Lecture 11 Univariate Polynomials and Hermite Form

1 Definition

A univariate polynomial p(x) € R[z| of degree n has the form
p() = po+ pra + poa® + - + pua’.
When p,, = 1, it is called monic.

Theorem 1 (Fundamental Theorem of Algebra). Every nonzero univariate polynomial
p(z) of degree n has the factorization

p(x) = pn H(w )

where each x; € C is a root of p(x).

All the complex roots of p(x) appear in complex conjugate pairs, since p(z) has
only real coefficients.

Definition 2. The companion matriz of p(x) is defined as

00 0 —po/pn
L0 - 0 —pi/pa

Theorem 3. It holds that p(x) = p,, - det(z - I,, — C}).

For any matrix A € C™*", we have the relation
Tr(A) = A (A) + -+ M (A),  N(AF) = Ni(A)F.

If x1,...,x, are the roots of p(x), then
fo = Tr(C’ZIf).
i=1

If () = g0 + rz + - - - + gmz™, we have



2 Hermite form

For a fixed real polynomial ¢(z), define a n x n symmetric Hankel matrix H,(p) in the
way that

n

[Hy(p)jn = Y ala)al ™2
i=1
where x4, ..., z, are the roots of p. The following relations hold

e For any vector f = [fo fi o fn_l}T, we have
FTHyD)f =) al@)(fo+ fii + -+ + faora? ™) = Tr[(af*)(C)].
i=1

e H,(p) = VTdiag[q(z1),...,q(x,)]V where V is the Vandermonde matrix

n—1

1 1 . e :L‘l
1 a9 - it

V= .
1 xn . .. :L'Zil

Theorem 4. The signature of H,(p) is equal to

#{xj cx; € R, q(z;) > O} — #{xj sz €R, gq(zy) < 0}.

Proof. Assume all the roots x; are distinct. Note that

FPH (o) f =Y ala) fl) + > (alay) f(a)? + a(a) f(a))?)

z;€R z;,z3€C\R
St 3 (M) ] (8]

The linear forms {f(x1),..., f(z,)} in the coefficients of f are linearly independent
(because x; are distinct), and so are

{f () }a;er U{RS (), SF (7)) }a;cnm-

Thus the signature of H,(p) is the same as the signature of

Rq(z;)  —Sq(z))

diag | ...,q(x;),...,..., e
Bl b Sty Rola)
z;ER ~ ~

z;€C\R

The signature of each 2 x 2block above is zero. So the theorem is proved when all x;
are distinct.

When p(x) has repeated roots, the proof is similar (left as an exercise). O
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In the case that ¢(z) = 1, we have

So S1 " Sn—1
n
Sl 82 IR STL
_ _ E k
: : . : =1
Spn—1 Sn " S2p—2

The s;, are called Newton sums of p(x). When p(z) = 23 + poz? + p1z + po is a monic
cubic polynomial, we have

So = 3,
$1 = —DP2,
So = pg - 2p17

S3 = —p§ + 3p1p2 — 3po,
84 = Py — 4p1p5 + 2p% + 4popa.

Theorem 5. The signature of Hy(p) is equal to the number of real roots of p(x). In
particular, p(x) has only real roots if and only if

H,(p) = 0.



