
Lecture 6 Duality Theorey in SDP

The standard primal and dual SDP are

(P ) :

min
X

C •X

s.t. Ai •X = bi, i = 1, . . . , m
X = XT º 0

(D) :
max

y
bT y

s.t. C −∑m
i=1 yiAi º 0.

Theorem 1 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that

C •X ≥ bT y.

Let p∗ be the optimal value of (P), and d∗ be the optimal value of (D), then

p∗ ≥ d∗.

Some remarks about (P) and (D)

• It is possible that p∗ and/or d∗ are not attainable. For example, consider

min

[
0 1
1 0

]
•X, s.t.

[−1 0
0 0

]
•X = −1,

[
0 0
0 −1

]
•X = 0, X º 0.

Its dual is

max −y1 s.t.

[
y1 1
1 y2

]
º 0.

It holds that p∗ = d∗ = 0 but d∗ is not attainable.

• It is possible that p∗ > d∗. Consider

min




0 0 0
0 0 0
0 0 1


 •X, s.t.




1 0 0
0 0
0 0 0


 •X = 0,




0 1 0
1 0 0
0 0 2


 •X = 2, X º 0.

Any feasible X for the above has the form



0 ξ1 ξ2

ξ1 ξ3 ξ4

ξ2 ξ4 1− ξ1


 º 0.

So the optimal value p∗ = 1. The dual problem is

max 2y2 s.t.



−y2 −y2 0
−y2 0 0
0 0 1− 2y2


 º 0.

So the dual optimal value is d∗ = 0. Both p∗ and d∗ are attainable, but p∗ > d∗.
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• It is possible that (P) is infeasible (by convention p∗ = +∞), but (D) is feasible
and d∗ is finite. Consider

min

[
0 0
0 0

]
•X, s.t.

[
1 0
0 0

]
•X = 0,

[
0 1
1 0

]
•X = 2, X º 0.

Clearly, the above primal SDP is infeasible, so p∗ = +∞. Its dual is

max 2y2 s.t.

[−y1 −y2

−y2 0

]
º 0.

The above dual SDP is feasible and d∗ = 0.

Denote the feasible sets of (P) and (D) as

F(P ) =
{
X ∈ SRn×n : A(X) = b, X º 0

}
,

F◦(P ) =
{
X ∈ SRn×n : A(X) = b, X Â 0

}
,

F(D) =

{
y ∈ Rm : C −

m∑
i=1

yiAi º 0

}
,

F◦(D) =

{
y ∈ Rm : C −

m∑
i=1

yiAi Â 0

}
.

In the above A(X) = (A1 •X, . . . , Am •X).

Theorem 2 (Strong Duality). Suppose F 6= ∅ and F◦(D) 6= ∅. Then (P) has a
nonempty compact set of minimizers, and the optimal values of (P) and (D) are equal,
that is, p∗ = d∗.

Proof. Suppose X̂ ∈ F(P ) and Ŝ = C −A∗(ŷ) Â 0. Then it holds that

Ŝ •X = C •X − bT ŷ ≤ C • X̂ − bT ŷ = Ŝ • X̂.

So we get the estimate
λmin(Ŝ)‖X‖F ≤ Ŝ • X̂.

So (P) is equivalent to

min C •X s.t. x ∈ F(P ), ‖X‖F ≤ Ŝ • X̂

λmin(Ŝ)
.

The feasible set of the above is compact. Hence, the first part is proved.
Now we prove the second part. Let p∗ be the optimal value of (P). Choose any

ε > 0. Define two convex sets

G1 = SRn×n
+ , G2 = {X ∈ SRn×n : A(X) = b, C •X ≤ p∗ − ε}.
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Both G1 and G2 are closed, convex, disjoint, and

inf{‖Y −W‖ : Y ∈ G1, W ∈ G2} > 0,

otherwise there exist sequences

Wk = Yk + Uk, Yk ∈ G1, Wk ∈ G2, Uk → 0.

If Wk is bounded, we will get a W ∈ F with C • W ≤ p∗ − ε. If Wk is unbounded,
by normalizing, we will get a nonzero X satisfying X º 0, C • X = 0, A(X) = 0,
contradicting the compactness of minimizers of (P)). So G1 and G2 have no common
direction of recession. By a strict separating hyperplane theorem (by Rockafellar),
there exist S ∈ SRn×n and σ ∈ R such that

S •X > σ ∀X ∈ G1, S •X ≤ σ ∀X ∈ G2.

Since G1 is the psd cone, we have σ < 0 and S º 0. The condition that G1 ∩ G2 = ∅
implies that

S •X ≤ σ for every X : A(X) = b, C •X ≤ p∗ − ε.

This implies the optimal value of the following LP

max S •X
s.t. A(X) = b, C •X ≤ p∗ − ε

is at most σ. The dual of the above LP is

minz,t (p∗ − ε)t− bT z
s.t. Ct−A∗(z) = S, t ≥ 0.

By the strong duality of LP, there exists y ∈ Rm and η ≥ 0 such that

Cη −A∗(y) = S, (p∗ − ε)η − bT y ≤ σ.

We must have η > 0, because otherwise −bT y ≤ σ < 0 and −bT y = −A(X̂)T y =

X̂ • (−A∗y) = X̂ • S ≥ 0. So we scale η = 1, and hence

C −A∗y = S º 0, bT y ≥ p∗ − ε− σ ≥ p∗ − ε

This means y is a feasible solution of (D) with objective value ≥ p∗ − ε. Since ε > 0 is
arbitrary, we know d∗ = p∗.

Theorem 3. If F◦(P ) 6= ∅ and F◦(D) 6= ∅, then both (P) and (D) have a nonempty
compact set of minimizers, and p∗ = d∗.

Theorem 4 (Optimality Condition). Suppose F◦(P ) 6= ∅ and F◦(D) 6= ∅. Then X is
optimal for (P) and y is optimal for (D) if and only if

A(X) = b
A∗(y) + S = C

XS = 0
X,S º 0.
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