
Lecture 4 Matrix Norms and Inner Products

1 Matrix norms

Definition 1. A function ‖ · ‖ : Rm×n → R is a matrix norm on m× n matrices if it
satisfies

• ‖X‖ ≥ 0 and ‖X‖ = 0 ⇒ X = 0,

• ‖αX‖ = |α|‖X‖,
• ‖X + Y ‖ ≤ ‖X‖+ ‖Y ‖.
Typical matrix norms are

1. Max-norm: ‖X‖max = maxij |Xij|.

2. Frobenius norm: ‖X‖F =
√∑

ij X2
ij =

√
Trace(XT X).

• If X ∈ Rn×n is nonsymmetric, we have

‖X‖2
F = σ1(X)2 + · · ·+ σr(X)2

where r = rank(X).

• If X ∈ Rn×n is symmetric, we have

‖X‖2
F = λ1(X)2 + · · ·+ λn(X)2.

3. Operator norm: ‖X‖p =
∑
x 6=0

‖X‖p

‖x‖p
, and ‖X‖p,q =

∑
x 6=0

‖X‖p

‖x‖q
. In particular,

• ‖X‖1 = maxj

∑
i |Xij|.

• ‖X‖2 = σ1(X).

• ‖X‖∞ = maxi

∑
j |Xij|.

The matrix norms satisfy the following property:

1. ‖Ax‖p ≤ ‖A‖p‖x‖p.

2. ‖AB‖ ≤ ‖A‖‖B‖ if ‖ · ‖ is an operator norm or Frobenius norm.

3. ‖QAZ‖ = ‖A‖ if ‖ · ‖ is Frobenius norm or 2-norm for any orthogonal Q,Z.

4. ‖A‖2 = ‖AT‖2.

5. ‖A‖2 = maxi |λi(A)| if A is normal.

6. If A ∈ Rn×n, then
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• n−1/2‖A‖2 ≤ ‖A‖1 ≤ n1/2‖A‖2.

• n−1/2‖A‖2 ≤ ‖A‖∞ ≤ n1/2‖A‖2.

• n−1‖A‖∞ ≤ ‖A‖1 ≤ n‖A‖∞.

• ‖A‖1 ≤ ‖A‖F ≤ n1/2‖A‖2.

The Frobenius norm is induced by the inner product of Rm×n defined such that

〈X, Y 〉 = Trace(XT Y ).

We have the properties

• 〈X,Y 〉 = 〈Y, X〉.
• 〈X,X〉 ≥ 0 for all X.

• 〈X,X〉 = 0 implies X = 0.

2 Perturbations and Pseudo eigenvalues

Theorem 2. Let A,E ∈ Rn×n, and ‖ · ‖ be a matrix operator or Frobenius norm.

• If ‖E‖ < 1, then I − E is nonsingular and

(I − E)−1 =
∞∑

k=0

Ek.

• If A is nonsingular and ‖A−1E‖ < 1, then A + E is nonsingular.

Let A ∈ Cn×n and ε ≥ 0. The ε-pseudospectrum of A is defined as

λε(A) = {z ∈ C : ‖(zI − A)−1‖2 ≥ ε−1}.
The pseudo-eigenvalues have the properties

• If ε1 ≤ ε2, then λε1(A) ⊂ λε2(A).

• λε(A) = {z ∈ C : σmin(zI − A) ≤ ε}.
• λε(A) = {z ∈ C : z ∈ λ(A + E), ‖E‖2 ≤ ε}.
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