
Lecture 10 Representation by SDP
A set S ⊂ Rn is called linear matrix inequality (LMI) representable if

S = {x ∈ Rn : A0 + x1A1 + · · ·+ xnAn º 0}
where each Ai is a constant symmetric matrix. We say S is SDP representable if it
equals the projection of a higher dimensional LMI representable set.

1. Convex quadratic inequality. The xT AT Ax + bT x ≤ c if and only if
[

I Ax
(Ax)T c− bT x

]
º 0.

2. A hyperbolic set. The set {(x1, x2) : x1x2 ≥ 1, x1 > 0, x2 > 0} equals
[
x1 1
1 x2

]
º 0.

3. Lyapunov functions. We want to find a common positive definite Lyapunov func-
tion f(x) = xT Px for the sable systems:

ẋi = Aix, i = 1, . . . , m.

Here Ai are all stable matrices (the real parts of eigenvalues of Ai are negative).
Such a P = P T Â 0 can be found by solving the LMI:

AT
i P + PAi ¹ 0, i = 1, . . . , m.

The one with best condition number is the solution to SDP

max
x,t

−t

s.t. AT
i P + PAi ¹ 0, i = 1, . . . , m.

tI º P º I.

4. Eigenvalue inequalities:

• λmax(X) ≤ t if and only if t · I −X º 0. The function λmax(X) is convex.

• λmin(X) ≥ t if and only if X − t · I º 0. The function λmin(X) is concave.

5. Generalized eigenvalue. Let M Â 0. The generalized eigenvalues of pencil (X,M)
at no bigger than t if and only if

tM −X Â 0.

6. Absolute values of eigenvalues.

{(X, t) : |λi(X)| ≤ t, i = 1, . . . , n} = {(X, t) : tI −X º 0, X − t º 0}.
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7. Sums of largest eigenvalues. For any symmetric X ∈ Rn×n, λ1(X)+ · · ·+λk(X) ≤
t if and only if

t− ks− Tr(Z) ≥ 0
Z º 0

Z −X + sIm º 0

The above clearly implies Sk(X) ≤ t. For the inverse, set s = λk and Z =
diag(λ1 − s, . . . , λk−1 − s, 0, . . . , 0). Then the above LMI holds.

The summation of k smallest eigenvalues are concave, and λn−k+1(X) + · · · +
λn(X) ≥ t if and only if

−t− ks− Tr(Z) ≥ 0
Z º 0

Z + X + sIm º 0

8. Let X ∈ Rm×n. Then its 2-norm ‖X‖2 ≤ t if and only if

[
tIm X
XT tIn

]
º 0.

Let σi(X) be the i-th largest singular value of X. Then λ1(X) + · · ·+ λk(X) ≤ t
if and only if

t− ks− Tr(Z) ≥ 0
Z º 0

Z −
[

0 X
XT 0

]
+ sIm º 0

9. Quadratic matrix inequality. Let Y be symmetric and V Â 0. Then

(AXB)V −1(AXB)T + CXD + (CXD)T ¹ Y

holds if and only if
[

V (AXB)T

AXB Y − CXD − (CXD)T

]
º 0.

10. A fractional inequality. Let X Â 0, Y Â 0. Then Y ¹ (CT X−1C)−1 if and only if

[
X C
CT Y −1

]
º 0,

which is true if and only if X Â CY CT .
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