
Lecture 8 Central Path of SDP

The standard primal and dual SDPs are

(P ) :

min
X

C •X

s.t. Ai •X = bi, i = 1, . . . , m
X º 0

(D) :

max
y

bT y

s.t. A∗(y) + S = C
S º 0.

Their penalized barrier problems of parameter ν > 0 are

BP (ν) :
min

X
C •X + νf(X)

s.t. A(X) = b (X Â 0)
BD(ν) :

max
y,S

bT y − νf(S)

s.t. A∗(y) + S = C (S Â 0).

In the above, A(X) = (A1 •X, . . . , Am •X) and A∗(y) =
∑

i yiAi and

f(X) = − log det X.

Theorem 1. The Lagrangian dual of BP (ν) (resp. BD(ν)) is BD(ν) (resp. BP (ν))
up to an additive constant.

If X Â 0 is an optimizer for BP (ν), then there exist y ∈ Rm and S Â 0 satisfying
the central path equations

CP (ν) :





A(X) = b,
A∗(y) + S = C,

XS = νI,
X, S Â 0.

Theorem 2. Suppose (P ) and (D) both have strictly feasible points, and {Ai} are
L.I.D. Then for any ν > 0, there is a unique solution pair (X(ν), y(ν), S(ν) to CP (ν)
such that X(ν) is a unique minimizer of (P ), and (y(ν), S(ν) is a unique optimal
pair of (D). Furthermore, if either (P ) or (D) has no strictly feasible points, then
CP (ν), BP (ν) and BD(ν) have no solution.

Proof. Suppose X̂ Â 0 is feasible for (P), and (ŷ, Ŝ) with Ŝ Â 0 is feasible for (D).
Then BP (ν) is equivalent to

min
X

Ŝ •X + νf(X)

s.t. A(X) = b,

Ŝ •X + νf(X) ≤ Ŝ • X̂ + νf(X̂),
X Â 0,

because the difference C •X − Ŝ •X is a constant. The second and third constraints
above imply the feasible set is compact. So BP (ν) must have a minimizer X(ν). The
necessary optimality condition implies CP (ν) has a solution.
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Observe that the barrier f(X) is strictly convex in X Â 0. So the first order
necessary conditions for BP (ν) and BD(ν) are also sufficient for optimality. Any
solution of CP (ν) produces a minimizer for BP (ν) and a maximizer for BD(ν). Since
the objective function of BP (ν) is strictly convex, its minimizer is also unique. Then
XS = νI implies S is also unique. From the linear independence of Ai, clear the y
satisfying A∗(y) + S = C is also unique.

If (P) has no strict feasible points, then BP (ν) has no finite objective value, and
BD(ν) has no solution satisfying the necessary optimality condition, and clearly CP (ν)
has no solution. The argument is similar when (D) has empty interior.

Theorem 3. Suppose both (P ) and (D) have strictly feasible points, and {Ai} are
L.I.D. Then for all ν > 0, the solution set of CP (ν) forms a nonempty differentiable
path, which is called the central path of SDP (P) and (D). For any (X(ν), y(ν), S(ν))
satisfying CP (ν), X(ν) is a strictly feasible solution for (P) and (y(ν), S(ν)) is a
strictly feasible pair for (D), and they duality gap

C •X(ν)− bT y(ν) = n · ν.
Proof. The central path equation CP (ν) is equivalent to




A∗y +S
A(X)
−νX−1 +S


 =




C
b
0


 .

The Jacobian of the above system with respect to (X, y, S) is

J =




0 A∗ I
A 0 0

ν(X−1 ¯X−1) 0 I


 .

Here the notation ¯ is defined such that

[P ¯Q](U) =
1

2
(PUQT + QUP T )

is a linear operator from SRn×n to itself. When {Ai} are LID and X Â 0, the
above Jacobian J is nonsingular. By Implicity Function Theorem, the central path
{(X(ν), y(ν), S(ν)) : ν > 0} is differentiable. Actually the triple (X(ν), y(ν), S(ν)) is
uniquely given by

y(ν) = (AE−1A∗)−1(b− AE−1(C))

S(y) = C −A∗y(ν)

X(ν) = E−1(S(ν))

In the above E = ν(X(ν)−1 ¯X(ν)−1) and E−1 = ν−1(X(ν)¯X(ν)).
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