
Lecture 5 Semidefinite Programming I
A standard semidefinite programming (SDP) problem is

(P ) :

min
X

C •X

s.t. Ai •X = bi, i = 1, . . . , m
X = XT º 0

where all Ai ∈ SRn×n, b ∈ Rm, C ∈ SRn×n, • denotes the standard Frobenius inner
product, and X º 0 means X is positive semidefinite.

• When all Ai and C are diagonal, (P) reduces to LP.

• When X is not symmetric, it is equivalent to symmetric case.

• Problem (P) is convex, but its boundary is typically highly nonlinear.

The dual problem of (P) is

(D) :
max

y
bT y

s.t. C −∑m
i=1 Ai º 0.

Example 1. Consider the primal problem

min
X

I •X

s.t.

[
0 1
1 0

]
•X = 2, X = XT º 0

Its dual is
max

y
2y

s.t.

[
1 −y
−y 1

]
º 0.

Example 2. Consider the primal problem

min
X

∑
i6=j Xij

s.t. X11 = · · ·Xnn = 1, X = XT º 0

Its dual is
max

y
y1 + . . . + yn

s.t.




−y1 1 · · · 1

1 −y2
. . .

...
...

. . . . . .
...

1 · · · 1 −yn


 º 0.

The condition that eT Xe ≥ 0 implies that any feasible X satisfy
∑

i6=j

Xij ≥ −n.

So the optimal value is −n.
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Theorem 3 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that

C •X ≥ bT y.

• (P) can be formulated in (D), and (D) can be formulated in (P).

• If (P) is unbounded from below, (D) is not feasible.

• If (D) is unbounded from above, (P) is not feasible.

• Both (P) and (D) would be infeasible simultaneously.

Here are some examples of SDP.

1. Minimizing the max eigenvalue Let A(x) be an affine symmetric matrix

A(x) = A0 + x1A1 + · · ·xmAm,

where every Ai ∈ SRn×n is symmetric. We want to find a vector x such that
λmax(A(x)) is minimum. This problem is equivalent to the dual SDP

max
x

−xm+1

s.t. A0 + x1A1 + · · · xmAm − xm+1In º 0.

2. Minimizing the 2-norm of matrices Let A(x) be an affine non-symmetric
matrix

A(x) = A0 + x1A1 + · · ·xmAm,

where every Ai ∈ Rn×k. We want to find a vector x such that ‖A(x)‖2 is minimum.
This problem is equivalent to the dual SDP

max
x

−xm+1

s.t.

[
xm+1In A(x)
A(x)T xm+1Ik

]
º 0.

3. A quasi-convex fractional programming Consider problem

min
x∈Rn

(bT x + β)2

aT x + α
s.t. Ax ≤ c

where we assume aT x + α ≥ 0 for all x satisfying Ax ≤ c. This problem is
equivalent to the dual SDP

max
x,t

−t

s.t.

[
t bT x + β

bT x + β aT x + α

]
º 0, diag(c− Ax) º 0.
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4. Convex quadratically constrained programming Consider problem

min
x

dT x

s.t. xT AT
i Aix + bT

i x + ci ≤ 0, i = 1, . . . , m.

This problem is equivalent to the dual SDP

max
x,t

−t

s.t.

[
t− ci − bT

i x Aix
xT AT

i I

]
º 0, i = 1, . . . , m.

5. Control Theory We want to find P Â 0 whose condition number while satis-
fying

AT
i P + PAi ¹ 0, i = 1, . . . , m.

Here all Ai are stable matrices (the real parts of eigenvalues of Ai are negative).
This problem is equivalent to the dual SDP

max
x,t

−t

s.t. AT
i P + PAi ¹ 0, i = 1, . . . , m.

tI º P º I.
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