Lecture 9 Interior Point Algorithms for SDP

The standard primal and dual SDPs are

Tan CeX max bly

(P): st. A;jeX =0b,i=1,....m (D) : Y m

Their penalized barrier problems of parameter v > 0 are

min C e X —vlogdet X max bTy + vlogdet S
BP(v): X BD(v) : y.S
st. AX)=b(X = 0) st. A(y)+S=C(S>0).

The central path is

AX) =b,
CPw):{ A(y)+S =C,
XS =vI, (X,S0).

As v — 0, the solution (X (v), y(v), S(v)) to CP(v) converge to the primal-dual optimal
solution (X*, y*, S*) of (P)-(D). Path-following methods are in the type of interior-point
algorithms that track points near central path as v — 0.

Primal Path-Following Methods: The optimal condition for BP(v) is

AX) = b, (X = 0)
A (y) +vX1 =C.

The basic idea is to apply damped Newton’s method (choose steplength to maintain
X > 0) to solve the above equation for a given v > 0, decrease v, and then repeat.

Algorithm 1 (Primal Path-Following Interior-Point Algorithm). Choose a strictly
feasible Xy for (P), yo € R™, v >0, 7€ (0,1), 0 € (0,1), € € (0,1). Set k = 0.

Step 1 Compute Newton’s Direction (AX, Ay) from
AAX) =b— A(X}),
A (Ay) — v X, TAX XY =C — A (y) —vX
Step 2 Compute the step-length aj, = max{a € (0,1] : X; + a«AX > 0}.
Step 3 Update Xj 11 = Xi + o AX and yp1 = i + apAy.

Step 4 Set k = k+ 1. If ||X,1£21(C' 2. A*yk)X;EHF > Tv, go to Step 1.
Otherwise, go to the next step.

Step 5 If v > €, update v = v and go to Step 1. Otherwise stop.



Complexity: It requires at most O(y/nlog(1/¢)) iterations.

Dual Path-Following Methods: The optimal condition for BD(v) is

A*(y)+ S5 =C, (S>0)
vt ASTY =0

The basic idea is to apply damped Newton’s method to solve the above equation for a
given v > 0, decrease v, and then repeat.

Algorithm 2 (Dual Path-Following Interior-Point Algorithm). Choose a strictly fea-
sible (yo, So) for (D), v >0, 7 € (0,1), 8 € (0,1), e € (0,1). Set k = 0.

Step 1 Compute Newton’s Direction (Ay, AS) from
A*(Ay) + AS = C — A*(yx) — Sk,
v LASTASSY) = b — v A(SY.
Step 2 Compute the step-length aj, = max{a € (0,1] : Sk + aAS = 0}.
Step 3 Update Siy1 = Sk + o AS and yp1 = yr + apAy.

Step 4 Set k:=Fk+ 1. If HS,:{2ASS,;_1{2H5 > 7, go to Step 1. Otherwise, go to the
next step.

Step 5 If v > ¢, update v = v and go to Step 1. Otherwise stop.
Complexity: It requires at most O(y/nlog(1/¢)) iterations.

In Step 4 above, if [|AS||s < 7, then Xj = v[S;' + S, (A*Ay)S, "] is strictly
feasible for (P).

Primal-Dual Path-Following Methods: The optimal conditions for (P) and (D)
are

v TAX) =0,
A*(y)+S =0C,
XS =vl,

X=XT §=8T =0.

The basic idea is to apply damped Newton’s method to solve the above equation for a
given v > 0, decrease v, and then repeat. The only trouble is that when we linearize
the last equation XS = vI, the resulting direction AX, AS might not be symmetric.
So an overcoming technique is to replace the last equation by its symmetrization

XS+ 85X = 2vl.

Algorithm 3 (Primal-Dual Path-Following Interior-Point Algorithm). Choose a strictly
feasible X, for (P) and (yo,So) for (D), v > 0, 7 € (0,1), 8 € (0,1), ¢ € (0,1). Set
k= 0.



Step 1 Compute Newton’s Direction (AX, Ay, AS) from

AAX) =b - A(X}),
A*(Ay) + AS =C— A*(yk) - Sk,
AXS + SAX + XAS +ASX =2 — (XS + SiXx).

Step 2 Compute the step-length

ar = max{a € (0,1] : Xy +aAX =0, Si+ aAS > 0}.

Step 3 Update Sgi1 = Sk + axAS and yri1 = Y + Ay,
Step 4 Set k := k + 1. If the following holds,
|IXS — (X, o Si/n)||p > 717Xy ®S;/n,
then go to Step 1. Otherwise, go to the next step.
Step 5 If v > ¢, update v = v and go to Step 1. Otherwise stop.
Complexity: It requires at most O(y/nlog(1/€)) iterations.
There are other methods for symmetrizing XS = vI. Typical ones are
—-vX '+ 8 = 0,
IS X =0,
PXSP '+ P TSXPT = I
for some nonsingular P like S¥/2,  X~42  XV2(XY25X1/2)~1/2x1/2

There are other type interior point algorithms for solving SDP. One of them is
Potential-reduction methods. Its basic idea is to minimize a potential function subject
to feasibility conditions. This essentially solves

min V,(X,y,5) = (n+p)log X ¢S —logdet X —logdet.S —nlogn
st. AX)=b, A*(y)+5=C

for some constant p > /n.



