
Lecture 1 An Introduction

1 What is this course about?

In this course we aim to understand the properties, both mathematical and computa-
tional, of semidefinite programming, convex optimization, nonconvex polynomial opti-
mization, and their applications. In particular, we want to work towards methods that
will enable the solution of optimization problems with feasible sets that are defined
through polynomial systems. There is a very interesting interaction between algebraic
geometry and convex optimization.

2 Basic Topics

To understand better what is going on, we will embark in a journey to learn a wide
variety of methods used to approach these problems. Some of our stops along the way
will include:

• semidefinite programming

• Linear matrix inequality

• Algebra: groups, fields, rings

• Ideals and varieties

• Sum of squares

• Nullstellensatz and Positvstellensatz

• Quantifier elimination

• Resultants and discriminants

3 Convex sets

A very important notion in modern optimization is convexity. Significant advances
have been made in this area. Efficient numerical methods have been developed.

Definition 1. A set S ⊂ Rn is convex if x, y ∈ S implies λx + (1 − y)y ∈ S for all
λ ∈ [0, 1].

For any set S ⊂ Rn, its convex hull is the smallest convex set containing it, and is
denoted by conv(S).

Definition 2. A set S ⊂ Rn is a cone if λx ∈ S for all x ∈ S and λ ≥ 0.
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A cone K is pointed if K ∩−K = {0}, and solid if the interior of K is not empty.
A cone that is convex, closed, pointed and solid is called a proper cone.

Definition 3. The dual of a set S ⊂ Rn is defined as

S∗ = {y ∈ Rn : 〈x, r〉 ≥ 0 ∀x ∈ S}.
If K is a closed convex cone, then K = K∗∗. The dual set of a proper cone is also

a proper cone, called the dual cone. An element x is in the interior of the cone K if
and only if

〈x, y〉 > 0, ∀ y ∈ K∗, y 6= 0.

4 Linear Programming (LP)

A standard primal LP is

(P ) :
min
x∈Rn

cT x

s.t. Ax = b, x ∈ Rn
+

where A ∈ Rm×n. Its standard dual is

(D) :
max
y∈Rm

bT y

s.t. c− AT y ∈ Rn
+

The important features of LPs are

Geometry The feasible set of linear programs are polyhedra. The geometry of poly-
hedra is quite well understood. Every polyhedron P can be written as

P = conv(u1, . . . , ur) + cone(v1, . . . , vs)

where the uu are the extreme points, and the vi are extreme rays.

Weak duality If x is feasible for (P) and y is feasible for (D), then

cT x− bT y ≥ 0.

In other words, from any feasible dual solution we can obtain a lower bound on
the primal. Conversely, primal feasible solutions give upper bounds on the value
of the dual.

Strong duality If both primal and dual are feasible, then they achieve exactly the
same optimal value, there exist optimal feasible solutions x∗, y∗ such that cT x∗ =
bT y∗.
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5 Linear Conic Optimization

A standard primal problem is

min
x∈Rn

cT x

s.t. Ax = b, x ∈ K

where A ∈ Rm×n and K is a proper cone. Its standard dual is

max
y∈Rm

bT y

s.t. c− AT y ∈ K∗.

Here K∗ is the dual cone of K.

• When K = Rn
+, it reduces to LP.

• When K = Sn
+, it reduces to semidefinite programming.

• There are other cones like second order cone, hyperbolic cone, etc.

6 Polynomial Optimization

Given multivariate polynomial functions f(x), gi(x), hj(x) in x ∈ Rn, we want to find
a global minimizer for the optimization

min
x∈Rn

f(x)

s.t. h1(x) = · · · = hs(x) = 0,
g1(x) ≥ 0, . . . , gt(x) ≥ 0.

This problem is typically very difficult (NP-hard), like max-cut. However, there exists
a systematic procedure to solve it by using semidefinite programming.

7 Software

There are a lot of free software for solving semidefinite programming and polynomial
optimization. Typical ones are

• SeDuMi

• SDPT3

• SDPA

• YALMIP

• Gloptipoly

• SOSTOOLS
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