Lecture 4 Matrix Norms and Inner Products

1 Matrix norms

Definition 1. A function || - || : R™*™ — R is a matriz norm on m X n matrices if it
satisfies

e [X]| >0and ||X|]|=0= X =0,
o |laX] = |afl| X,

o [X+Y| <[X]+Y]

Typical matrix norms are

1. Max-norm: || X||me = max;; | X;;|.

2. Frobenius norm: || X||p = />, X7 = y/Trace(XTX).
o If X € R™™ is nonsymmetric, we have
IXN7 = or(X)* + - + 0, (X)?

where r = rank(X).

o If X € R™™ is symmetric, we have

IXN% = A (X)? 4 -+ + Aa(X)?.

llllp * llzllq

3. Operator norm: || X|[, = > IXl> and 1 X |pg = D2 IXl> 1p particular,
x#0 x#0

o [[ X[l = max; > | Xyl
o [|X]l2 = o1(X).
o [ Xloo = max; 32 | Xy5l.

The matrix norms satisfy the following property:

L. Azl < Al ll
2. ||AB|| < ||A|l]|B]| if || - || is an operator norm or Frobenius norm.

3. |IQAZ|| = ||A|| if || - || is Frobenius norm or 2-norm for any orthogonal @, Z.
4 Allz = [ A7

5. ||All2 = max; [A;(A)] if A is normal.

6. If A € R™™™, then



n~ 2 All < Al < 22| All2.
n~2[Allz < J|Alle < 02| Al
nHAllee < AL < )| Alloe.
1Al < 1AllF < 22 All2.

The Frobenius norm is induced by the inner product of R™*™ defined such that
(X,Y) =Trace(X"Y).
We have the properties
e (X)Y)= (Y, X).
e (X,X)>0forall X.
e (X, X)=0implies X =0.

2 Perturbations and Pseudo eigenvalues

Theorem 2. Let A, E € R™", and || - || be a matriz operator or Frobenius norm.

o If||E| <1, then I — E is nonsingular and
(I-E)"'=> E"
k=0

o If A is nonsingular and |A™'E| < 1, then A+ E is nonsingular.
Let A € C™"™ and € > 0. The e-pseudospectrum of A is defined as
A(A)={z€C: [zl —A) 2=}
The pseudo-eigenvalues have the properties
o If ¢, < e, then A\, (A) C A, (A).
o \(A)={2€C: gpin(zI — A) <€}
e \(A)={z€C: ze XA+ E),||E|2 < €}



