Lecture 10 Representation by SDP

A set S C R" is called linear matrix inequality (LMI) representable if
S:{xeR”: A0+£L’1A1++£L'nAntO}

where each A; is a constant symmetric matrix. We say S is SDP representable if it
equals the projection of a higher dimensional LMI representable set.

1. Convex quadratic inequality. The 27 AT Az + bTx < ¢ if and only if

I Az
{(Ax)T c— bTx} = 0.

2. A hyperbolic set. The set {(z1,x2) : z122 > 1,21 > 0,29 > 0} equals
1 To| —
3. Lyapunov functions. We want to find a common positive definite Lyapunov func-
tion f(x) = 2T Pz for the sable systems:
ZL‘Z:AZZL‘, 2:1,,m

Here A; are all stable matrices (the real parts of eigenvalues of A; are negative).
Such a P = PT = ( can be found by solving the LMTI:

AP+ PA; <0, i=1,...,m.

The one with best condition number is the solution to SDP

matx —t
s’.t. ATP+PA; =0, i=1,...,m.
tl =P~ 1.

4. Eigenvalue inequalities:

o \oe(X) <tifand only ift- I — X »= 0. The function \,,.,(X) is convex.
e \nin(X) >tif and only if X —¢ -1 = 0. The function A\, (X) is concave.

5. Generalized eigenvalue. Let M > 0. The generalized eigenvalues of pencil (X, M)
at no bigger than ¢ if and only if

tM — X > 0.

6. Absolute values of eigenvalues.

() X <ti=1,...,n} ={(X,t): t] = X = 0,X —t = 0}



7.

10.

Sums of largest eigenvalues. For any symmetric X € R™"™ A\ (X)4-- -+ (X) <
t if and only if
t—ks—Tr(Z) >0
Z =0
Z—X+sl, =0
The above clearly implies Si(X) < t. For the inverse, set s = A\, and Z =
diag(A — s,..., \e—1 — 5,0,...,0). Then the above LMI holds.

The summation of k smallest eigenvalues are concave, and A\,_+1(X) + -+ +
An(X) >t if and only if

—t—ks—Tr(Z) >0
Z =0
Z+X+sl, =0

Let X € R™*"™. Then its 2-norm ||.X||» < ¢ if and only if

{tlm X

X7 tln] = 0.

Let 0;(X) be the i-th largest singular value of X. Then A;(X) + -+ A\ (X) < ¢
if and only if

t—ks—=Tr(Z) >0
Z =0
0 X
Z {XT 0]+s[m > 0

Quadratic matrix inequality. Let Y be symmetric and V' > 0. Then
(AXB)V Y (AXB)" + CXD + (CXD)" =Y
holds if and only if

{ 1% (AXB)T

AXB Y —CXD - (CXD)T} =0

A fractional inequality. Let X = 0,Y = 0. Then Y < (CTX~!'C)~! if and only if

X O
|:OT Y—1:| t Oa

which is true if and only if X = CYCT.



