Lecture 7 Log Barrier Functions

Definition 1. A set K C R" is called a cone if for every x € K we have t-x € K for
any t > 0. If a cone K is also convex, we call it a convex cone.

Some typical convex cones:

e Nonnegative orthant R} = {x e R": 2; > 0,i=1,...,n}.

e Second Order Cone (Laurenz cone, or ice-cream cone)
L={(x,t) e R" xR : ||z|]2 < t}.

e Semidefinite cone S} = {X € SR™" : X > 0}.

Definition 2. Let K be a convex cone. A continuous function f: K — RU {400} is
called a barrier function of K if it satisfies

flx) <400 ifzx €int(K), f(z) =+oc0 ifx € bdry(K).

If a barrier f(x) has the form f(x) = —loge(x) where p(x) is a continuous function
from K to Ry, then we say f(zx) is a logarithmic barrier.

Some typical logarithmic functions:
e For K =R", f(z) =—>""  logu;.
o For K — L, f(z) = — log(t — |l«]).
e For K =87, f(X) = —logdet X. If X > 0, we have
f(X +aH)=—logdet[X(I +aX 'H)] = f(X)—aX e H+0(c?).
So f/(X)=—-X"1and Df(X)[H] = —X "' e H. Similarly,
(X +aH)=-XI+aX'H)| "' = f(X)+aXTHX '+ 0(a?).
So f"(X)[H] = X"'HX ! and D*f(X)[H,J] = X 'HX ! e J. In particular,
D*(X)[H,H] = X 'HX ‘eH = Trace(X Y?HX V%)) >0 VX >0, H#O.
So f(X) is strictly convex in int(S%).

Definition 3. Let K C R™ be a convex cone, and f(z) be a convex barrier for K. We
say f(x) is self-concordant if for every x € int(K) and h € R™ the unitvariate function
o(a) = f(z + ah) satisfies the property

6" (0)] < 2[¢"(0)**.

A barrier of K s called ¥-normal barrier if it is convex, self-concordant, and is loga-
rithmically homogeneous of degree 1

flaz) = f(z) —dloga, VX >0, a>0.



Some typical self-concordant barriers:
e For K =R, f(z) =—>_" log; is a n-normal barrier.
o For K = L, f(x) = —log(t* — ||z||3) is a 2-normal barrier.
e For K =87, f(X) = —logdet X is a n-normal barrier. Note that
¢(a) = —logdet(X 4+ aH) = —logdet X — logdet(I + a X V2HX1/?).
So we have
¢(o) = —(I +aX VPHX ) e (X VPHX ),
A general formula for higher order derivatives is
oW (o) = (=1)*(k — DT + aX YVPHX V)" o (X2 X V2K,
In particular, we have
¢"(0) = | X VEPHX V2|2 = Trace[( X V2HX V%)
Similarly, we have
¢"(0) = —2Trace(X "HX '"HX 'H) = —2Trace[( X ?HX /%)%,

Let A\i,..., A\, be the eigenvalues of X~ /2H X ~Y2_ Then it holds that

[¢"(0) =21 Y NI <2) AP =20A5 < 2075 = 2[¢7(0)]2.

Furthermore, we have
f(aX) = —logdet(aX) = —log(a™det(X)) = f(X) — nloga.
Generally, we have the formulae

feX) =o' f(X),  ['(eX) =a72f"(X),

['(X)e X =—n, S1X)X = —f1(X),
IX[x =vn, IF(XOMx =+vn
where the X-norm || - || x and its dual X-norm || - ||% are defined such that

1Hlx = [IX 2 HX 2 p,
1715 = X2 T X2 .



