Lecture 5 Semidefinite Programming I

A standard semidefinite programming (SDP) problem is

H}}n CeX
(P): st. A;eX =0, i=1,....m
X=XT»0

where all A; € SR™™ b € R™ C € SR ", e denotes the standard Frobenius inner
product, and X > 0 means X is positive semidefinite.

e When all A; and C' are diagonal, (P) reduces to LP.
e When X is not symmetric, it is equivalent to symmetric case.
e Problem (P) is convex, but its boundary is typically highly nonlinear.
The dual problem of (P) is
max by
st. C =" A =0

Example 1. Consider the primal problem
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Its dual is
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Example 2. Consider the primal problem

min 32, X

s.t. XH:"'Xnnzl, X:XT>_'O
Its dual is
max Yy +...+Yn
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The condition that e Xe > 0 implies that any feasible X satisfy

So the optimal value is —n.



Theorem 3 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that
CeX>0bly.

e (P) can be formulated in (D), and (D) can be formulated in (P).
e If (P) is unbounded from below, (D) is not feasible.
e If (D) is unbounded from above, (P) is not feasible.

e Both (P) and (D) would be infeasible simultaneously.
Here are some examples of SDP.

1. Minimizing the max eigenvalue Let A(x) be an affine symmetric matrix
A(l’) = AO + $1A1 + - xmAma

where every A; € SR™" is symmetric. We want to find a vector z such that
Amax(A(2)) is minimum. This problem is equivalent to the dual SDP

max —Tpy41
T
s.t. AO + 1’1141 + .- fEmAm — merl]n t 0.

2. Minimizing the 2-norm of matrices Let A(z) be an affine non-symmetric
matrix

A(ZL’) - AO + :EIAI + - xmAma

where every A; € R™*. We want to find a vector x such that || A(z)||s is minimum.
This problem is equivalent to the dual SDP

max —Tm41

xm+lIn A(l’)
s.t. [A(x)T A > 0.

3. A quasi-convex fractional programming Consider problem

bT 2

min (Tx—%—ﬁ) s.t. Az <c
zERM atr + «

where we assume a’z + a > 0 for all x satisfying Az < c. This problem is

equivalent to the dual SDP

max —t
x,t

t bz + 3

5Ly B a’z + o

=0, diag(c— Azx) = 0.



4. Convex quadratically constrained programming Consider problem

min d’'x
x
st. 2T ATAix +0fr+¢, <0, i=1,...,m.

This problem is equivalent to the dual SDP

max —t

z,t
t—c—ble Apx .
s.t. T AT Ji =0, +1=1,....,m.

5. Control Theory We want to find P > 0 whose condition number while satis-
fying
ATP 4+ PA; <0, i=1,...,m.

Here all A; are stable matrices (the real parts of eigenvalues of A; are negative).
This problem is equivalent to the dual SDP

mz}X —t
S’.t. ATP+PA; =0, i=1,...,m.
tl = P~ 1.



