
Lecture 11 Univariate Polynomials and Hermite Form

1 Definition

A univariate polynomial p(x) ∈ R[x] of degree n has the form

p(x) = p0 + p1x + p2x
2 + · · ·+ pnxn.

When pn = 1, it is called monic.

Theorem 1 (Fundamental Theorem of Algebra). Every nonzero univariate polynomial
p(x) of degree n has the factorization

p(x) = pn

n∏
i=1

(x− xi)

where each xi ∈ C is a root of p(x).

All the complex roots of p(x) appear in complex conjugate pairs, since p(x) has
only real coefficients.

Definition 2. The companion matrix of p(x) is defined as

Cp =




0 0 · · · 0 −p0/pn

1 0 · · · 0 −p1/pn

0 1 · · · 0 −p2/pn
...

...
. . .

...
...

0 0 · · · 1 −pn−1/pn




.

Theorem 3. It holds that p(x) = pn · det(x · In − Cp).

For any matrix A ∈ Cn×n, we have the relation

Tr(A) = λ1(A) + · · ·+ λn(A), λi(A
k) = λi(A)k.

If x1, . . . , xn are the roots of p(x), then

n∑
i=1

xk
i = Tr(Ck

p ).

If q(x) = q0 + q1x + · · ·+ qmxm, we have

n∑
i=1

q(xi) =
n∑

i=1

m∑
j=0

qjx
j
i =

m∑
j=0

qjTr(Cj
p) = Tr(q(Cp)).
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2 Hermite form

For a fixed real polynomial q(x), define a n×n symmetric Hankel matrix Hq(p) in the
way that

[Hq(p)]j,k =
n∑

i=1

q(xi)x
j+k−2
i

where x1, . . . , xn are the roots of p. The following relations hold

• For any vector f =
[
f0 f1 · · · fn−1

]T
, we have

fT Hq(p)f =
n∑

i=1

q(xi)(f0 + f1xi + · · ·+ fn−1x
n−1
i )2 = Tr[(qf 2)(Cp)].

• Hq(p) = V T diag[q(x1), . . . , q(xn)]V where V is the Vandermonde matrix

V =




1 x1 · · · xn−1
1

1 x2 · · · xn−1
2

...
...

. . .
...

1 xn · · · xn−1
n


 .

Theorem 4. The signature of Hq(p) is equal to

#
{

xj : xj ∈ R, q(xj) > 0
}

− #
{

xj : xj ∈ R, q(xj) < 0
}

.

Proof. Assume all the roots xj are distinct. Note that

fT Hq(p)f =
∑

xj∈R
q(xj)f(xj)

2 +
∑

xj ,x∗j∈C\R

(
q(xj)f(xj)

2 + q(x∗j)f(x∗j)
2
)

=
∑

xj∈R
q(xj)f(xj)

2 + 2
∑

xj ,x∗j∈C\R

[<f(xj)
=f(xj)

]T [ <q(xj) −=q(xj)
−=q(xj) −<q(xj)

] [<f(xj)
=f(xj)

]
.

The linear forms {f(x1), . . . , f(xn)} in the coefficients of f are linearly independent
(because xj are distinct), and so are

{f(xj)}xj∈R ∪ {<f(xj),=f(xj)}xj∈C\R.

Thus the signature of Hq(p) is the same as the signature of

diag


. . . , q(xj), . . .︸ ︷︷ ︸

xj∈R

, . . . ,

[ <q(xj) −=q(xj)
−=q(xj) −<q(xj)

]
, . . .

︸ ︷︷ ︸
xj∈C\R


 .

The signature of each 2 × 2block above is zero. So the theorem is proved when all xi

are distinct.
When p(x) has repeated roots, the proof is similar (left as an exercise).
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In the case that q(x) ≡ 1, we have

H1(p) =




s0 s1 · · · sn−1

s1 s2 · · · sn
...

...
. . .

...
sn−1 sn · · · s2n−2


 , sk =

n∑
j=1

xk
j .

The sk are called Newton sums of p(x). When p(x) = x3 + p2x
2 + p1x + p0 is a monic

cubic polynomial, we have

s0 = 3,

s1 = −p2,

s2 = p2
2 − 2p1,

s3 = −p3
2 + 3p1p2 − 3p0,

s4 = p4
2 − 4p1p

2
2 + 2p2

1 + 4p0p2.

Theorem 5. The signature of H1(p) is equal to the number of real roots of p(x). In
particular, p(x) has only real roots if and only if

H1(p) º 0.
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