polynomials

1 Unconstrained optimization

Let f(x) ∈ R[x] be a unit variate polynomial of degree 2d. Consider

min
x∈R

f(x).

We want to find the global minimum value fmin of f(x). Clearly, we have

fmin = max γ
s.t. f(x)− γ ≥ 0 ∀x ∈ R.

In the univariate case, a polynomial is nonnegative if and only if it is SOS. So the
above is equivalent to

(P ) :

{
γ∗ = max γ

s.t. f(x)− γ ∈ P2d.

The dual of the above is

(D) :

{
p∗ = min

y=(y0,y1,...,y2d)
fT y

s.t. Hd(y) º 0, y0 = 1.

This is a standard SDP problem. Here the vector f = (f0, f1, . . . , f2d) is defined such
that

f(x) = f0 + f1x + · · ·+ f2dx
2d.

Theorem 1. Let fmin, γ
∗, p∗ be as above. Suppose fmin > −∞. Then

• It holds that fmin = γ∗ = p∗.

• The substraction f(x)− γ∗ ∈ P2d, i.e., (P) has a maximizer.

• The dual problem (D) has a minimizer y∗ such that fT y∗ = p∗.

Proof. The equality fmin = γ∗ is obvious because f(x)−γ is nonnegative if and only if
it is SOS. Both (P) and (D) are essentially SDP problems. The dual (D) has nonempty
interior, so their optimal values are equal (strong duality holds).

Since f(x) must have a minimizer, say x∗. Then p∗ = γ∗ = f(x∗), and f(x)−f(x∗) ∈
P2d. Actually, y∗ = (1, x∗, . . . , (x∗)2d) is a minimizer of (D) because

fT y∗ = f0 + f1x
∗ + · · ·+ f2d(x

∗)2d = f(x∗) = p∗.

So the third one is also true.
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How to extract a minimizer x∗ for f(x) from a minimizer y∗ from (D)? Note that
y∗ satisfies

Hd(y
∗) =




1 y∗1 · · · y∗d
y∗1 y∗2 · · · y∗d+1
...

...
. . .

...
y∗d y∗d+1 · · · y∗2d


 º 0.

If rank(Hd(y
∗)) = 1, then the Hankel structure implies that

Hd(y
∗) = [x∗]d[x∗]Td where x∗ = y∗1.

Hence, x∗ is a global minimizer of f(x).
When rank(Hd(y

∗)) > 1, there are several minimizers. We need moment theory to
get minimizers.

2 Optimization on an interval

Let f(x) ∈ R[x] be a unit variate polynomial of degree ≤ 2d + 1. Consider

min
x∈[a,b]

f(x).

We want to find the minimum value fmin of f(x) over [a, b]. Clearly, we have

fmin = max γ
s.t. f(x)− γ ≥ 0 ∀x ∈ [a, b].

We relax the above to

(P ) :





γ∗ = max γ
s.t. f(x)− γ = s0(x) + (x− a)s1(x) + (b− x)s2(x),

deg(s0) = 2d, deg(s1) = 2d, deg(s2) = 2d,
s0(x), s1(x), s2(x) are SOS.

The dual of the above is

(D) :





p∗ = min
y=(y0,y1,...,y2d,y2d+1)

fT y

s.t. Hd(y) º 0, y0 = 1,
L1(y) º 0, L2(y) º 0.

This is a block SDP problem. In the above, L1(y), L2(y) are defined in the way that

L1(y) =




y1 y2 · · · yd+1

y2 y3 · · · yd+2
...

...
. . .

...
yd+1 yd+2 · · · y2d+1


 − a




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


 ,
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L2(y) = b




1 y1 · · · yd

y1 y2 · · · yd+1
...

...
. . .

...
yd yd+1 · · · y2d


 −




y1 y2 · · · yd+1

y2 y3 · · · yd+2
...

...
. . .

...
yd+1 yd+2 · · · y2d+1


 .

Theorem 2. Let fmin, γ
∗, p∗ be as above. Then

• It holds that fmin = γ∗ = p∗.

• The optimal value γ∗ is attainable in (P).

• The dual problem (D) has a minimizer y∗ such that fT y∗ = p∗.

When rank(Hd(y
∗)) = 1, then the Hankel structure implies that

Hd(y
∗) = [x∗]d[x∗]Td where x∗ = y∗1.

Furthermore, L1(y
∗) º 0 and L2(y

∗) º 0 imply

L1(y
∗) = (x∗ − a)[x∗]d−1[x

∗]Td−1 º 0, L2(y
∗) = (b− x∗)[x∗]d−1[x

∗]Td−1 º 0.

That is, a ≤ x∗ ≤ b. So x∗ is a minimizer of f(x) over [a, b].
When rank(Hd(y

∗)) > 1, there are usually several minimizers. We need moment
theory to get minimizers.

3


